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A Mathematical Theory of Communication

® The "Big Bang" of Information Theory By C. 5. SHANNON

INTRODUCTION

HE recent development of various methods of modulation such as PCM

and PPM which exchange bandwidth for signal-to-noise ratio has in-
tensified the interest in a general theory of communication. A basis for
such a theory is contained in the important papers of Nyquist! and Hartley?
on this subject. In the present paper we will extend the theory to include a
number of new factors, in particular the effect of noise in the channel, and
the savings possible due to the statistical structure of the original message
and due to the nature of the final destination of the information.

The fundamental problem of communication is that of reproducing at
one point either exactly or approximately a message sclected at another
point. Frequently the messages have meaning; that is they refer to or are
correlated according to some system with certain physical or conceptual
entities. These semantic aspects of communication are irrelevant to the
engineering problem. The significant aspect is that the actual message is
one selecled from a set of possible messages. The system must be designed
to operate for each possible selection, not just the one which will actually
be chosen since this is unknown at the time of design.

If the number of messages in the set is finite then this number or any
monotonic function of this number can be regarded as a measure of the in-
formation produced when one message is chosen from the set, all choices
being equally likely. As was pointed out by Hartley the most natural
choice is the logarithmic function. Although this definition must be gen-
eralized considerably when we consider the influence of the statistics of the
message and when we have a continuous range of messages, we will in all
cases use an essentially logarithmic measure.

The logarithmic measure is more convenient for various reasons:

1. It is practically more useful. Parameters of engineering importance
N a% A 4 N 1 Nyquist, H., “Certain Factors Affecting Telegraph Speed,” Bell System Technical Jour-

QJ)) a €& (ﬁ(u))) nal, April 1924, p. 324; “Certain Topics in Telegraph Transmission Theory,” 4. I. E. E.
Trans., v. 41, A%ril 1928, p. 617.

? Hartley, R. V. L., ““Transmission of Information,”” Bell System Technical Journal, July
1928, p. 535,

Published in Tue BeLl SvsTeM TECHNICAL JOURNAL MONOGRAPH B-1598
Vol. 27, pp. 379-423, 623-656, July, October, 1948 Reissued December, 1957

Copyright 1948 by AMericaAN TeLErnoNe aNp TELEGraPn Co.
Printed in U, 5. A,
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Information = # of optimal binary questions between prior and posterior state of uncertainty
1 question =1 bit
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Any set of symbols can be expressed in a 1/0 alphabet é
€ a rcah be interpreted as a sequence of answers on Yes/No questions
H,0 = 1001000 110010 1001111
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The smaller the probability of a signal, the more informative it is
Information is additive (probabilites are multiplicative)
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® How much information can we transmit with different alphabets?
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® What happens if the probability distribution is more than 1-d?
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Joint entropy is the entropy of a
joint distribution

Can be calculated for an any-
dimensional distribution

Can be interpreted as the average
number of binary questions
required to guess a paired signal

(X,y)
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® What happens if we have prior knowledge of y when guessing x from (Xx,y)?
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@ [nformation inequality

® Compared to entropy H(X) of the target, conditional entropy is the B el
reduced uncertainty thanks to having advance knowledge of y when 0T
guessing x of a pair (x,)) 3000 -

® While for a particular y;, H(X/Y=y;)can be >, <, or = H(X),
on average it holds
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@ The relation between Joint Entropy, Entropy, and Conditional Entropy
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® X knows in absolute terms as much about Y as Y knows about X!
@ In relative terms it may differ
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Crossentropy measures total uncertainty from
Variability (data-uncertainty)

Representativity, Consistency, Compression (model-uncertainty)
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@ Kullback-Leibler divergence
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Kullback-Leibler divergence measures model-uncertainty

35

4]}

Karlsruhe Institute of Technology

P A C

1=

\ 0.125 0.125 0.5 0.25

n {1 =2 3 9
0.5+
0.25+
0.125+

>

H(C) = 1.75 bit
H(CJ|A) = 2 bit

D (C||A) = 0.25 bit



36

Limits

® Entropy limits
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® Entropy limits
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® Entropy limits
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H(B) = 0 bit H(A) = 2 bit = log,(# of bins)

® Maximum Entropy principle for inference

® Jaynes (1957, 2003): "given all known constraints,
all remaining unknowns should be represented by
maximum entropy estimates"
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® Koutsoyiannis (2014)

® Uses elementary physical constraints and the Maximum Entropy Principle to derive ideal gas law,
Clausius-Clapeyron relation, and others

Figure 2. Explanatory sketch indicating basic quantities involved in the equilibrium of the
water vapour with liquid water, with zoom on a single molecule which “tries to hide itself”
by maximizing the combined uncertainty related to its phase (being either gaseous or liquid
with probabilities 74 and 7, respectively), position and kinetic state.
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