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<latexit sha1_base64="aEAZCtVNgDeg4q9PX1tq5O0VVoU=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQY9FL3qrYD+gDWWz3bRLN5uwO1FD7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPz/FhwDY7zbRVWVtfWN4qbpa3tnd09u7zf0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr6Z++54pzSN5B2nMvJAMJQ84JWCkvl3uAXuE7EbixijVnOpJ3644VWcGvEzcnFRQjkbf/uoNIpqETAIVROuu68TgZUQBp4JNSr1Es5jQMRmyrqGShEx72ez0CT42ygAHkTIlAc/U3xMZCbVOQ990hgRGetGbiv953QSCCy/jMk6ASTpfFCQCQ4SnOeABV4yCSA0hVHFzK6YjoggFk1bJhOAuvrxMWrWqe1qt3Z5V6pd5HEV0iI7QCXLROaqja9RATUTRA3pGr+jNerJerHfrY95asPKZA/QH1ucPhzGULA==</latexit>

Probability: Pr(X = x)
<latexit sha1_base64="1b2fD4t4ACog9KqMs/3FdnFHKwE=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAxCvITdKCiCEPTiMYJ5QHYJs5NJMmR2Z5nplYQlJy/+ihcPinj1G7z5N04eB00saCiquunuCmLBNTjOt5VZWl5ZXcuu5zY2t7Z37N29mpaJoqxKpZCqERDNBI9YFTgI1ogVI2EgWD3o34z9+gNTmsvoHoYx80PSjXiHUwJGatmHHrABpBUlAxJwwWF4iUfYq6hC42pw0rLzTtGZAC8Sd0byaIZKy/7y2pImIYuACqJ103Vi8FOigFPBRjkv0SwmtE+6rGloREKm/XTyxggfG6WNO1KZigBP1N8TKQm1HoaB6QwJ9PS8Nxb/85oJdC78lEdxAiyi00WdRGCQeJwJbnPFKIihIYQqbm7FtEcUoWCSy5kQ3PmXF0mtVHRPi6W7s3z5ehZHFh2gI1RALjpHZXSLKqiKKHpEz+gVvVlP1ov1bn1MWzPWbGYf/YH1+QNarZhh</latexit>

Shannon Entropy: H[X] ⌘ �
X

x

Pr(X = x) log2 Pr(X = x)
<latexit sha1_base64="+Ej209kwjxSSKr3gebYpGSFr9sU="></latexit>

Gibbs Entropy: S[X] ⌘ �kB
X

x

Pr(X = x) lnPr(X = x)
<latexit sha1_base64="Tl0ZeZKtBSmzbCFJZSqiXeIWKeQ="></latexit>

= kB ln 2H[X]
<latexit sha1_base64="iCNc701UtbN/B13S79sueyPDUkI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh1EuPFewHpLFstpt26WYTdjdKCf0fXjwo4tX/4s1/4zbNQVsfDDzem2Fmnh9zprRtf1uFtfWNza3idmlnd2//oHx41FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP7md+91HKhWLxL2extQL8UiwgBGsjfRwMxk0UJ8LVGu6PW9QrthVOwNaJU5OKpCjNSh/9YcRSUIqNOFYKdexY+2lWGpGOJ2V+omiMSYTPKKuoQKHVHlpdvUMnRlliIJImhIaZerviRSHSk1D33SGWI/VsjcX//PcRAfXXspEnGgqyGJRkHCkIzSPAA2ZpETzqSGYSGZuRWSMJSbaBFUyITjLL6+STq3qXFRrd5eVeiOPowgncArn4MAV1KEJLWgDAQnP8Apv1pP1Yr1bH4vWgpXPHMMfWJ8/rI+RUw==</latexit>

In Information Theory
<latexit sha1_base64="Q0TMRaNIWcRCDB/XB7m9ifE8+K8=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXajoGXQxnQR8oJkCbOTu8mQ2dllZlZcljQ2/oqNhSK2/oOdf+Mk2UITDwwczrmXOfd4EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcaSQpOGPJQdjyjgTEBTM82hE0kggceh7Y1vpn77HqRioWjoJAI3IEPBfEaJNlK/eNzT8KDTmsA14YcymMm4MYJQJpN+sWSX7RnwMnEyUkIZ6v3iV28Q0jgAoSknSnUdO9JuSqRmlMOk0IsVRISOyRC6hgoSgHLT2RUTfGqUATYhzBMaz9TfGykJlEoCz0yamCO16E3F/7xurP0rN2UiijUIOv/IjznWIZ5WggdMAtU8MYRQyUxWTEdEEqpNcQVTgrN48jJpVcrOeblyd1GqXmd15NEROkFnyEGXqIpuUR01EUWP6Bm9ojfryXqx3q2P+WjOynYO0R9Ynz/scZjY</latexit>

Determines change in energy of thermal reservoir
<latexit sha1_base64="0u8Z8kkPCajCm6Y3O6nlJ+wNhpA=">AAACIHicbVDLSgMxFM34rPVVdekmWARXZUaFuhR14bKCrUI7lEx6ZxrMJENyRyxDP8WNv+LGhSK6068xfSx8HbhwOOfe5N4TZVJY9P0Pb2Z2bn5hsbRUXl5ZXVuvbGy2rM4NhybXUpvriFmQQkETBUq4zgywNJJwFd2cjvyrWzBWaHWJgwzClCVKxIIzdFK3Uu8g3GFxBggmdW9YyvtMJUCFoqDAJAOqY4p95zJJDVgwt1qYYbdS9Wv+GPQvCaakSqZodCvvnZ7meQoKuWTWtgM/w7BgBgWXMCx3cgsZ4zcsgbajiqVgw2J84JDuOqVHY21cKaRj9ftEwVJrB2nkOlOGffvbG4n/ee0c46OwECrLERSffBTnkqKmo7RoTxjgKAeOMG6E23WUj2HcxWXLLoTg98l/SWu/FhzU9i8Oq8cn0zhKZJvskD0SkDo5JuekQZqEk3vySJ7Ji/fgPXmv3tukdcabzmyRH/A+vwAUKKQo</latexit>

Thermal 
Reservoir Q Q = T�Sreservoir

<latexit sha1_base64="OhuYhHosufnSlpTw0N2M0pa+rCA=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAbBU9iNgl6EoB48JpiHkIQwO+kkQ2YfzPQGw5KbF3/FiwdFvPoL3vwbJ8keNLGgoajqprvLDaXQaNvfVmppeWV1Lb2e2djc2t7J7u7VdBApDlUeyEDdu0yDFD5UUaCE+1AB81wJdXdwPfHrQ1BaBH4FRyG0PNbzRVdwhkZqZw/Ll7RCmzcgkdG7dhPhAWMFGtQwEGrczubsvD0FXSROQnIkQamd/Wp2Ah554COXTOuGY4fYiplCwSWMM81IQ8j4gPWgYajPPNCtePrHmB4bpUO7gTLlI52qvydi5mk98lzT6THs63lvIv7nNSLsXrRi4YcRgs9ni7qRpBjQSSi0IxRwlCNDGFfC3Ep5nynG0USXMSE48y8vkloh75zmC+WzXPEqiSNNDsgROSEOOSdFcktKpEo4eSTP5JW8WU/Wi/VufcxaU1Yys0/+wPr8AWj7mQ8=</latexit>

Determines average number of bits necessary

to communicate distribution
<latexit sha1_base64="EsEktRatv3lEg+1nTlMF3pWwvyw="></latexit>

0.8
<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

hNbitsi � H[X]
<latexit sha1_base64="FRD/jpT8wBNbXw2m720WjzudODQ=">AAACEHicbVA9SwNBEN2LXzF+RS1tFoNoFe6ioGXQxkoUjAbujmNvM4mLe3vn7pwYjvwEG/+KjYUitpZ2/hs3H4VfDwYe780wMy/OpDDoup9OaWp6ZnauPF9ZWFxaXqmurl2YNNccWjyVqW7HzIAUClooUEI708CSWMJlfH009C9vQRuRqnPsZxAmrKdEV3CGVoqq24FkqieBnkQBwh0WsUAzoIEeq0EPbuix3w6jas2tuyPQv8SbkBqZ4DSqfgSdlOcJKOSSGeN7boZhwTQKLmFQCXIDGePXrAe+pYolYMJi9NCAblmlQ7uptqWQjtTvEwVLjOknse1MGF6Z395Q/M/zc+wehIVQWY6g+HhRN5cUUzpMh3aEBo6ybwnjWthbKb9imnG0GVZsCN7vl/+Si0bd2603zvZqzcNJHGWyQTbJDvHIPmmSY3JKWoSTe/JInsmL8+A8Oa/O27i15Exm1skPOO9fVzmcwg==</latexit>

0.2 0.4 0.6 0.8 1.0
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0.7

S = {", #}
<latexit sha1_base64="P7cF4DCe9bOkAbHziRjui8WoGQ8=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoupCRV0IVCwY3LivYBTSiT6aQdOpmEmYmlhPyAG3/FjQtF3Lp35984SbPQ1gMDh3PuYe49XsSoVJb1bSwsLi2vrJbWyusbm1vb5s5uS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre6Drz2w9ESBryezWJiBugAac+xUhpqWceOgFSQ4xYcpdeOYkTR0iIcHzi9MMxzyl00p5ZsapWDjhP7IJUQIFGz/zSeRwHhCvMkJRd24qUmyChKGYkLTuxJBHCIzQgXU05Coh0k/yaFB5ppQ/9UOjHFczV34kEBVJOAk9PZrvLWS8T//O6sfIv3ITyKFaE4+lHfsygCmFWDexTQbBiE00QFlTvCvEQCYSVLrCsS7BnT54nrVrVPq3Wbs8q9cuijhLYBwfgGNjgHNTBDWiAJsDgETyDV/BmPBkvxrvxMR1dMIrMHvgD4/MHiXmcdg==</latexit>

H[S]
<latexit sha1_base64="eV7eootYkahVhnerVOzoMUP/MJc=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9OCh4KXHivYD0lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjtr6xubW9ulnfLu3v7BYeXouKPjVBHaJjGPVS/EmnImadsww2kvURSLkNNuOLnL/e4TVZrF8tFMExoIPJIsYgSbXGr6D8GgUnVr7hxolXgFqUKB1qDy1R/GJBVUGsKx1r7nJibIsDKMcDor91NNE0wmeER9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/zw/NdFNkDGZpIZKslgUpRyZGOWPoyFTlBg+tQQTxeytiIyxwsTYeMo2BG/55VXSqde8y1r9/qrauC3iKMEpnMEFeHANDWhCC9pAYAzP8ApvjnBenHfnY9G65hQzJ/AHzucPolaN8w==</latexit>

Pr(S =")
<latexit sha1_base64="6nF5HN25773zWCpGenVtvYVajtA=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAI8RJ2o6AHhYAXjxHNA7JLmJ1MkiGzM8s8lLjkS7x4UMSrn+LNv3GS7EETCxqKqm66u6KEUaU979vJrayurW/kNwtb2zu7RXdvv6mEkZg0sGBCtiOkCKOcNDTVjLQTSVAcMdKKRtdTv/VApKKC3+txQsIYDTjtU4y0lbpuMajL8t1VYBIkpXg86bolr+LNAJeJn5ESyFDvul9BT2ATE64xQ0p1fC/RYYqkppiRSSEwiiQIj9CAdCzlKCYqTGeHT+CxVXqwL6QtruFM/T2RolipcRzZzhjpoVr0puJ/Xsfo/kWYUp4YTTieL+obBrWA0xRgj0qCNRtbgrCk9laIh0girG1WBRuCv/jyMmlWK/5ppXp7VqpdZnHkwSE4AmXgg3NQAzegDhoAAwOewSt4c56cF+fd+Zi35pxs5gD8gfP5Awgjkqo=</latexit>
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<latexit sha1_base64="aEAZCtVNgDeg4q9PX1tq5O0VVoU=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQY9FL3qrYD+gDWWz3bRLN5uwO1FD7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPz/FhwDY7zbRVWVtfWN4qbpa3tnd09u7zf0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr6Z++54pzSN5B2nMvJAMJQ84JWCkvl3uAXuE7EbixijVnOpJ3644VWcGvEzcnFRQjkbf/uoNIpqETAIVROuu68TgZUQBp4JNSr1Es5jQMRmyrqGShEx72ez0CT42ygAHkTIlAc/U3xMZCbVOQ990hgRGetGbiv953QSCCy/jMk6ASTpfFCQCQ4SnOeABV4yCSA0hVHFzK6YjoggFk1bJhOAuvrxMWrWqe1qt3Z5V6pd5HEV0iI7QCXLROaqja9RATUTRA3pGr+jNerJerHfrY95asPKZA/QH1ucPhzGULA==</latexit>

Probability: Pr(X = x)
<latexit sha1_base64="1b2fD4t4ACog9KqMs/3FdnFHKwE=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAxCvITdKCiCEPTiMYJ5QHYJs5NJMmR2Z5nplYQlJy/+ihcPinj1G7z5N04eB00saCiquunuCmLBNTjOt5VZWl5ZXcuu5zY2t7Z37N29mpaJoqxKpZCqERDNBI9YFTgI1ogVI2EgWD3o34z9+gNTmsvoHoYx80PSjXiHUwJGatmHHrABpBUlAxJwwWF4iUfYq6hC42pw0rLzTtGZAC8Sd0byaIZKy/7y2pImIYuACqJ103Vi8FOigFPBRjkv0SwmtE+6rGloREKm/XTyxggfG6WNO1KZigBP1N8TKQm1HoaB6QwJ9PS8Nxb/85oJdC78lEdxAiyi00WdRGCQeJwJbnPFKIihIYQqbm7FtEcUoWCSy5kQ3PmXF0mtVHRPi6W7s3z5ehZHFh2gI1RALjpHZXSLKqiKKHpEz+gVvVlP1ov1bn1MWzPWbGYf/YH1+QNarZhh</latexit>

Shannon Entropy: H[X] ⌘ �
X

x

Pr(X = x) log2 Pr(X = x)
<latexit sha1_base64="+Ej209kwjxSSKr3gebYpGSFr9sU="></latexit>

Gibbs Entropy: S[X] ⌘ �kB
X

x

Pr(X = x) lnPr(X = x)
<latexit sha1_base64="Tl0ZeZKtBSmzbCFJZSqiXeIWKeQ="></latexit>

= kB ln 2H[X]
<latexit sha1_base64="iCNc701UtbN/B13S79sueyPDUkI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh1EuPFewHpLFstpt26WYTdjdKCf0fXjwo4tX/4s1/4zbNQVsfDDzem2Fmnh9zprRtf1uFtfWNza3idmlnd2//oHx41FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP7md+91HKhWLxL2extQL8UiwgBGsjfRwMxk0UJ8LVGu6PW9QrthVOwNaJU5OKpCjNSh/9YcRSUIqNOFYKdexY+2lWGpGOJ2V+omiMSYTPKKuoQKHVHlpdvUMnRlliIJImhIaZerviRSHSk1D33SGWI/VsjcX//PcRAfXXspEnGgqyGJRkHCkIzSPAA2ZpETzqSGYSGZuRWSMJSbaBFUyITjLL6+STq3qXFRrd5eVeiOPowgncArn4MAV1KEJLWgDAQnP8Apv1pP1Yr1bH4vWgpXPHMMfWJ8/rI+RUw==</latexit>

In Information Theory
<latexit sha1_base64="Q0TMRaNIWcRCDB/XB7m9ifE8+K8=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXajoGXQxnQR8oJkCbOTu8mQ2dllZlZcljQ2/oqNhSK2/oOdf+Mk2UITDwwczrmXOfd4EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcaSQpOGPJQdjyjgTEBTM82hE0kggceh7Y1vpn77HqRioWjoJAI3IEPBfEaJNlK/eNzT8KDTmsA14YcymMm4MYJQJpN+sWSX7RnwMnEyUkIZ6v3iV28Q0jgAoSknSnUdO9JuSqRmlMOk0IsVRISOyRC6hgoSgHLT2RUTfGqUATYhzBMaz9TfGykJlEoCz0yamCO16E3F/7xurP0rN2UiijUIOv/IjznWIZ5WggdMAtU8MYRQyUxWTEdEEqpNcQVTgrN48jJpVcrOeblyd1GqXmd15NEROkFnyEGXqIpuUR01EUWP6Bm9ojfryXqx3q2P+WjOynYO0R9Ynz/scZjY</latexit>

Determines change in energy of thermal reservoir
<latexit sha1_base64="0u8Z8kkPCajCm6Y3O6nlJ+wNhpA=">AAACIHicbVDLSgMxFM34rPVVdekmWARXZUaFuhR14bKCrUI7lEx6ZxrMJENyRyxDP8WNv+LGhSK6068xfSx8HbhwOOfe5N4TZVJY9P0Pb2Z2bn5hsbRUXl5ZXVuvbGy2rM4NhybXUpvriFmQQkETBUq4zgywNJJwFd2cjvyrWzBWaHWJgwzClCVKxIIzdFK3Uu8g3GFxBggmdW9YyvtMJUCFoqDAJAOqY4p95zJJDVgwt1qYYbdS9Wv+GPQvCaakSqZodCvvnZ7meQoKuWTWtgM/w7BgBgWXMCx3cgsZ4zcsgbajiqVgw2J84JDuOqVHY21cKaRj9ftEwVJrB2nkOlOGffvbG4n/ee0c46OwECrLERSffBTnkqKmo7RoTxjgKAeOMG6E23WUj2HcxWXLLoTg98l/SWu/FhzU9i8Oq8cn0zhKZJvskD0SkDo5JuekQZqEk3vySJ7Ji/fgPXmv3tukdcabzmyRH/A+vwAUKKQo</latexit>

Thermal 
Reservoir Q Q = T�Sreservoir

<latexit sha1_base64="OhuYhHosufnSlpTw0N2M0pa+rCA=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAbBU9iNgl6EoB48JpiHkIQwO+kkQ2YfzPQGw5KbF3/FiwdFvPoL3vwbJ8keNLGgoajqprvLDaXQaNvfVmppeWV1Lb2e2djc2t7J7u7VdBApDlUeyEDdu0yDFD5UUaCE+1AB81wJdXdwPfHrQ1BaBH4FRyG0PNbzRVdwhkZqZw/Ll7RCmzcgkdG7dhPhAWMFGtQwEGrczubsvD0FXSROQnIkQamd/Wp2Ah554COXTOuGY4fYiplCwSWMM81IQ8j4gPWgYajPPNCtePrHmB4bpUO7gTLlI52qvydi5mk98lzT6THs63lvIv7nNSLsXrRi4YcRgs9ni7qRpBjQSSi0IxRwlCNDGFfC3Ep5nynG0USXMSE48y8vkloh75zmC+WzXPEqiSNNDsgROSEOOSdFcktKpEo4eSTP5JW8WU/Wi/VufcxaU1Yys0/+wPr8AWj7mQ8=</latexit>

Determines average number of bits necessary

to communicate distribution
<latexit sha1_base64="EsEktRatv3lEg+1nTlMF3pWwvyw="></latexit>

0.8
<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

hNbitsi � H[X]
<latexit sha1_base64="FRD/jpT8wBNbXw2m720WjzudODQ=">AAACEHicbVA9SwNBEN2LXzF+RS1tFoNoFe6ioGXQxkoUjAbujmNvM4mLe3vn7pwYjvwEG/+KjYUitpZ2/hs3H4VfDwYe780wMy/OpDDoup9OaWp6ZnauPF9ZWFxaXqmurl2YNNccWjyVqW7HzIAUClooUEI708CSWMJlfH009C9vQRuRqnPsZxAmrKdEV3CGVoqq24FkqieBnkQBwh0WsUAzoIEeq0EPbuix3w6jas2tuyPQv8SbkBqZ4DSqfgSdlOcJKOSSGeN7boZhwTQKLmFQCXIDGePXrAe+pYolYMJi9NCAblmlQ7uptqWQjtTvEwVLjOknse1MGF6Z395Q/M/zc+wehIVQWY6g+HhRN5cUUzpMh3aEBo6ybwnjWthbKb9imnG0GVZsCN7vl/+Si0bd2603zvZqzcNJHGWyQTbJDvHIPmmSY3JKWoSTe/JInsmL8+A8Oa/O27i15Exm1skPOO9fVzmcwg==</latexit>
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S = {", #}
<latexit sha1_base64="P7cF4DCe9bOkAbHziRjui8WoGQ8=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoupCRV0IVCwY3LivYBTSiT6aQdOpmEmYmlhPyAG3/FjQtF3Lp35984SbPQ1gMDh3PuYe49XsSoVJb1bSwsLi2vrJbWyusbm1vb5s5uS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre6Drz2w9ESBryezWJiBugAac+xUhpqWceOgFSQ4xYcpdeOYkTR0iIcHzi9MMxzyl00p5ZsapWDjhP7IJUQIFGz/zSeRwHhCvMkJRd24qUmyChKGYkLTuxJBHCIzQgXU05Coh0k/yaFB5ppQ/9UOjHFczV34kEBVJOAk9PZrvLWS8T//O6sfIv3ITyKFaE4+lHfsygCmFWDexTQbBiE00QFlTvCvEQCYSVLrCsS7BnT54nrVrVPq3Wbs8q9cuijhLYBwfgGNjgHNTBDWiAJsDgETyDV/BmPBkvxrvxMR1dMIrMHvgD4/MHiXmcdg==</latexit>

H[S]
<latexit sha1_base64="eV7eootYkahVhnerVOzoMUP/MJc=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9OCh4KXHivYD0lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjtr6xubW9ulnfLu3v7BYeXouKPjVBHaJjGPVS/EmnImadsww2kvURSLkNNuOLnL/e4TVZrF8tFMExoIPJIsYgSbXGr6D8GgUnVr7hxolXgFqUKB1qDy1R/GJBVUGsKx1r7nJibIsDKMcDor91NNE0wmeER9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/zw/NdFNkDGZpIZKslgUpRyZGOWPoyFTlBg+tQQTxeytiIyxwsTYeMo2BG/55VXSqde8y1r9/qrauC3iKMEpnMEFeHANDWhCC9pAYAzP8ApvjnBenHfnY9G65hQzJ/AHzucPolaN8w==</latexit>

Pr(S =")
<latexit sha1_base64="6nF5HN25773zWCpGenVtvYVajtA=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAI8RJ2o6AHhYAXjxHNA7JLmJ1MkiGzM8s8lLjkS7x4UMSrn+LNv3GS7EETCxqKqm66u6KEUaU979vJrayurW/kNwtb2zu7RXdvv6mEkZg0sGBCtiOkCKOcNDTVjLQTSVAcMdKKRtdTv/VApKKC3+txQsIYDTjtU4y0lbpuMajL8t1VYBIkpXg86bolr+LNAJeJn5ESyFDvul9BT2ATE64xQ0p1fC/RYYqkppiRSSEwiiQIj9CAdCzlKCYqTGeHT+CxVXqwL6QtruFM/T2RolipcRzZzhjpoVr0puJ/Xsfo/kWYUp4YTTieL+obBrWA0xRgj0qCNRtbgrCk9laIh0girG1WBRuCv/jyMmlWK/5ppXp7VqpdZnHkwSE4AmXgg3NQAzegDhoAAwOewSt4c56cF+fd+Zi35pxs5gD8gfP5Awgjkqo=</latexit>

H[X] = �
X

x

Pr(X = x) lnPr(X = x)
<latexit sha1_base64="YILt1AcEaPQy9cjxPrubL5aGV+o=">AAACDXicbVDLSgMxFM34rPVVdekmWIW6sMxUQTeFopsuK9h2oDOUTJppQ5PMkGSkZegPuPFX3LhQxK17d/6N6QPR1gMXTs65l9x7gphRpW37y1paXlldW89sZDe3tnd2c3v7DRUlEpM6jlgk3QApwqggdU01I24sCeIBI82gfzP2m/dEKhqJOz2Mic9RV9CQYqSN1M4dV1uuXz7zVMLb6WAEvZosuOXBKfSY+Hm0c3m7aE8AF4kzI3kwQ62d+/Q6EU44ERozpFTLsWPtp0hqihkZZb1EkRjhPuqSlqECcaL8dHLNCJ4YpQPDSJoSGk7U3xMp4koNeWA6OdI9Ne+Nxf+8VqLDKz+lIk40EXj6UZgwqCM4jgZ2qCRYs6EhCEtqdoW4hyTC2gSYNSE48ycvkkap6JwXS7cX+cr1LI4MOARHoAAccAkqoApqoA4weABP4AW8Wo/Ws/VmvU9bl6zZzAH4A+vjG3qUmec=</latexit>

Express Shannon entropy in terms of Nats instead of Bits
<latexit sha1_base64="PKLR5L90f/x+v1yojtrWtZBjcYk="></latexit>

S[X] = kBH[X]
<latexit sha1_base64="/yAYoA7pfbU5ACIpU9Et+Aq87Kk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJLehGKHXTZUV7gTSUyXTSDp1M4sykUEKfw40LRdz6MO58G6dtFtr6w8DHf87hnPn9mDOlbfvbym1sbm3v5HcLe/sHh0fF45O2ihJJaItEPJJdHyvKmaAtzTSn3VhSHPqcdvzx3bzemVCpWCQe9TSmXoiHggWMYG0s78Hterfjfh01DPSLJbtsL4TWwcmgBJma/eJXbxCRJKRCE46Vch071l6KpWaE01mhlygaYzLGQ+oaFDikyksXR8/QhXEGKIikeUKjhft7IsWhUtPQN50h1iO1Wpub/9XcRAc3XspEnGgqyHJRkHCkIzRPAA2YpETzqQFMJDO3IjLCEhNtciqYEJzVL69Du1J2rsqV+2qpVs/iyMMZnMMlOHANNWhAE1pA4Ame4RXerIn1Yr1bH8vWnJXNnMIfWZ8/TSSRJA==</latexit>
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Thermodynamic (Informational) Principle of Organization

TIME

Pr(x)
<latexit sha1_base64="w90QFF9LUmYJ/okJoklJ63vYg1A=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuK9hjwYvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Gbudx6p0kyKezONqR/hkWAhI9hYqd1vqvLT5aBYcivuAmideBkpQYbmoPjVH0qSRFQYwrHWPc+NjZ9iZRjhdFboJ5rGmEzwiPYsFTii2k8X187QhVWGKJTKljBoof6eSHGk9TQKbGeEzVivenPxP6+XmLDup0zEiaGCLBeFCUdGovnraMgUJYZPLcFEMXsrImOsMDE2oIINwVt9eZ20qxWvVqneXZUa9SyOPJzBOZTBg2towC00oQUEHuAZXuHNkc6L8+58LFtzTjZzCn/gfP4AzqCOlw==</latexit>

Pr(x)
<latexit sha1_base64="w90QFF9LUmYJ/okJoklJ63vYg1A=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuK9hjwYvHCvYD2qVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Gbudx6p0kyKezONqR/hkWAhI9hYqd1vqvLT5aBYcivuAmideBkpQYbmoPjVH0qSRFQYwrHWPc+NjZ9iZRjhdFboJ5rGmEzwiPYsFTii2k8X187QhVWGKJTKljBoof6eSHGk9TQKbGeEzVivenPxP6+XmLDup0zEiaGCLBeFCUdGovnraMgUJYZPLcFEMXsrImOsMDE2oIINwVt9eZ20qxWvVqneXZUa9SyOPJzBOZTBg2towC00oQUEHuAZXuHNkc6L8+58LFtzTjZzCn/gfP4AzqCOlw==</latexit>

https://theconversation.com/how-could-the-big-bang-arise-from-nothing-171986

https://www.sciencefocus.com/science/how-high-must-you-sing-to-shatter-a-wine-glass/

�Suniverse � 0
<latexit sha1_base64="a/Qj/ClJpE4nvCrwxo3hY7bfLKk=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXajoGVQC8uI5gHZEGYnN8mQ2dl15q4YlpQ2/oqNhSK2foKdf+PkUfg6MHA451zu3BPEUhh03U8nMze/sLiUXc6trK6tb+Q3t2omSjSHKo9kpBsBMyCFgioKlNCINbAwkFAPBmdjv34L2ohIXeMwhlbIekp0BWdopXZ+1z8HiYxetX2EO0wTJcZxGFG/BzfUbecLbtGdgP4l3owUyAyVdv7D70Q8CUEhl8yYpufG2EqZRsEljHJ+YiBmfMB60LRUsRBMK50cMqL7VunQbqTtU0gn6veJlIXGDMPAJkOGffPbG4v/ec0EuyetVKg4QVB8uqibSIoRHbdCO0IDRzm0hHEt7F8p7zPNONoycrYE7/fJf0mtVPQOi6XLo0L5dFZHluyQPXJAPHJMyuSCVEiVcHJPHskzeXEenCfn1XmbRjPObGab/IDz/gVkKJmQ</latexit>

The Second Law of thermodynamics:
<latexit sha1_base64="fuxYjnwmHIbsZ42SH7wwlWeoxR8=">AAACEnicbVA9SwNBEN3z2/gVtbRZDII24U4FxUq0sbBQNCaQhLC3N5cs2ds9dufUcOQ32PhXbCwUsbWy89+4iSn8ejDweG+GmXlhKoVF3//wxsYnJqemZ2YLc/MLi0vF5ZUrqzPDocK11KYWMgtSKKigQAm11ABLQgnVsHs88KvXYKzQ6hJ7KTQT1lYiFpyhk1rFrQbCLeaXHaAXwLWK6Cm7oTqm2AGT6KinWCK4PaD9VrHkl/0h6F8SjEiJjHDWKr43Is2zBBRyyaytB36KzZwZFFxCv9DILKSMd1kb6o66RWCb+fClPt1wSkRjbVwppEP1+0TOEmt7Seg6E4Yd+9sbiP959Qzj/WYuVJohKP61KM4kRU0H+dBIGOAoe44wboS7lfIOM4yjS7HgQgh+v/yXXG2Xg53y9vlu6fBoFMcMWSPrZJMEZI8ckhNyRiqEkzvyQJ7Is3fvPXov3utX65g3mlklP+C9fQLhRp2Z</latexit>

�Sisolated system � 0
<latexit sha1_base64="zL3En6lkeYSfmsfnGNne4HUutAA=">AAACD3icbVA9TwJBEN3DL8Qv1NJmI9FYkTs00ZKohSVG+Ug4QvaWATbsfbg7ZyQX/oGNf8XGQmNsbe38Ny5whYIvmeTlvZnMzPMiKTTa9reVWVhcWl7JrubW1jc2t/LbOzUdxopDlYcyVA2PaZAigCoKlNCIFDDfk1D3Bhdjv34PSoswuMVhBC2f9QLRFZyhkdr5Q/cSJDJ603YRHjAROpQMoUP1UCP4I+r24I7a7XzBLtoT0HnipKRAUlTa+S+3E/LYhwC5ZFo3HTvCVsIUCi5hlHNjDRHjA9aDpqEB80G3ksk/I3pglA7thspUgHSi/p5ImK/10PdMp8+wr2e9sfif14yxe9ZKRBDFCAGfLurGkmJIx+HQjlDAUQ4NYVwJcyvlfaYYRxNhzoTgzL48T2qlonNcLF2fFMrnaRxZskf2yRFxyCkpkytSIVXCySN5Jq/kzXqyXqx362PamrHSmV3yB9bnD800nH8=</latexit>

The universe is an isolated system
<latexit sha1_base64="98upSFmDT9dgEnpdK5W9XZpq/0s=">AAACEnicbVDLSgMxFM3UV62vUZdugkXQTZmpgi6LblxW6AvaUjLpbRuayQzJHbEM/QY3/oobF4q4deXOvzF9LLT1QMLhnHNJ7gliKQx63reTWVldW9/Ibua2tnd299z9g5qJEs2hyiMZ6UbADEihoIoCJTRiDSwMJNSD4c3Er9+DNiJSFRzF0A5ZX4me4Ayt1HHPWggPmFYGQBMlJkmgwlCm7B1JhtClZmQQwnHHzXsFbwq6TPw5yZM5yh33q9WNeBKCQi6ZMU3fi7GdMo2CSxjnWomBmPEh60PTUsVCMO10utKYnlilS3uRtkchnaq/J1IWGjMKA5sMGQ7MojcR//OaCfau2qlQcYKg+OyhXiIpRnTSD+0KDRzlyBLGtbB/pXzANONou8nZEvzFlZdJrVjwzwvFu4t86XpeR5YckWNySnxySUrklpRJlXDySJ7JK3lznpwX5935mEUzznzmkPyB8/kD3WKeOQ==</latexit>
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Motivating Questions

Does intelligence and complexity typically emerge in nonequilibrium systems?

https://en.wikipedia.org/wiki/Properties_of_water

https://en.wikipedia.org/wiki/Shanghai

Increasing Complexity and Intelligence
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Motivating Questions

Does intelligence and complexity typically emerge in nonequilibrium systems?

Are there other thermodynamic principles of organization for nonequilibrium systems?

https://en.wikipedia.org/wiki/Properties_of_water

https://en.wikipedia.org/wiki/Shanghai

Increasing Complexity and Intelligence
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Figure 1: (a) The work absorbed per field switch as measured by the mean of 3000 driven trajectories. The
initially high work absorption rate relaxes to a lower value as the system continues to experience the same
drive. (b) The initially high flip rate relaxes to a lower value as the system continues to experience the
drive. The internal energy of the previously relaxed system is at first increased by the drive but eventually
reaches a lower value than the system had relaxed to initially. (c) Increasing the temperature (� = 1.5)
allows the system to further minimize its internal energy, which in turn decreases the flip rate. (d) The mean
flip rate and internal energy of the system when a sequence of drives is applied. After 300 field switches
the set of fields use to drive the system is changed to another randomly realized set of fields. The flip rate
increases back to the value it was at when the first drive was initially applied, before decreasing to the same
asymptotic value. Switching back to the first drive after 600 total field switches results in another increase
in the flip rate, though lower this time than either of the previous two peaks. The internal energy increases
when switching from drive 1 to drive 2, before decreasing to a lower value than was reached during the
application of drive 1. Switching back to drive 1 results in a further decrease of internal energy, without any
transient increase.

in the system as a whole. We consider these same quantities measured for individual spins, where the spins
are sorted based on the total number of times they flip over the course of a trajectory before the quantities
are averaged across realizations. We find that the majority of the spin flips in the system as a whole are
performed by the few spins which flip the most (Fig. 2(a)). Following the time trace of just these spins
reveals that contrary to the mean behavior of the system, their flip rate increases over time, as does their
internal energy (Fig. 2(c)). There are many more spins though that experience a drastic reduction in flip
rate, as well as a reduction in internal energy (Fig. 2(d)).

While spin flips in the driven system are also mediated by stochasticity from the thermal bath, the
primary driver of flipping is the work absorbed from the changing external field. Decreasing the interaction
energy of a driven spin will reduce the likelihood that a given field will be strong enough to cause it to
flip, but there are other mechanisms that can change the rate at which a spin flips. If all of the fields at a
specific site favor a spin pointing in a certain direction, one of two things will happen. The neighbors of this
spin might also rearrange so that the direction favored by the external fields also minimizes the interaction
energies; once the spin is arranged favorably with both the external fields and its neighbors it is unlikely to
flip again, resulting in a decrease in its flip rate. Alternatively the external fields might stabilize an otherwise
less favorable higher energy state. In this case it is still possible for the spin to flip, but it does so at a slower
rate over time.

These spins that increase in energy (Fig. 2(b)) that only flip occasionally (Fig. 2(a)) can be thought of
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Self-organized novelty detection in driven spin glasses
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Abstract

We consider a glassy system of interacting spins driven by continual switching amongst a finite set
of nonuniform external fields. We find that the system evolves over time towards configurations that
minimize the work absorbed from this external drive. The configurations which achieve this are specific to
the details of the external fields used to drive the system, and therefore act e↵ectively as a self-organized
novelty-detector that embodies accurate predictions about the typical future of its external environment.

1 Introduction

A variety of many-body systems absorb energy from a given external drive in a way that depends on their
configuration. Both in simulation and experiment, an increasing number of examples have been identified
where this variable receptivity to drive work leads to a dissipative adaptation e↵ect: whether in randomly-
wired mechanical oscillators [9, 10], disordered chemical networks [7], or phononic and photonic resonator
arrays [1, 15], the driven steady-state behavior exhibits a self-organized fine-tuning to the particular pattern
of the external energy source.

Spin glasses, which are binary degrees of freedom interacting with each other via quenched, disordered
couplings [3, 5], are a particularly interesting form of condensed matter to study in this context for two
reasons. Firstly, experimental studies of spin glass materials have demonstrated a flexible memory e↵ect, so
that the particular nonequilibrium time-course of cooling can be detected by measuring ac response properties
during reheating [8, 11]. Secondly, analytical models of spin glasses served as the inspiration for the Hopfield
net [6], which is now the most successful and broadly-applied physical model of learned associative memory
[13, 16, 14].

The classic Hopfield approach involves a training procedure that optimizes the couplings in what is
e↵ectively the Hamiltonian of a spin glass model to produce the right relationship between a particular
choice of external field (input) and a particular target low-energy spin configuration (output) favored in
a low-temperature thermal equilibrium. The experimentally observed memory e↵ect in spin glasses away
from equilibrium, however, points to the possibility that learning behavior can arise in spin glasses through
the slow relaxation of glassy coarse-grained features, without any explicit training scheme that modifies the
parameters of the Hamiltonian. The promise of this possibility is strengthened by recent arguments that
slow degrees of freedom in driven many-body systems experience pressure to fine-tune themselves in order
to reduce work absorption by fast variables [2].

In this study, we investigate fine-tuned memory e↵ects in simulations of random spin glasses subjected
to time-varying external fields. We demonstrate a tendency of such systems to settle into attractor states
that reduce work absorption in a manner specific to the pattern of driving, such that a change in the drive
fingerprint leads to a transient rise in dissipation. Ultimately, we show that this tendency gives rise to an
emergent predictive capacity, whereby the current state of the system comes to contain accurate information
about the external drive’s likely future.

⇤jacobmg@mit.edu
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Motivating Questions

Does intelligence and complexity typically emerge in nonequilibrium systems?

Are there other thermodynamic principles of organization for nonequilibrium systems?

https://en.wikipedia.org/wiki/Properties_of_water

https://en.wikipedia.org/wiki/Shanghai

Increasing Complexity and Intelligence
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Figure 1: (a) The work absorbed per field switch as measured by the mean of 3000 driven trajectories. The
initially high work absorption rate relaxes to a lower value as the system continues to experience the same
drive. (b) The initially high flip rate relaxes to a lower value as the system continues to experience the
drive. The internal energy of the previously relaxed system is at first increased by the drive but eventually
reaches a lower value than the system had relaxed to initially. (c) Increasing the temperature (� = 1.5)
allows the system to further minimize its internal energy, which in turn decreases the flip rate. (d) The mean
flip rate and internal energy of the system when a sequence of drives is applied. After 300 field switches
the set of fields use to drive the system is changed to another randomly realized set of fields. The flip rate
increases back to the value it was at when the first drive was initially applied, before decreasing to the same
asymptotic value. Switching back to the first drive after 600 total field switches results in another increase
in the flip rate, though lower this time than either of the previous two peaks. The internal energy increases
when switching from drive 1 to drive 2, before decreasing to a lower value than was reached during the
application of drive 1. Switching back to drive 1 results in a further decrease of internal energy, without any
transient increase.

in the system as a whole. We consider these same quantities measured for individual spins, where the spins
are sorted based on the total number of times they flip over the course of a trajectory before the quantities
are averaged across realizations. We find that the majority of the spin flips in the system as a whole are
performed by the few spins which flip the most (Fig. 2(a)). Following the time trace of just these spins
reveals that contrary to the mean behavior of the system, their flip rate increases over time, as does their
internal energy (Fig. 2(c)). There are many more spins though that experience a drastic reduction in flip
rate, as well as a reduction in internal energy (Fig. 2(d)).

While spin flips in the driven system are also mediated by stochasticity from the thermal bath, the
primary driver of flipping is the work absorbed from the changing external field. Decreasing the interaction
energy of a driven spin will reduce the likelihood that a given field will be strong enough to cause it to
flip, but there are other mechanisms that can change the rate at which a spin flips. If all of the fields at a
specific site favor a spin pointing in a certain direction, one of two things will happen. The neighbors of this
spin might also rearrange so that the direction favored by the external fields also minimizes the interaction
energies; once the spin is arranged favorably with both the external fields and its neighbors it is unlikely to
flip again, resulting in a decrease in its flip rate. Alternatively the external fields might stabilize an otherwise
less favorable higher energy state. In this case it is still possible for the spin to flip, but it does so at a slower
rate over time.

These spins that increase in energy (Fig. 2(b)) that only flip occasionally (Fig. 2(a)) can be thought of
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Self-organized novelty detection in driven spin glasses
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Abstract

We consider a glassy system of interacting spins driven by continual switching amongst a finite set
of nonuniform external fields. We find that the system evolves over time towards configurations that
minimize the work absorbed from this external drive. The configurations which achieve this are specific to
the details of the external fields used to drive the system, and therefore act e↵ectively as a self-organized
novelty-detector that embodies accurate predictions about the typical future of its external environment.

1 Introduction

A variety of many-body systems absorb energy from a given external drive in a way that depends on their
configuration. Both in simulation and experiment, an increasing number of examples have been identified
where this variable receptivity to drive work leads to a dissipative adaptation e↵ect: whether in randomly-
wired mechanical oscillators [9, 10], disordered chemical networks [7], or phononic and photonic resonator
arrays [1, 15], the driven steady-state behavior exhibits a self-organized fine-tuning to the particular pattern
of the external energy source.

Spin glasses, which are binary degrees of freedom interacting with each other via quenched, disordered
couplings [3, 5], are a particularly interesting form of condensed matter to study in this context for two
reasons. Firstly, experimental studies of spin glass materials have demonstrated a flexible memory e↵ect, so
that the particular nonequilibrium time-course of cooling can be detected by measuring ac response properties
during reheating [8, 11]. Secondly, analytical models of spin glasses served as the inspiration for the Hopfield
net [6], which is now the most successful and broadly-applied physical model of learned associative memory
[13, 16, 14].

The classic Hopfield approach involves a training procedure that optimizes the couplings in what is
e↵ectively the Hamiltonian of a spin glass model to produce the right relationship between a particular
choice of external field (input) and a particular target low-energy spin configuration (output) favored in
a low-temperature thermal equilibrium. The experimentally observed memory e↵ect in spin glasses away
from equilibrium, however, points to the possibility that learning behavior can arise in spin glasses through
the slow relaxation of glassy coarse-grained features, without any explicit training scheme that modifies the
parameters of the Hamiltonian. The promise of this possibility is strengthened by recent arguments that
slow degrees of freedom in driven many-body systems experience pressure to fine-tune themselves in order
to reduce work absorption by fast variables [2].

In this study, we investigate fine-tuned memory e↵ects in simulations of random spin glasses subjected
to time-varying external fields. We demonstrate a tendency of such systems to settle into attractor states
that reduce work absorption in a manner specific to the pattern of driving, such that a change in the drive
fingerprint leads to a transient rise in dissipation. Ultimately, we show that this tendency gives rise to an
emergent predictive capacity, whereby the current state of the system comes to contain accurate information
about the external drive’s likely future.
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-First address “Complexity”
-Then thermodynamics
-Then learning

minimum work absorption
<latexit sha1_base64="MLIjgM0NxI5VyLL9c24TXzTBpp0=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAbBU9iNgh6DXjxGMA9IQpidTJIh81hmetWw5ObFX/HiQRGv/oI3/8bZJAdNLGgoqrrp7gojwS34/reXWVpeWV3Lruc2Nre2d/K7ezWrY0NZlWqhTSMklgmuWBU4CNaIDCMyFKweDq9Sv37HjOVa3cIoYm1J+or3OCXgpE7+sAXsARLJFZexxPfaDDEJrTZR6o87+YJf9CfAiySYkQKaodLJf7W6msaSKaCCWNsM/AjaCTHAqWDjXCu2LCJ0SPqs6agiktl2MvljjI+d0sU9bVwpwBP190RCpLUjGbpOSWBg571U/M9rxtC7aCdcRTEwRaeLerHAoHEaCu5ywyiIkSOEGu5uxXRADKHgosu5EIL5lxdJrVQMToulm7NC+XIWRxYdoCN0ggJ0jsroGlVQFVH0iJ7RK3rznrwX7937mLZmvNnMPvoD7/MHRyqaNA==</latexit>
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A pattern is a process Random Variables: Ya:b = YaYa+1 · · ·Yb�1
<latexit sha1_base64="NfKUvJOMKFzWZGC6/eigTNAaAeQ="></latexit>

Probability of a realization ya:b : Pr(Ya:b = ya:b)
<latexit sha1_base64="BCaFRRh/nhLCeiPCYFeqTLnVK40="></latexit>

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003)



A pattern is a process

Entropy of a process

Random Variables: Ya:b = YaYa+1 · · ·Yb�1
<latexit sha1_base64="NfKUvJOMKFzWZGC6/eigTNAaAeQ="></latexit>

Probability of a realization ya:b : Pr(Ya:b = ya:b)
<latexit sha1_base64="BCaFRRh/nhLCeiPCYFeqTLnVK40="></latexit>

H[Ya:b] ⌘ �
X

ya:b

Pr(Ya:b = ya:b) lnPr(Ya:b = ya:b)
<latexit sha1_base64="twOckr/Os2LuVnMdC5agUGon08s="></latexit>

 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

H[
 �
Y ]

<latexit sha1_base64="6k5MpwFVpQ4ibaEm3Sspf0YygVk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KkkVdFl002UF+5A0lMl00g6dzISZG6WG4q+4caGIW//DnX/jtM1CWw8MHM45l3vnhAlnGlz321paXlldWy9sFDe3tnd27b39ppapIrRBJJeqHWJNORO0AQw4bSeK4jjktBUOryd+654qzaS4hVFCgxj3BYsYwWCkrn1Y8zvSBDiNACslH7K7cdC1S27ZncJZJF5OSihHvWt/dXqSpDEVQDjW2vfcBIIMK2CE03Gxk2qaYDLEfeobKnBMdZBNrx87J0bpOZFU5glwpurviQzHWo/i0CRjDAM9703E/zw/hegyyJhIUqCCzBZFKXdAOpMqnB5TlAAfGYKJYuZWhwywwgRMYUVTgjf/5UXSrJS9s3Ll5rxUvcrrKKAjdIxOkYcuUBXVUB01EEGP6Bm9ojfryXqx3q2PWXTJymcO0B9Ynz80mZW2</latexit>

11

Complexity and Computational Mechanics

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003)



A pattern is a process

Entropy of a process

Entropy rate of a process

Random Variables: Ya:b = YaYa+1 · · ·Yb�1
<latexit sha1_base64="NfKUvJOMKFzWZGC6/eigTNAaAeQ="></latexit>

Probability of a realization ya:b : Pr(Ya:b = ya:b)
<latexit sha1_base64="BCaFRRh/nhLCeiPCYFeqTLnVK40="></latexit>

H[Ya:b] ⌘ �
X

ya:b

Pr(Ya:b = ya:b) lnPr(Ya:b = ya:b)
<latexit sha1_base64="twOckr/Os2LuVnMdC5agUGon08s="></latexit>

hµ ⌘ lim
L!1

H[Y0:L]

L
= H[Y0|

 �
Y 0]

<latexit sha1_base64="dZ1LdP7ZXAr5AdCI/EDCd8p5ni0="></latexit>

 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

Y0
<latexit sha1_base64="0JYGVlMmahhbSDPc1okadVDLtZY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHcMY2E</latexit>

hµ
<latexit sha1_base64="Za0FY9tLy9R2UWSdAZZPfdD2wrk=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMENwkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8N/PbT1RplspHM8loJPBQsoQRbJwUjvo9YfuVql/z50CrJChIFQo0+5Wv3iAlVlBpCMdadwM/M1GOlWGE02m5ZzXNMBnjIe06KrGgOsrnx07RuVMGKEmVK2nQXP09kWOh9UTErlNgM9LL3kz8z+tak9xEOZOZNVSSxaLEcmRSNPscDZiixPCJI5go5m5FZIQVJsblU3YhBMsvr5JWvRZc1uoPV9XGbRFHCU7hDC4ggGtowD00IQQCDJ7hFd486b14797HonXNK2ZO4A+8zx/Y5o61</latexit>
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H[
 �
Y ]

<latexit sha1_base64="6k5MpwFVpQ4ibaEm3Sspf0YygVk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KkkVdFl002UF+5A0lMl00g6dzISZG6WG4q+4caGIW//DnX/jtM1CWw8MHM45l3vnhAlnGlz321paXlldWy9sFDe3tnd27b39ppapIrRBJJeqHWJNORO0AQw4bSeK4jjktBUOryd+654qzaS4hVFCgxj3BYsYwWCkrn1Y8zvSBDiNACslH7K7cdC1S27ZncJZJF5OSihHvWt/dXqSpDEVQDjW2vfcBIIMK2CE03Gxk2qaYDLEfeobKnBMdZBNrx87J0bpOZFU5glwpurviQzHWo/i0CRjDAM9703E/zw/hegyyJhIUqCCzBZFKXdAOpMqnB5TlAAfGYKJYuZWhwywwgRMYUVTgjf/5UXSrJS9s3Ll5rxUvcrrKKAjdIxOkYcuUBXVUB01EEGP6Bm9ojfryXqx3q2PWXTJymcO0B9Ynz80mZW2</latexit>

Complexity and Computational Mechanics

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003)
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A pattern is a process

Entropy of a process

Entropy rate of a process

Excess Entropy

Random Variables: Ya:b = YaYa+1 · · ·Yb�1
<latexit sha1_base64="NfKUvJOMKFzWZGC6/eigTNAaAeQ="></latexit>

Probability of a realization ya:b : Pr(Ya:b = ya:b)
<latexit sha1_base64="BCaFRRh/nhLCeiPCYFeqTLnVK40="></latexit>

H[Ya:b] ⌘ �
X

ya:b

Pr(Ya:b = ya:b) lnPr(Ya:b = ya:b)
<latexit sha1_base64="twOckr/Os2LuVnMdC5agUGon08s="></latexit>

hµ ⌘ lim
L!1

H[Y0:L]

L
= H[Y0|

 �
Y 0]

<latexit sha1_base64="dZ1LdP7ZXAr5AdCI/EDCd8p5ni0="></latexit>

 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

Y0
<latexit sha1_base64="0JYGVlMmahhbSDPc1okadVDLtZY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHcMY2E</latexit>

hµ
<latexit sha1_base64="Za0FY9tLy9R2UWSdAZZPfdD2wrk=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMENwkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8N/PbT1RplspHM8loJPBQsoQRbJwUjvo9YfuVql/z50CrJChIFQo0+5Wv3iAlVlBpCMdadwM/M1GOlWGE02m5ZzXNMBnjIe06KrGgOsrnx07RuVMGKEmVK2nQXP09kWOh9UTErlNgM9LL3kz8z+tak9xEOZOZNVSSxaLEcmRSNPscDZiixPCJI5go5m5FZIQVJsblU3YhBMsvr5JWvRZc1uoPV9XGbRFHCU7hDC4ggGtowD00IQQCDJ7hFd486b14797HonXNK2ZO4A+8zx/Y5o61</latexit>

 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

�!
Y = Y0:1 = Y0Y1 · · ·

<latexit sha1_base64="fhUFHHqAVsUAaoXnIo4vPvoeeIw=">AAACFnicbVBNSwMxEM36bf1a9eglWAQvll0VFEEoevGoYNXSLUs2zbbBbLIks0pZ+iu8+Fe8eFDEq3jz35ite9DWBwMv782QmRelghvwvC9nYnJqemZ2br6ysLi0vOKurl0ZlWnKGlQJpW8iYpjgkjWAg2A3qWYkiQS7jm5PC//6jmnDlbyEfsraCelKHnNKwEqhuxMoa2ve7QHRWt3nzcFxM8y9o4DLGPrFw2uGPg5oR4EJ3apX84bA48QvSRWVOA/dz6CjaJYwCVQQY1q+l0I7Jxo4FWxQCTLDUkJvSZe1LJUkYaadD88a4C2rdHCstC0JeKj+nshJYkw/iWxnQqBnRr1C/M9rZRAftnMu0wyYpD8fxZnAoHCREe5wzSiIviWEam53xbRHNKFgk6zYEPzRk8fJ1W7N36vtXuxX6ydlHHNoA22ibeSjA1RHZ+gcNRBFD+gJvaBX59F5dt6c95/WCaecWUd/4Hx8A60+n6c=</latexit>

E ⌘ H[
 �
Y 0] +H[

�!
Y 0]�H[

 �
Y 0,
�!
Y 0] ⌘ I[

 �
Y 0;
�!
Y 0]

<latexit sha1_base64="tAdgGmCVx2ggaXBbs2AGY2AyLP0="></latexit>

E
<latexit sha1_base64="JsgCcRK/q9lQZ6Zwed2XROKfko0=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LIogssK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfzsrq2vrGZmGruL2zu7dfOjhs6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtJ1SaR/LBTGLshXQoecAZNVZ67IbUjPwgvZ32S2W34s5AlomXkzLkqPdLX91BxJIQpWGCat3x3Nj0UqoMZwKnxW6iMaZsTIfYsVTSEHUvnSWeklOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkoq2BG/x5GXSrFa880r1/qJcu87rKMAxnMAZeHAJNbiDOjSAgYRneIU3RzsvzrvzMR9dcfKdI/gD5/MHsQiQ7Q==</latexit>

H[
 �
Y ]

<latexit sha1_base64="6k5MpwFVpQ4ibaEm3Sspf0YygVk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KkkVdFl002UF+5A0lMl00g6dzISZG6WG4q+4caGIW//DnX/jtM1CWw8MHM45l3vnhAlnGlz321paXlldWy9sFDe3tnd27b39ppapIrRBJJeqHWJNORO0AQw4bSeK4jjktBUOryd+654qzaS4hVFCgxj3BYsYwWCkrn1Y8zvSBDiNACslH7K7cdC1S27ZncJZJF5OSihHvWt/dXqSpDEVQDjW2vfcBIIMK2CE03Gxk2qaYDLEfeobKnBMdZBNrx87J0bpOZFU5glwpurviQzHWo/i0CRjDAM9703E/zw/hegyyJhIUqCCzBZFKXdAOpMqnB5TlAAfGYKJYuZWhwywwgRMYUVTgjf/5UXSrJS9s3Ll5rxUvcrrKKAjdIxOkYcuUBXVUB01EEGP6Bm9ojfryXqx3q2PWXTJymcO0B9Ynz80mZW2</latexit>

Complexity and Computational Mechanics

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003)
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A pattern is a process

Entropy of a process

Entropy rate of a process

Excess Entropy

Statistical Complexity

Random Variables: Ya:b = YaYa+1 · · ·Yb�1
<latexit sha1_base64="NfKUvJOMKFzWZGC6/eigTNAaAeQ="></latexit>

Probability of a realization ya:b : Pr(Ya:b = ya:b)
<latexit sha1_base64="BCaFRRh/nhLCeiPCYFeqTLnVK40="></latexit>

H[Ya:b] ⌘ �
X

ya:b

Pr(Ya:b = ya:b) lnPr(Ya:b = ya:b)
<latexit sha1_base64="twOckr/Os2LuVnMdC5agUGon08s="></latexit>

hµ ⌘ lim
L!1

H[Y0:L]

L
= H[Y0|

 �
Y 0]

<latexit sha1_base64="dZ1LdP7ZXAr5AdCI/EDCd8p5ni0="></latexit>

 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

Y0
<latexit sha1_base64="0JYGVlMmahhbSDPc1okadVDLtZY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHcMY2E</latexit>

hµ
<latexit sha1_base64="Za0FY9tLy9R2UWSdAZZPfdD2wrk=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMENwkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8N/PbT1RplspHM8loJPBQsoQRbJwUjvo9YfuVql/z50CrJChIFQo0+5Wv3iAlVlBpCMdadwM/M1GOlWGE02m5ZzXNMBnjIe06KrGgOsrnx07RuVMGKEmVK2nQXP09kWOh9UTErlNgM9LL3kz8z+tak9xEOZOZNVSSxaLEcmRSNPscDZiixPCJI5go5m5FZIQVJsblU3YhBMsvr5JWvRZc1uoPV9XGbRFHCU7hDC4ggGtowD00IQQCDJ7hFd486b14797HonXNK2ZO4A+8zx/Y5o61</latexit>

 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

�!
Y = Y0:1 = Y0Y1 · · ·

<latexit sha1_base64="fhUFHHqAVsUAaoXnIo4vPvoeeIw=">AAACFnicbVBNSwMxEM36bf1a9eglWAQvll0VFEEoevGoYNXSLUs2zbbBbLIks0pZ+iu8+Fe8eFDEq3jz35ite9DWBwMv782QmRelghvwvC9nYnJqemZ2br6ysLi0vOKurl0ZlWnKGlQJpW8iYpjgkjWAg2A3qWYkiQS7jm5PC//6jmnDlbyEfsraCelKHnNKwEqhuxMoa2ve7QHRWt3nzcFxM8y9o4DLGPrFw2uGPg5oR4EJ3apX84bA48QvSRWVOA/dz6CjaJYwCVQQY1q+l0I7Jxo4FWxQCTLDUkJvSZe1LJUkYaadD88a4C2rdHCstC0JeKj+nshJYkw/iWxnQqBnRr1C/M9rZRAftnMu0wyYpD8fxZnAoHCREe5wzSiIviWEam53xbRHNKFgk6zYEPzRk8fJ1W7N36vtXuxX6ydlHHNoA22ibeSjA1RHZ+gcNRBFD+gJvaBX59F5dt6c95/WCaecWUd/4Hx8A60+n6c=</latexit>

E ⌘ H[
 �
Y 0] +H[

�!
Y 0]�H[

 �
Y 0,
�!
Y 0] ⌘ I[

 �
Y 0;
�!
Y 0]

<latexit sha1_base64="tAdgGmCVx2ggaXBbs2AGY2AyLP0="></latexit>

Cµ
<latexit sha1_base64="+pjvvKYMjEv1jSMcjRuBqI3DhKQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMdiLx4rmLbQhrLZbtqlu5uwuxFC6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244bc397hNVmsXy0WQJDQQeSxYxgo2V/NZwINJhtebW3QXQOvEKUoMC7WH1azCKSSqoNIRjrfuem5ggx8owwumsMkg1TTCZ4jHtWyqxoDrIF8fO0IVVRiiKlS1p0EL9PZFjoXUmQtspsJnoVW8u/uf1UxPdBjmTSWqoJMtFUcqRidH8czRiihLDM0swUczeisgEK0yMzadiQ/BWX14nnUbdu6o3Hq5rzbsijjKcwTlcggc30IR7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8foD6OkA==</latexit>

E
<latexit sha1_base64="JsgCcRK/q9lQZ6Zwed2XROKfko0=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LIogssK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfzsrq2vrGZmGruL2zu7dfOjhs6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtJ1SaR/LBTGLshXQoecAZNVZ67IbUjPwgvZ32S2W34s5AlomXkzLkqPdLX91BxJIQpWGCat3x3Nj0UqoMZwKnxW6iMaZsTIfYsVTSEHUvnSWeklOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkoq2BG/x5GXSrFa880r1/qJcu87rKMAxnMAZeHAJNbiDOjSAgYRneIU3RzsvzrvzMR9dcfKdI/gD5/MHsQiQ7Q==</latexit>

H[
 �
Y ]

<latexit sha1_base64="6k5MpwFVpQ4ibaEm3Sspf0YygVk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KkkVdFl002UF+5A0lMl00g6dzISZG6WG4q+4caGIW//DnX/jtM1CWw8MHM45l3vnhAlnGlz321paXlldWy9sFDe3tnd27b39ppapIrRBJJeqHWJNORO0AQw4bSeK4jjktBUOryd+654qzaS4hVFCgxj3BYsYwWCkrn1Y8zvSBDiNACslH7K7cdC1S27ZncJZJF5OSihHvWt/dXqSpDEVQDjW2vfcBIIMK2CE03Gxk2qaYDLEfeobKnBMdZBNrx87J0bpOZFU5glwpurviQzHWo/i0CRjDAM9703E/zw/hegyyJhIUqCCzBZFKXdAOpMqnB5TlAAfGYKJYuZWhwywwgRMYUVTgjf/5UXSrJS9s3Ll5rxUvcrrKKAjdIxOkYcuUBXVUB01EEGP6Bm9ojfryXqx3q2PWXTJymcO0B9Ynz80mZW2</latexit>

Cµ = min
✏3I[✏( �Y );

�!
Y ]=I[

 �
Y ;
�!
Y ]

H[✏(
 �
Y )]

<latexit sha1_base64="7EZjidZVdt3JUYi8sd1CUL2KAEk="></latexit>

Complexity and Computational Mechanics

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003)
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A pattern is a process

Entropy of a process

Entropy rate of a process

Excess Entropy

Statistical Complexity

Random Variables: Ya:b = YaYa+1 · · ·Yb�1
<latexit sha1_base64="NfKUvJOMKFzWZGC6/eigTNAaAeQ="></latexit>

Probability of a realization ya:b : Pr(Ya:b = ya:b)
<latexit sha1_base64="BCaFRRh/nhLCeiPCYFeqTLnVK40="></latexit>

H[Ya:b] ⌘ �
X

ya:b

Pr(Ya:b = ya:b) lnPr(Ya:b = ya:b)
<latexit sha1_base64="twOckr/Os2LuVnMdC5agUGon08s="></latexit>

hµ ⌘ lim
L!1

H[Y0:L]

L
= H[Y0|

 �
Y 0]

<latexit sha1_base64="dZ1LdP7ZXAr5AdCI/EDCd8p5ni0="></latexit>

 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

Y0
<latexit sha1_base64="0JYGVlMmahhbSDPc1okadVDLtZY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHcMY2E</latexit>

hµ
<latexit sha1_base64="Za0FY9tLy9R2UWSdAZZPfdD2wrk=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMENwkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8N/PbT1RplspHM8loJPBQsoQRbJwUjvo9YfuVql/z50CrJChIFQo0+5Wv3iAlVlBpCMdadwM/M1GOlWGE02m5ZzXNMBnjIe06KrGgOsrnx07RuVMGKEmVK2nQXP09kWOh9UTErlNgM9LL3kz8z+tak9xEOZOZNVSSxaLEcmRSNPscDZiixPCJI5go5m5FZIQVJsblU3YhBMsvr5JWvRZc1uoPV9XGbRFHCU7hDC4ggGtowD00IQQCDJ7hFd486b14797HonXNK2ZO4A+8zx/Y5o61</latexit>

 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

�!
Y = Y0:1 = Y0Y1 · · ·

<latexit sha1_base64="fhUFHHqAVsUAaoXnIo4vPvoeeIw=">AAACFnicbVBNSwMxEM36bf1a9eglWAQvll0VFEEoevGoYNXSLUs2zbbBbLIks0pZ+iu8+Fe8eFDEq3jz35ite9DWBwMv782QmRelghvwvC9nYnJqemZ2br6ysLi0vOKurl0ZlWnKGlQJpW8iYpjgkjWAg2A3qWYkiQS7jm5PC//6jmnDlbyEfsraCelKHnNKwEqhuxMoa2ve7QHRWt3nzcFxM8y9o4DLGPrFw2uGPg5oR4EJ3apX84bA48QvSRWVOA/dz6CjaJYwCVQQY1q+l0I7Jxo4FWxQCTLDUkJvSZe1LJUkYaadD88a4C2rdHCstC0JeKj+nshJYkw/iWxnQqBnRr1C/M9rZRAftnMu0wyYpD8fxZnAoHCREe5wzSiIviWEam53xbRHNKFgk6zYEPzRk8fJ1W7N36vtXuxX6ydlHHNoA22ibeSjA1RHZ+gcNRBFD+gJvaBX59F5dt6c95/WCaecWUd/4Hx8A60+n6c=</latexit>

E ⌘ H[
 �
Y 0] +H[

�!
Y 0]�H[

 �
Y 0,
�!
Y 0] ⌘ I[

 �
Y 0;
�!
Y 0]

<latexit sha1_base64="tAdgGmCVx2ggaXBbs2AGY2AyLP0="></latexit>

Cµ
<latexit sha1_base64="+pjvvKYMjEv1jSMcjRuBqI3DhKQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMdiLx4rmLbQhrLZbtqlu5uwuxFC6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244bc397hNVmsXy0WQJDQQeSxYxgo2V/NZwINJhtebW3QXQOvEKUoMC7WH1azCKSSqoNIRjrfuem5ggx8owwumsMkg1TTCZ4jHtWyqxoDrIF8fO0IVVRiiKlS1p0EL9PZFjoXUmQtspsJnoVW8u/uf1UxPdBjmTSWqoJMtFUcqRidH8czRiihLDM0swUczeisgEK0yMzadiQ/BWX14nnUbdu6o3Hq5rzbsijjKcwTlcggc30IR7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8foD6OkA==</latexit>

E
<latexit sha1_base64="JsgCcRK/q9lQZ6Zwed2XROKfko0=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LIogssK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfzsrq2vrGZmGruL2zu7dfOjhs6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtJ1SaR/LBTGLshXQoecAZNVZ67IbUjPwgvZ32S2W34s5AlomXkzLkqPdLX91BxJIQpWGCat3x3Nj0UqoMZwKnxW6iMaZsTIfYsVTSEHUvnSWeklOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkoq2BG/x5GXSrFa880r1/qJcu87rKMAxnMAZeHAJNbiDOjSAgYRneIU3RzsvzrvzMR9dcfKdI/gD5/MHsQiQ7Q==</latexit>

H[
 �
Y ]

<latexit sha1_base64="6k5MpwFVpQ4ibaEm3Sspf0YygVk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KkkVdFl002UF+5A0lMl00g6dzISZG6WG4q+4caGIW//DnX/jtM1CWw8MHM45l3vnhAlnGlz321paXlldWy9sFDe3tnd27b39ppapIrRBJJeqHWJNORO0AQw4bSeK4jjktBUOryd+654qzaS4hVFCgxj3BYsYwWCkrn1Y8zvSBDiNACslH7K7cdC1S27ZncJZJF5OSihHvWt/dXqSpDEVQDjW2vfcBIIMK2CE03Gxk2qaYDLEfeobKnBMdZBNrx87J0bpOZFU5glwpurviQzHWo/i0CRjDAM9703E/zw/hegyyJhIUqCCzBZFKXdAOpMqnB5TlAAfGYKJYuZWhwywwgRMYUVTgjf/5UXSrJS9s3Ll5rxUvcrrKKAjdIxOkYcuUBXVUB01EEGP6Bm9ojfryXqx3q2PWXTJymcO0B9Ynz80mZW2</latexit>

Cµ = min
✏3I[✏( �Y );

�!
Y ]=I[

 �
Y ;
�!
Y ]

H[✏(
 �
Y )]

<latexit sha1_base64="7EZjidZVdt3JUYi8sd1CUL2KAEk="></latexit>

Complexity and Computational Mechanics

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003)

Minimum su�cient statistic of the past about the future
<latexit sha1_base64="Gvh2puwwYweioE4qdujpY24AGyw=">AAACKXicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxYugYFVoS8mmszY02SzJRCxL/44X/4oXBUW9+kdM1x78Ggi8eW+Gl3lxJoXFMHwLpqZnZufmSwvlxaXlldXK2vqF1c5waHIttbmKmQUpUmiiQAlXmQGmYgmX8eBorF/egLFCp+c4zKCj2HUqEsEZeqpbabQRbjE/EalQTlHrEq8JSJFa9CMWBac6odgHmjGLlMXaYdEmDp2BUbdSDWthUfQviCagSiZ12q08tXuaO+U9uGTWtqIww07OjLeSMCq3nYWM8QG7hpaHKVNgO3lx6Yhue6ZHE238838s2O8bOVPWDlXsJxXDvv2tjcn/tJbD5KCTizRzCCn/MkqcpKjpODbaEwY4yqEHjBsxjoX3mWEcfbhlH0L0++S/4KJei3Zr9bO9auNwEkeJbJItskMisk8a5Jickibh5I48kGfyEtwHj8Fr8P41OhVMdjbIjwo+PgFx0Kfx</latexit>
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A pattern is a process

Entropy of a process

Entropy rate of a process

Excess Entropy

Statistical Complexity

Random Variables: Ya:b = YaYa+1 · · ·Yb�1
<latexit sha1_base64="NfKUvJOMKFzWZGC6/eigTNAaAeQ="></latexit>

Probability of a realization ya:b : Pr(Ya:b = ya:b)
<latexit sha1_base64="BCaFRRh/nhLCeiPCYFeqTLnVK40="></latexit>

H[Ya:b] ⌘ �
X

ya:b

Pr(Ya:b = ya:b) lnPr(Ya:b = ya:b)
<latexit sha1_base64="twOckr/Os2LuVnMdC5agUGon08s="></latexit>

hµ ⌘ lim
L!1

H[Y0:L]

L
= H[Y0|

 �
Y 0]

<latexit sha1_base64="dZ1LdP7ZXAr5AdCI/EDCd8p5ni0="></latexit>

E ⌘ H[
 �
Y 0] +H[

�!
Y 0]�H[

 �
Y 0,
�!
Y 0] ⌘ I[

 �
Y 0;
�!
Y 0]

<latexit sha1_base64="tAdgGmCVx2ggaXBbs2AGY2AyLP0="></latexit>

Cµ = min
✏3I[✏( �Y );

�!
Y ]=I[

 �
Y ;
�!
Y ]

H[✏(
 �
Y )]

<latexit sha1_base64="7EZjidZVdt3JUYi8sd1CUL2KAEk="></latexit>

Complexity and Computational Mechanics

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003)

Complexity (Cµ)
<latexit sha1_base64="lJdPePpms1NxU68Xs4gHP03FgEg=">AAACAnicbVDLSgNBEJz1GeMr6km8DAYhXsJuFPQYzMVjBPOAJITZSScZMrO7zPRKwhK8+CtePCji1a/w5t84eRw0saChqOqmu8uPpDDout/Oyura+sZmaiu9vbO7t585OKyaMNYcKjyUoa77zIAUAVRQoIR6pIEpX0LNH5Qmfu0BtBFhcI+jCFqK9QLRFZyhldqZ4ybCEJNSqCIJQ4EjOs6V2k0Vn7czWTfvTkGXiTcnWTJHuZ35anZCHisIkEtmTMNzI2wlTKPgEsbpZmwgYnzAetCwNGAKTCuZvjCmZ1bp0G6obQVIp+rviYQpY0bKt52KYd8sehPxP68RY/e6lYggihECPlvUjSXFkE7yoB2hgaMcWcK4FvZWyvtMM442tbQNwVt8eZlUC3nvIl+4u8wWb+ZxpMgJOSU54pErUiS3pEwqhJNH8kxeyZvz5Lw4787HrHXFmc8ckT9wPn8AJ02XQQ==</latexit>

Randomness (hµ)
<latexit sha1_base64="X8h/G/geEbM1C7oYmIKQ0ZzX96g=">AAACAnicbVA9SwNBEN2L3/EraiU2i0HQJtxFQcugjaWKUSF3hL3NxCzZ3Tt258RwBBv/io2FIrb+Cjv/jZuYQhMfDDzem2FmXpxKYdH3v7zC1PTM7Nz8QnFxaXlltbS2fmWTzHCo80Qm5iZmFqTQUEeBEm5SA0zFEq7j7snAv74DY0WiL7GXQqTYrRZtwRk6qVnaDBHuMb9gupUoDdbS/m6nGapsr1kq+xV/CDpJghEpkxHOmqXPsJXwTIFGLpm1jcBPMcqZQcEl9IthZiFlvMtuoeGoZgpslA9f6NMdp7RoOzGuNNKh+nsiZ8ranopdp2LYsePeQPzPa2TYPopyodMMQfOfRe1MUkzoIA/aEgY4yp4jjBvhbqW8wwzj6FIruhCC8ZcnyVW1EuxXqucH5drxKI55skW2yS4JyCGpkVNyRuqEkwfyRF7Iq/foPXtv3vtPa8EbzWyQP/A+vgFA9JdS</latexit>

Minimum su�cient statistic of the past about the future
<latexit sha1_base64="Gvh2puwwYweioE4qdujpY24AGyw=">AAACKXicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxYugYFVoS8mmszY02SzJRCxL/44X/4oXBUW9+kdM1x78Ggi8eW+Gl3lxJoXFMHwLpqZnZufmSwvlxaXlldXK2vqF1c5waHIttbmKmQUpUmiiQAlXmQGmYgmX8eBorF/egLFCp+c4zKCj2HUqEsEZeqpbabQRbjE/EalQTlHrEq8JSJFa9CMWBac6odgHmjGLlMXaYdEmDp2BUbdSDWthUfQviCagSiZ12q08tXuaO+U9uGTWtqIww07OjLeSMCq3nYWM8QG7hpaHKVNgO3lx6Yhue6ZHE238838s2O8bOVPWDlXsJxXDvv2tjcn/tJbD5KCTizRzCCn/MkqcpKjpODbaEwY4yqEHjBsxjoX3mWEcfbhlH0L0++S/4KJei3Zr9bO9auNwEkeJbJItskMisk8a5Jickibh5I48kGfyEtwHj8Fr8P41OhVMdjbIjwo+PgFx0Kfx</latexit>



17

http://www.eoht.info/page/Maxwell's+demon

!Thermal 
Reservoir MassWQ

Feedback/Control

Thermodynamics of Intelligent Agents (Demons)

3

Maxwell’s Demon (1867)

Harvesting Energy From Information

Thermal 
Reservoir MassW�Q

<latexit sha1_base64="XqdaT/H7MxyFsYvgbYlVtYv8wEE=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT1JwIvHRMwDkiXMTnqTIbOzy8ysEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/loxkn6Ed0IHnIGTVWerio94olt+zOQVaJl5ESZKj1il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5lfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY26XOFzIixJZQpbm8lbEgVZcaGU7AheMsvr5Jmpexdliv1q1L1NosjDydwCufgwTVU4R5q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AFIuNDA==</latexit>
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!Thermal 
Reservoir MassWQ

Feedback/Control

Thermodynamics of Intelligent Agents (Demons)

3

Maxwell’s Demon (1867)

Harvesting Energy From Information

Impossible because of Landauer’s Bound: hWerasei  �kBT ln 2
<latexit sha1_base64="Jo6Pfn8ScJOHFvrl+Uai/vk9J5U=">AAACGnicbVDLSgMxFM3Ud31VXboJFsGNZaYKuiy6cVmhL+iUIZPetqGZzJjcEcvQ73Djr7hxoYg7cePfmD4Wvg4ETs659yb3hIkUBl3308ktLC4tr6yu5dc3Nre2Czu7DROnmkOdxzLWrZAZkEJBHQVKaCUaWBRKaIbDy4nfvAVtRKxqOEqgE7G+Ej3BGVopKHi+ZKovgTYDH+EOM9B22pj6eib7Em7oMR0GF7RmL4qWg0LRLblT0L/Em5MimaMaFN79bszTCBRyyYxpe26CnYxpFFzCOO+nBhLGh6wPbUsVi8B0sulqY3polS7txdoehXSqfu/IWGTMKAptZcRwYH57E/E/r51i77yTCZWkCIrPHuqlkmJMJznRrtDAUY4sYVwL+1fKB0wzjjbNvA3B+73yX9Iol7yTUvn6tFi5mMexSvbJATkiHjkjFXJFqqROOLknj+SZvDgPzpPz6rzNSnPOvGeP/IDz8QVBwp+v</latexit>

Thermal 
Reservoir MassW�Q

<latexit sha1_base64="XqdaT/H7MxyFsYvgbYlVtYv8wEE=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT1JwIvHRMwDkiXMTnqTIbOzy8ysEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/loxkn6Ed0IHnIGTVWerio94olt+zOQVaJl5ESZKj1il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5lfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY26XOFzIixJZQpbm8lbEgVZcaGU7AheMsvr5Jmpexdliv1q1L1NosjDydwCufgwTVU4R5q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AFIuNDA==</latexit>

https://tinyurl.com/ErasingSim

https://tinyurl.com/ErasingSim
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Second Law: �Stotal = hQi/T +�Shard-drive � 0
<latexit sha1_base64="rv88E2lfXN8WIbk9wjl5pqX8gqY="></latexit>

�Q
<latexit sha1_base64="XqdaT/H7MxyFsYvgbYlVtYv8wEE=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT1JwIvHRMwDkiXMTnqTIbOzy8ysEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/loxkn6Ed0IHnIGTVWerio94olt+zOQVaJl5ESZKj1il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5lfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY26XOFzIixJZQpbm8lbEgVZcaGU7AheMsvr5Jmpexdliv1q1L1NosjDydwCufgwTVU4R5q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AFIuNDA==</latexit>

Energy Conservation: hW i = �hQi  T�Shard-drive = kBT�Hhard-drive
<latexit sha1_base64="XkPfhYXbcEtsXEUFh0aNrpikLW4="></latexit>
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Generalized Landauer’s bound: write to a 
hard drive to produce work

hW i  kBT (H[HDfinal]�H[HDinit])
<latexit sha1_base64="qC7gYXdtWb4RJp/TFd9mMXQCS/o="></latexit>

�Q
<latexit sha1_base64="XqdaT/H7MxyFsYvgbYlVtYv8wEE=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT1JwIvHRMwDkiXMTnqTIbOzy8ysEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/loxkn6Ed0IHnIGTVWerio94olt+zOQVaJl5ESZKj1il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5lfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY26XOFzIixJZQpbm8lbEgVZcaGU7AheMsvr5Jmpexdliv1q1L1NosjDydwCufgwTVU4R5q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AFIuNDA==</latexit>
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Thermal 
Reservoir Q Mass

Z

WX

Yj
<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

hW i1  kBT (h
out
µ � hin

µ )
<latexit sha1_base64="rVqe5QzXRMcnPB4coYhp434UICI="></latexit>

IPSL:
<latexit sha1_base64="AbpToUWqejhURJqmq3+qX8432XE=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexGQfEU9KLgIaJ5QHYJs5NOMmT2wUyvGJb8hhcPinj1Z7z5N06SPWhiQUNR1U13lx9LodG2v63c0vLK6lp+vbCxubW9U9zda+goURzqPJKRavlMgxQh1FGghFasgAW+hKY/vJr4zUdQWkThA45i8ALWD0VPcIZGcl2EJ0xvave3F+NOsWSX7SnoInEyUiIZap3il9uNeBJAiFwyrduOHaOXMoWCSxgX3ERDzPiQ9aFtaMgC0F46vXlMj4zSpb1ImQqRTtXfEykLtB4FvukMGA70vDcR//PaCfbOvVSEcYIQ8tmiXiIpRnQSAO0KBRzlyBDGlTC3Uj5ginE0MRVMCM78y4ukUSk7J+XK3WmpepnFkScH5JAcE4eckSq5JjVSJ5zE5Jm8kjcrsV6sd+tj1pqzspl98gfW5w/FVJGB</latexit>

Generalized Landauer’s bound: write to a 
hard drive to produce work

hW i  kBT (H[HDfinal]�H[HDinit])
<latexit sha1_base64="qC7gYXdtWb4RJp/TFd9mMXQCS/o="></latexit>

�Q
<latexit sha1_base64="XqdaT/H7MxyFsYvgbYlVtYv8wEE=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT1JwIvHRMwDkiXMTnqTIbOzy8ysEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/loxkn6Ed0IHnIGTVWerio94olt+zOQVaJl5ESZKj1il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5lfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY26XOFzIixJZQpbm8lbEgVZcaGU7AheMsvr5Jmpexdliv1q1L1NosjDydwCufgwTVU4R5q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AFIuNDA==</latexit>

A. B. Boyd, D. Mandal, and J. P. Crutchfield. Identifying 
functional thermodynamics in autonomous Maxwellian 
ratchets. New J. Physics, 18, 023049, (2016)
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Yj
<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

A. B. Boyd, D. Mandal, and J. P. Crutchfield. Identifying 
functional thermodynamics in autonomous Maxwellian 
ratchets. New J. Physics, 18, 023049, (2016)

hW i1  kBT (h
out
µ � hin

µ )
<latexit sha1_base64="rVqe5QzXRMcnPB4coYhp434UICI="></latexit>

IPSL:
<latexit sha1_base64="AbpToUWqejhURJqmq3+qX8432XE=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexGQfEU9KLgIaJ5QHYJs5NOMmT2wUyvGJb8hhcPinj1Z7z5N06SPWhiQUNR1U13lx9LodG2v63c0vLK6lp+vbCxubW9U9zda+goURzqPJKRavlMgxQh1FGghFasgAW+hKY/vJr4zUdQWkThA45i8ALWD0VPcIZGcl2EJ0xvave3F+NOsWSX7SnoInEyUiIZap3il9uNeBJAiFwyrduOHaOXMoWCSxgX3ERDzPiQ9aFtaMgC0F46vXlMj4zSpb1ImQqRTtXfEykLtB4FvukMGA70vDcR//PaCfbOvVSEcYIQ8tmiXiIpRnQSAO0KBRzlyBDGlTC3Uj5ginE0MRVMCM78y4ukUSk7J+XK3WmpepnFkScH5JAcE4eckSq5JjVSJ5zE5Jm8kjcrsV6sd+tj1pqzspl98gfW5w/FVJGB</latexit>

Generalized Landauer’s bound: write to a 
hard drive to produce work

hW i  kBT (H[HDfinal]�H[HDinit])
<latexit sha1_base64="qC7gYXdtWb4RJp/TFd9mMXQCS/o="></latexit>

Thermodynamics to computational mechanics

�Q
<latexit sha1_base64="XqdaT/H7MxyFsYvgbYlVtYv8wEE=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT1JwIvHRMwDkiXMTnqTIbOzy8ysEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/loxkn6Ed0IHnIGTVWerio94olt+zOQVaJl5ESZKj1il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5lfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY26XOFzIixJZQpbm8lbEgVZcaGU7AheMsvr5Jmpexdliv1q1L1NosjDydwCufgwTVU4R5q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AFIuNDA==</latexit>



Information Fuels

Work production depends on what the hard drive stores

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit> ?

<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>
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hW i  kBT (H[HDfinal]�H[HDinit])
<latexit sha1_base64="qC7gYXdtWb4RJp/TFd9mMXQCS/o="></latexit>



Information Fuels

Work production depends on what the hard drive stores

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit> ?

<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>
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https://en.wikipedia.org/wiki/File:TV_noise.jpg

hW i  kBT (H[HDfinal]�H[HDinit])
<latexit sha1_base64="qC7gYXdtWb4RJp/TFd9mMXQCS/o="></latexit>



Information Fuels

Work production depends on what the hard drive stores

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit> ?

<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

25

https://en.wikipedia.org/wiki/File:TV_noise.jpg

hW i  kBT (H[HDfinal]�H[HDinit])
<latexit sha1_base64="qC7gYXdtWb4RJp/TFd9mMXQCS/o="></latexit>

H[white noise] = N ln 2
<latexit sha1_base64="fVKkk6ilvmbsmHp80K567WQUUhw=">AAACBnicbVDJSgNBEO1xN26jHkVoDIKnMBMFcxEELzlJBLPAZAg9nYpp7OkZumvUMOTkxV/x4kERr36DN//GznJwe1DweK+KqnpRKoVBz/t0Zmbn5hcWl5YLK6tr6xvu5lbDJJnmUOeJTHQrYgakUFBHgRJaqQYWRxKa0fXZyG/egDYiUZc4SCGM2ZUSPcEZWqnj7laDNsId5rd9gUBVIgwMw5Nz2paKljtu0St5Y9C/xJ+SIpmi1nE/2t2EZzEo5JIZE/heimHONAouYVhoZwZSxq/ZFQSWKhaDCfPxG0O6b5Uu7SXalkI6Vr9P5Cw2ZhBHtjNm2De/vZH4nxdk2KuEuVBphqD4ZFEvkxQTOsqEdoUGjnJgCeNa2Fsp7zPNONrkCjYE//fLf0mjXPIPS+WLo+JpZRrHEtkhe+SA+OSYnJIqqZE64eSePJJn8uI8OE/Oq/M2aZ1xpjPb5Aec9y9/p5hy</latexit>

hW i  0
<latexit sha1_base64="Ob76nU/AgSIqt29IRjtDfHmVQTk=">AAACAXicbZA9SwNBEIbn/IzxK2oj2CwGwSrcRcGUARvLCOYDckfY20ySJXt75+6eEEJs/Cs2ForY+i/s/Ddukis08YWFh3dmmJ03TATXxnW/nZXVtfWNzdxWfntnd2+/cHDY0HGqGNZZLGLVCqlGwSXWDTcCW4lCGoUCm+HwelpvPqDSPJZ3ZpRgENG+5D3OqLFWp3DsCyr7AkmT+GpOvsB74nYKRbfkzkSWwcugCJlqncKX341ZGqE0TFCt256bmGBMleFM4CTvpxoTyoa0j22Lkkaog/Hsggk5s06X9GJlnzRk5v6eGNNI61EU2s6ImoFerE3N/2rt1PQqwZjLJDUo2XxRLxXExGQaB+lyhcyIkQXKFLd/JWxAFWXGhpa3IXiLJy9Do1zyLkrl28titZLFkYMTOIVz8OAKqnADNagDg0d4hld4c56cF+fd+Zi3rjjZzBH8kfP5A+0Jld4=</latexit>
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?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit> ?

<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>
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0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
<latexit sha1_base64="Plr6lQBX2wDlerbhjOlM3mfiH94=">AAACcXiczZHLSsNAFIYn8VbrLV42IsrQIghCSKqgy6IblxXsBdpQJtNJO3QyCTMnQgnd+3zufAk3voDTNgttfQAPDHz8/zmcmX/CVHANnvdh2WvrG5tbpe3yzu7e/oFzeNTSSaYoa9JEJKoTEs0El6wJHATrpIqROBSsHY4fZ377lSnNE/kCk5QFMRlKHnFKwEh95837J9V3qp67QLwKfgFVVFSj77z3BgnNYiaBCqJ11/dSCHKigFPBpuVepllK6JgMWdegJDHTQT5PbIovjTLAUaLMkYDn6s+JnMRaT+LQdMYERnrZm4l/ed0Movsg5zLNgEm6WBRlAkOCZ/HjAVeMgpgYIFRxc1dMR0QRCuaTyiYEf/nJq9Cquf6NW3u+rdYfijhK6AxV0BXy0R2qoyfUQE1E0ad1Yp1bF9aXfWpju7Jota1i5hj9Kvv6G+vbpIY=</latexit>

0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
<latexit sha1_base64="Plr6lQBX2wDlerbhjOlM3mfiH94=">AAACcXiczZHLSsNAFIYn8VbrLV42IsrQIghCSKqgy6IblxXsBdpQJtNJO3QyCTMnQgnd+3zufAk3voDTNgttfQAPDHz8/zmcmX/CVHANnvdh2WvrG5tbpe3yzu7e/oFzeNTSSaYoa9JEJKoTEs0El6wJHATrpIqROBSsHY4fZ377lSnNE/kCk5QFMRlKHnFKwEh95837J9V3qp67QLwKfgFVVFSj77z3BgnNYiaBCqJ11/dSCHKigFPBpuVepllK6JgMWdegJDHTQT5PbIovjTLAUaLMkYDn6s+JnMRaT+LQdMYERnrZm4l/ed0Movsg5zLNgEm6WBRlAkOCZ/HjAVeMgpgYIFRxc1dMR0QRCuaTyiYEf/nJq9Cquf6NW3u+rdYfijhK6AxV0BXy0R2qoyfUQE1E0ad1Yp1bF9aXfWpju7Jota1i5hj9Kvv6G+vbpIY=</latexit>

hW i  kBT (H[HDfinal]�H[HDinit])
<latexit sha1_base64="qC7gYXdtWb4RJp/TFd9mMXQCS/o="></latexit>

H[white noise] = N ln 2
<latexit sha1_base64="fVKkk6ilvmbsmHp80K567WQUUhw=">AAACBnicbVDJSgNBEO1xN26jHkVoDIKnMBMFcxEELzlJBLPAZAg9nYpp7OkZumvUMOTkxV/x4kERr36DN//GznJwe1DweK+KqnpRKoVBz/t0Zmbn5hcWl5YLK6tr6xvu5lbDJJnmUOeJTHQrYgakUFBHgRJaqQYWRxKa0fXZyG/egDYiUZc4SCGM2ZUSPcEZWqnj7laDNsId5rd9gUBVIgwMw5Nz2paKljtu0St5Y9C/xJ+SIpmi1nE/2t2EZzEo5JIZE/heimHONAouYVhoZwZSxq/ZFQSWKhaDCfPxG0O6b5Uu7SXalkI6Vr9P5Cw2ZhBHtjNm2De/vZH4nxdk2KuEuVBphqD4ZFEvkxQTOsqEdoUGjnJgCeNa2Fsp7zPNONrkCjYE//fLf0mjXPIPS+WLo+JpZRrHEtkhe+SA+OSYnJIqqZE64eSePJJn8uI8OE/Oq/M2aZ1xpjPb5Aec9y9/p5hy</latexit>

hW i  0
<latexit sha1_base64="Ob76nU/AgSIqt29IRjtDfHmVQTk=">AAACAXicbZA9SwNBEIbn/IzxK2oj2CwGwSrcRcGUARvLCOYDckfY20ySJXt75+6eEEJs/Cs2ForY+i/s/Ddukis08YWFh3dmmJ03TATXxnW/nZXVtfWNzdxWfntnd2+/cHDY0HGqGNZZLGLVCqlGwSXWDTcCW4lCGoUCm+HwelpvPqDSPJZ3ZpRgENG+5D3OqLFWp3DsCyr7AkmT+GpOvsB74nYKRbfkzkSWwcugCJlqncKX341ZGqE0TFCt256bmGBMleFM4CTvpxoTyoa0j22Lkkaog/Hsggk5s06X9GJlnzRk5v6eGNNI61EU2s6ImoFerE3N/2rt1PQqwZjLJDUo2XxRLxXExGQaB+lyhcyIkQXKFLd/JWxAFWXGhpa3IXiLJy9Do1zyLkrl28titZLFkYMTOIVz8OAKqnADNagDg0d4hld4c56cF+fd+Zi3rjjZzBH8kfP5A+0Jld4=</latexit>



Information Fuels

Work production depends on what the hard drive stores

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit> ?

<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

27

https://en.wikipedia.org/wiki/File:TV_noise.jpg

0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
<latexit sha1_base64="Plr6lQBX2wDlerbhjOlM3mfiH94=">AAACcXiczZHLSsNAFIYn8VbrLV42IsrQIghCSKqgy6IblxXsBdpQJtNJO3QyCTMnQgnd+3zufAk3voDTNgttfQAPDHz8/zmcmX/CVHANnvdh2WvrG5tbpe3yzu7e/oFzeNTSSaYoa9JEJKoTEs0El6wJHATrpIqROBSsHY4fZ377lSnNE/kCk5QFMRlKHnFKwEh95837J9V3qp67QLwKfgFVVFSj77z3BgnNYiaBCqJ11/dSCHKigFPBpuVepllK6JgMWdegJDHTQT5PbIovjTLAUaLMkYDn6s+JnMRaT+LQdMYERnrZm4l/ed0Movsg5zLNgEm6WBRlAkOCZ/HjAVeMgpgYIFRxc1dMR0QRCuaTyiYEf/nJq9Cquf6NW3u+rdYfijhK6AxV0BXy0R2qoyfUQE1E0ad1Yp1bF9aXfWpju7Jota1i5hj9Kvv6G+vbpIY=</latexit>

0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
<latexit sha1_base64="Plr6lQBX2wDlerbhjOlM3mfiH94=">AAACcXiczZHLSsNAFIYn8VbrLV42IsrQIghCSKqgy6IblxXsBdpQJtNJO3QyCTMnQgnd+3zufAk3voDTNgttfQAPDHz8/zmcmX/CVHANnvdh2WvrG5tbpe3yzu7e/oFzeNTSSaYoa9JEJKoTEs0El6wJHATrpIqROBSsHY4fZ377lSnNE/kCk5QFMRlKHnFKwEh95837J9V3qp67QLwKfgFVVFSj77z3BgnNYiaBCqJ11/dSCHKigFPBpuVepllK6JgMWdegJDHTQT5PbIovjTLAUaLMkYDn6s+JnMRaT+LQdMYERnrZm4l/ed0Movsg5zLNgEm6WBRlAkOCZ/HjAVeMgpgYIFRxc1dMR0QRCuaTyiYEf/nJq9Cquf6NW3u+rdYfijhK6AxV0BXy0R2qoyfUQE1E0ad1Yp1bF9aXfWpju7Jota1i5hj9Kvv6G+vbpIY=</latexit>

hW i  kBT (H[HDfinal]�H[HDinit])
<latexit sha1_base64="qC7gYXdtWb4RJp/TFd9mMXQCS/o="></latexit>

H[white noise] = N ln 2
<latexit sha1_base64="fVKkk6ilvmbsmHp80K567WQUUhw=">AAACBnicbVDJSgNBEO1xN26jHkVoDIKnMBMFcxEELzlJBLPAZAg9nYpp7OkZumvUMOTkxV/x4kERr36DN//GznJwe1DweK+KqnpRKoVBz/t0Zmbn5hcWl5YLK6tr6xvu5lbDJJnmUOeJTHQrYgakUFBHgRJaqQYWRxKa0fXZyG/egDYiUZc4SCGM2ZUSPcEZWqnj7laDNsId5rd9gUBVIgwMw5Nz2paKljtu0St5Y9C/xJ+SIpmi1nE/2t2EZzEo5JIZE/heimHONAouYVhoZwZSxq/ZFQSWKhaDCfPxG0O6b5Uu7SXalkI6Vr9P5Cw2ZhBHtjNm2De/vZH4nxdk2KuEuVBphqD4ZFEvkxQTOsqEdoUGjnJgCeNa2Fsp7zPNONrkCjYE//fLf0mjXPIPS+WLo+JpZRrHEtkhe+SA+OSYnJIqqZE64eSePJJn8uI8OE/Oq/M2aZ1xpjPb5Aec9y9/p5hy</latexit>

H[all zeros] = 0
<latexit sha1_base64="hZJLDLscq2FCC56yUohPsSERnsg=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbBXMRAl5yjGAekCxhdtJJhsw+mOkV4xLwV7x4UMSr3+HNv3GS7EETCxqKqm66u/xYCo2O822trK6tb2zmtvLbO7t7+/bBYUNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT90c3Ub96D0iIK73AcgxewQSj6gjM0Utc+rrY7CA+YMinpI6hIT7xrp2sXnKIzA10mbkYKJEOta391ehFPAgiRS6Z123Vi9FKmUHAJk3wn0RAzPmIDaBsasgC0l87On9Azo/RoP1KmQqQz9fdEygKtx4FvOgOGQ73oTcX/vHaC/bKXijBOEEI+X9RPJMWITrOgPaGAoxwbwrgS5lbKh0wxjiaxvAnBXXx5mTRKRfeiWLq9LFTKWRw5ckJOyTlxyRWpkCqpkTrhJCXP5JW8WU/Wi/VufcxbV6xs5oj8gfX5AxlAlYk=</latexit>hW i  0

<latexit sha1_base64="Ob76nU/AgSIqt29IRjtDfHmVQTk=">AAACAXicbZA9SwNBEIbn/IzxK2oj2CwGwSrcRcGUARvLCOYDckfY20ySJXt75+6eEEJs/Cs2ForY+i/s/Ddukis08YWFh3dmmJ03TATXxnW/nZXVtfWNzdxWfntnd2+/cHDY0HGqGNZZLGLVCqlGwSXWDTcCW4lCGoUCm+HwelpvPqDSPJZ3ZpRgENG+5D3OqLFWp3DsCyr7AkmT+GpOvsB74nYKRbfkzkSWwcugCJlqncKX341ZGqE0TFCt256bmGBMleFM4CTvpxoTyoa0j22Lkkaog/Hsggk5s06X9GJlnzRk5v6eGNNI61EU2s6ImoFerE3N/2rt1PQqwZjLJDUo2XxRLxXExGQaB+lyhcyIkQXKFLd/JWxAFWXGhpa3IXiLJy9Do1zyLkrl28titZLFkYMTOIVz8OAKqnADNagDg0d4hld4c56cF+fd+Zi3rjjZzBH8kfP5A+0Jld4=</latexit> hW i  kBTN ln 2
<latexit sha1_base64="m/H3aUPhwrJP8A6vBl2m0KSTebU=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAUXJWZKuiy1I0rqdAbdIYhk55pQzOZMckIZegTuPFV3LhQxK1rd76N6WWhrT8EvvznHJLzBwlnStv2t5VbW9/Y3MpvF3Z29/YPiodHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMrqf1zgNIxWLR1OMEvIgMBAsZJdpYfrHsciIGHHAHu3JOLod7jEd+HTfxrbkJXPWLJbtiz4RXwVlACS3U8Itfbj+maQRCU06U6jl2or2MSM0oh0nBTRUkhI7IAHoGBYlAedlsnQkuG6ePw1iaIzSeub8nMhIpNY4C0xkRPVTLtan5X62X6vDKy5hIUg2Czh8KU451jKfZ4D6TQDUfGyBUMvNXTIdEEqpNggUTgrO88iq0qxXnvFK9uyjV6os48ugEnaIz5KBLVEM3qIFaiKJH9Ixe0Zv1ZL1Y79bHvDVnLWaO0R9Znz+tCpnw</latexit>



Information Fuels

Work production depends on what the hard drive stores

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit> ?

<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

28

https://en.wikipedia.org/wiki/File:TV_noise.jpg

0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
<latexit sha1_base64="Plr6lQBX2wDlerbhjOlM3mfiH94=">AAACcXiczZHLSsNAFIYn8VbrLV42IsrQIghCSKqgy6IblxXsBdpQJtNJO3QyCTMnQgnd+3zufAk3voDTNgttfQAPDHz8/zmcmX/CVHANnvdh2WvrG5tbpe3yzu7e/oFzeNTSSaYoa9JEJKoTEs0El6wJHATrpIqROBSsHY4fZ377lSnNE/kCk5QFMRlKHnFKwEh95837J9V3qp67QLwKfgFVVFSj77z3BgnNYiaBCqJ11/dSCHKigFPBpuVepllK6JgMWdegJDHTQT5PbIovjTLAUaLMkYDn6s+JnMRaT+LQdMYERnrZm4l/ed0Movsg5zLNgEm6WBRlAkOCZ/HjAVeMgpgYIFRxc1dMR0QRCuaTyiYEf/nJq9Cquf6NW3u+rdYfijhK6AxV0BXy0R2qoyfUQE1E0ad1Yp1bF9aXfWpju7Jota1i5hj9Kvv6G+vbpIY=</latexit>

0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
<latexit sha1_base64="Plr6lQBX2wDlerbhjOlM3mfiH94=">AAACcXiczZHLSsNAFIYn8VbrLV42IsrQIghCSKqgy6IblxXsBdpQJtNJO3QyCTMnQgnd+3zufAk3voDTNgttfQAPDHz8/zmcmX/CVHANnvdh2WvrG5tbpe3yzu7e/oFzeNTSSaYoa9JEJKoTEs0El6wJHATrpIqROBSsHY4fZ377lSnNE/kCk5QFMRlKHnFKwEh95837J9V3qp67QLwKfgFVVFSj77z3BgnNYiaBCqJ11/dSCHKigFPBpuVepllK6JgMWdegJDHTQT5PbIovjTLAUaLMkYDn6s+JnMRaT+LQdMYERnrZm4l/ed0Movsg5zLNgEm6WBRlAkOCZ/HjAVeMgpgYIFRxc1dMR0QRCuaTyiYEf/nJq9Cquf6NW3u+rdYfijhK6AxV0BXy0R2qoyfUQE1E0ad1Yp1bF9aXfWpju7Jota1i5hj9Kvv6G+vbpIY=</latexit>

https://en.wikipedia.org/wiki/Harry_Potter_(character)

hW i  kBT (H[HDfinal]�H[HDinit])
<latexit sha1_base64="qC7gYXdtWb4RJp/TFd9mMXQCS/o="></latexit>

H[white noise] = N ln 2
<latexit sha1_base64="fVKkk6ilvmbsmHp80K567WQUUhw=">AAACBnicbVDJSgNBEO1xN26jHkVoDIKnMBMFcxEELzlJBLPAZAg9nYpp7OkZumvUMOTkxV/x4kERr36DN//GznJwe1DweK+KqnpRKoVBz/t0Zmbn5hcWl5YLK6tr6xvu5lbDJJnmUOeJTHQrYgakUFBHgRJaqQYWRxKa0fXZyG/egDYiUZc4SCGM2ZUSPcEZWqnj7laDNsId5rd9gUBVIgwMw5Nz2paKljtu0St5Y9C/xJ+SIpmi1nE/2t2EZzEo5JIZE/heimHONAouYVhoZwZSxq/ZFQSWKhaDCfPxG0O6b5Uu7SXalkI6Vr9P5Cw2ZhBHtjNm2De/vZH4nxdk2KuEuVBphqD4ZFEvkxQTOsqEdoUGjnJgCeNa2Fsp7zPNONrkCjYE//fLf0mjXPIPS+WLo+JpZRrHEtkhe+SA+OSYnJIqqZE64eSePJJn8uI8OE/Oq/M2aZ1xpjPb5Aec9y9/p5hy</latexit>

H[all zeros] = 0
<latexit sha1_base64="hZJLDLscq2FCC56yUohPsSERnsg=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbBXMRAl5yjGAekCxhdtJJhsw+mOkV4xLwV7x4UMSr3+HNv3GS7EETCxqKqm66u/xYCo2O822trK6tb2zmtvLbO7t7+/bBYUNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT90c3Ub96D0iIK73AcgxewQSj6gjM0Utc+rrY7CA+YMinpI6hIT7xrp2sXnKIzA10mbkYKJEOta391ehFPAgiRS6Z123Vi9FKmUHAJk3wn0RAzPmIDaBsasgC0l87On9Azo/RoP1KmQqQz9fdEygKtx4FvOgOGQ73oTcX/vHaC/bKXijBOEEI+X9RPJMWITrOgPaGAoxwbwrgS5lbKh0wxjiaxvAnBXXx5mTRKRfeiWLq9LFTKWRw5ckJOyTlxyRWpkCqpkTrhJCXP5JW8WU/Wi/VufcxbV6xs5oj8gfX5AxlAlYk=</latexit>hW i  0

<latexit sha1_base64="Ob76nU/AgSIqt29IRjtDfHmVQTk=">AAACAXicbZA9SwNBEIbn/IzxK2oj2CwGwSrcRcGUARvLCOYDckfY20ySJXt75+6eEEJs/Cs2ForY+i/s/Ddukis08YWFh3dmmJ03TATXxnW/nZXVtfWNzdxWfntnd2+/cHDY0HGqGNZZLGLVCqlGwSXWDTcCW4lCGoUCm+HwelpvPqDSPJZ3ZpRgENG+5D3OqLFWp3DsCyr7AkmT+GpOvsB74nYKRbfkzkSWwcugCJlqncKX341ZGqE0TFCt256bmGBMleFM4CTvpxoTyoa0j22Lkkaog/Hsggk5s06X9GJlnzRk5v6eGNNI61EU2s6ImoFerE3N/2rt1PQqwZjLJDUo2XxRLxXExGQaB+lyhcyIkQXKFLd/JWxAFWXGhpa3IXiLJy9Do1zyLkrl28titZLFkYMTOIVz8OAKqnADNagDg0d4hld4c56cF+fd+Zi3rjjZzBH8kfP5A+0Jld4=</latexit> hW i  kBTN ln 2
<latexit sha1_base64="m/H3aUPhwrJP8A6vBl2m0KSTebU=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAUXJWZKuiy1I0rqdAbdIYhk55pQzOZMckIZegTuPFV3LhQxK1rd76N6WWhrT8EvvznHJLzBwlnStv2t5VbW9/Y3MpvF3Z29/YPiodHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMrqf1zgNIxWLR1OMEvIgMBAsZJdpYfrHsciIGHHAHu3JOLod7jEd+HTfxrbkJXPWLJbtiz4RXwVlACS3U8Itfbj+maQRCU06U6jl2or2MSM0oh0nBTRUkhI7IAHoGBYlAedlsnQkuG6ePw1iaIzSeub8nMhIpNY4C0xkRPVTLtan5X62X6vDKy5hIUg2Czh8KU451jKfZ4D6TQDUfGyBUMvNXTIdEEqpNggUTgrO88iq0qxXnvFK9uyjV6os48ugEnaIz5KBLVEM3qIFaiKJH9Ixe0Zv1ZL1Y79bHvDVnLWaO0R9Znz+tCpnw</latexit>
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?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit> ?

<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

29

https://en.wikipedia.org/wiki/File:TV_noise.jpg

0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
<latexit sha1_base64="Plr6lQBX2wDlerbhjOlM3mfiH94=">AAACcXiczZHLSsNAFIYn8VbrLV42IsrQIghCSKqgy6IblxXsBdpQJtNJO3QyCTMnQgnd+3zufAk3voDTNgttfQAPDHz8/zmcmX/CVHANnvdh2WvrG5tbpe3yzu7e/oFzeNTSSaYoa9JEJKoTEs0El6wJHATrpIqROBSsHY4fZ377lSnNE/kCk5QFMRlKHnFKwEh95837J9V3qp67QLwKfgFVVFSj77z3BgnNYiaBCqJ11/dSCHKigFPBpuVepllK6JgMWdegJDHTQT5PbIovjTLAUaLMkYDn6s+JnMRaT+LQdMYERnrZm4l/ed0Movsg5zLNgEm6WBRlAkOCZ/HjAVeMgpgYIFRxc1dMR0QRCuaTyiYEf/nJq9Cquf6NW3u+rdYfijhK6AxV0BXy0R2qoyfUQE1E0ad1Yp1bF9aXfWpju7Jota1i5hj9Kvv6G+vbpIY=</latexit>

0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
<latexit sha1_base64="Plr6lQBX2wDlerbhjOlM3mfiH94=">AAACcXiczZHLSsNAFIYn8VbrLV42IsrQIghCSKqgy6IblxXsBdpQJtNJO3QyCTMnQgnd+3zufAk3voDTNgttfQAPDHz8/zmcmX/CVHANnvdh2WvrG5tbpe3yzu7e/oFzeNTSSaYoa9JEJKoTEs0El6wJHATrpIqROBSsHY4fZ377lSnNE/kCk5QFMRlKHnFKwEh95837J9V3qp67QLwKfgFVVFSj77z3BgnNYiaBCqJ11/dSCHKigFPBpuVepllK6JgMWdegJDHTQT5PbIovjTLAUaLMkYDn6s+JnMRaT+LQdMYERnrZm4l/ed0Movsg5zLNgEm6WBRlAkOCZ/HjAVeMgpgYIFRxc1dMR0QRCuaTyiYEf/nJq9Cquf6NW3u+rdYfijhK6AxV0BXy0R2qoyfUQE1E0ad1Yp1bF9aXfWpju7Jota1i5hj9Kvv6G+vbpIY=</latexit>

https://en.wikipedia.org/wiki/Harry_Potter_(character)

hW i  kBT (H[HDfinal]�H[HDinit])
<latexit sha1_base64="qC7gYXdtWb4RJp/TFd9mMXQCS/o="></latexit>

H[white noise] = N ln 2
<latexit sha1_base64="fVKkk6ilvmbsmHp80K567WQUUhw=">AAACBnicbVDJSgNBEO1xN26jHkVoDIKnMBMFcxEELzlJBLPAZAg9nYpp7OkZumvUMOTkxV/x4kERr36DN//GznJwe1DweK+KqnpRKoVBz/t0Zmbn5hcWl5YLK6tr6xvu5lbDJJnmUOeJTHQrYgakUFBHgRJaqQYWRxKa0fXZyG/egDYiUZc4SCGM2ZUSPcEZWqnj7laDNsId5rd9gUBVIgwMw5Nz2paKljtu0St5Y9C/xJ+SIpmi1nE/2t2EZzEo5JIZE/heimHONAouYVhoZwZSxq/ZFQSWKhaDCfPxG0O6b5Uu7SXalkI6Vr9P5Cw2ZhBHtjNm2De/vZH4nxdk2KuEuVBphqD4ZFEvkxQTOsqEdoUGjnJgCeNa2Fsp7zPNONrkCjYE//fLf0mjXPIPS+WLo+JpZRrHEtkhe+SA+OSYnJIqqZE64eSePJJn8uI8OE/Oq/M2aZ1xpjPb5Aec9y9/p5hy</latexit>

H[all zeros] = 0
<latexit sha1_base64="hZJLDLscq2FCC56yUohPsSERnsg=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbBXMRAl5yjGAekCxhdtJJhsw+mOkV4xLwV7x4UMSr3+HNv3GS7EETCxqKqm66u/xYCo2O822trK6tb2zmtvLbO7t7+/bBYUNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT90c3Ub96D0iIK73AcgxewQSj6gjM0Utc+rrY7CA+YMinpI6hIT7xrp2sXnKIzA10mbkYKJEOta391ehFPAgiRS6Z123Vi9FKmUHAJk3wn0RAzPmIDaBsasgC0l87On9Azo/RoP1KmQqQz9fdEygKtx4FvOgOGQ73oTcX/vHaC/bKXijBOEEI+X9RPJMWITrOgPaGAoxwbwrgS5lbKh0wxjiaxvAnBXXx5mTRKRfeiWLq9LFTKWRw5ckJOyTlxyRWpkCqpkTrhJCXP5JW8WU/Wi/VufcxbV6xs5oj8gfX5AxlAlYk=</latexit>

H[Harry Potter] = 0
<latexit sha1_base64="C9jDaIWzSXkWJrp6rpC+IxUBmok=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgET2E3CuYiBLzkGME8YLOE2UknGTL7YKZXDEu8+CtePCji1b/w5t84SfagiQUNRVU33V1+LIVG2/62VlbX1jc2c1v57Z3dvf3CwWFTR4ni0OCRjFTbZxqkCKGBAiW0YwUs8CW0/NHN1G/dg9IiCu9wHIMXsEEo+oIzNFK3cFxzOwgPmNaYUmNajxBBTbxru1so2iV7BrpMnIwUSYZ6t/DV6UU8CSBELpnWrmPH6KVMoeASJvlOoiFmfMQG4BoasgC0l84+mNAzo/RoP1KmQqQz9fdEygKtx4FvOgOGQ73oTcX/PDfBfsVLRRgnCCGfL+onkmJEp3HQnlDAUY4NYVwJcyvlQ6YYNzHovAnBWXx5mTTLJeeiVL69LFYrWRw5ckJOyTlxyBWpkhqpkwbh5JE8k1fyZj1ZL9a79TFvXbGymSPyB9bnD0pMlr8=</latexit>

hW i  0
<latexit sha1_base64="Ob76nU/AgSIqt29IRjtDfHmVQTk=">AAACAXicbZA9SwNBEIbn/IzxK2oj2CwGwSrcRcGUARvLCOYDckfY20ySJXt75+6eEEJs/Cs2ForY+i/s/Ddukis08YWFh3dmmJ03TATXxnW/nZXVtfWNzdxWfntnd2+/cHDY0HGqGNZZLGLVCqlGwSXWDTcCW4lCGoUCm+HwelpvPqDSPJZ3ZpRgENG+5D3OqLFWp3DsCyr7AkmT+GpOvsB74nYKRbfkzkSWwcugCJlqncKX341ZGqE0TFCt256bmGBMleFM4CTvpxoTyoa0j22Lkkaog/Hsggk5s06X9GJlnzRk5v6eGNNI61EU2s6ImoFerE3N/2rt1PQqwZjLJDUo2XxRLxXExGQaB+lyhcyIkQXKFLd/JWxAFWXGhpa3IXiLJy9Do1zyLkrl28titZLFkYMTOIVz8OAKqnADNagDg0d4hld4c56cF+fd+Zi3rjjZzBH8kfP5A+0Jld4=</latexit> hW i  kBTN ln 2

<latexit sha1_base64="m/H3aUPhwrJP8A6vBl2m0KSTebU=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAUXJWZKuiy1I0rqdAbdIYhk55pQzOZMckIZegTuPFV3LhQxK1rd76N6WWhrT8EvvznHJLzBwlnStv2t5VbW9/Y3MpvF3Z29/YPiodHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMrqf1zgNIxWLR1OMEvIgMBAsZJdpYfrHsciIGHHAHu3JOLod7jEd+HTfxrbkJXPWLJbtiz4RXwVlACS3U8Itfbj+maQRCU06U6jl2or2MSM0oh0nBTRUkhI7IAHoGBYlAedlsnQkuG6ePw1iaIzSeub8nMhIpNY4C0xkRPVTLtan5X62X6vDKy5hIUg2Czh8KU451jKfZ4D6TQDUfGyBUMvNXTIdEEqpNggUTgrO88iq0qxXnvFK9uyjV6os48ugEnaIz5KBLVEM3qIFaiKJH9Ixe0Zv1ZL1Y79bHvDVnLWaO0R9Znz+tCpnw</latexit>

hW i  kBTN ln 2
<latexit sha1_base64="m/H3aUPhwrJP8A6vBl2m0KSTebU=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAUXJWZKuiy1I0rqdAbdIYhk55pQzOZMckIZegTuPFV3LhQxK1rd76N6WWhrT8EvvznHJLzBwlnStv2t5VbW9/Y3MpvF3Z29/YPiodHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMrqf1zgNIxWLR1OMEvIgMBAsZJdpYfrHsciIGHHAHu3JOLod7jEd+HTfxrbkJXPWLJbtiz4RXwVlACS3U8Itfbj+maQRCU06U6jl2or2MSM0oh0nBTRUkhI7IAHoGBYlAedlsnQkuG6ePw1iaIzSeub8nMhIpNY4C0xkRPVTLtan5X62X6vDKy5hIUg2Czh8KU451jKfZ4D6TQDUfGyBUMvNXTIdEEqpNggUTgrO88iq0qxXnvFK9uyjV6os48ugEnaIz5KBLVEM3qIFaiKJH9Ixe0Zv1ZL1Y79bHvDVnLWaO0R9Znz+tCpnw</latexit>
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?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit> ?

<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>
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https://en.wikipedia.org/wiki/File:TV_noise.jpg

0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
<latexit sha1_base64="Plr6lQBX2wDlerbhjOlM3mfiH94=">AAACcXiczZHLSsNAFIYn8VbrLV42IsrQIghCSKqgy6IblxXsBdpQJtNJO3QyCTMnQgnd+3zufAk3voDTNgttfQAPDHz8/zmcmX/CVHANnvdh2WvrG5tbpe3yzu7e/oFzeNTSSaYoa9JEJKoTEs0El6wJHATrpIqROBSsHY4fZ377lSnNE/kCk5QFMRlKHnFKwEh95837J9V3qp67QLwKfgFVVFSj77z3BgnNYiaBCqJ11/dSCHKigFPBpuVepllK6JgMWdegJDHTQT5PbIovjTLAUaLMkYDn6s+JnMRaT+LQdMYERnrZm4l/ed0Movsg5zLNgEm6WBRlAkOCZ/HjAVeMgpgYIFRxc1dMR0QRCuaTyiYEf/nJq9Cquf6NW3u+rdYfijhK6AxV0BXy0R2qoyfUQE1E0ad1Yp1bF9aXfWpju7Jota1i5hj9Kvv6G+vbpIY=</latexit>

0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
<latexit sha1_base64="Plr6lQBX2wDlerbhjOlM3mfiH94=">AAACcXiczZHLSsNAFIYn8VbrLV42IsrQIghCSKqgy6IblxXsBdpQJtNJO3QyCTMnQgnd+3zufAk3voDTNgttfQAPDHz8/zmcmX/CVHANnvdh2WvrG5tbpe3yzu7e/oFzeNTSSaYoa9JEJKoTEs0El6wJHATrpIqROBSsHY4fZ377lSnNE/kCk5QFMRlKHnFKwEh95837J9V3qp67QLwKfgFVVFSj77z3BgnNYiaBCqJ11/dSCHKigFPBpuVepllK6JgMWdegJDHTQT5PbIovjTLAUaLMkYDn6s+JnMRaT+LQdMYERnrZm4l/ed0Movsg5zLNgEm6WBRlAkOCZ/HjAVeMgpgYIFRxc1dMR0QRCuaTyiYEf/nJq9Cquf6NW3u+rdYfijhK6AxV0BXy0R2qoyfUQE1E0ad1Yp1bF9aXfWpju7Jota1i5hj9Kvv6G+vbpIY=</latexit>

https://en.wikipedia.org/wiki/Harry_Potter_(character)

hW i  kBT (H[HDfinal]�H[HDinit])
<latexit sha1_base64="qC7gYXdtWb4RJp/TFd9mMXQCS/o="></latexit>

H[white noise] = N ln 2
<latexit sha1_base64="fVKkk6ilvmbsmHp80K567WQUUhw=">AAACBnicbVDJSgNBEO1xN26jHkVoDIKnMBMFcxEELzlJBLPAZAg9nYpp7OkZumvUMOTkxV/x4kERr36DN//GznJwe1DweK+KqnpRKoVBz/t0Zmbn5hcWl5YLK6tr6xvu5lbDJJnmUOeJTHQrYgakUFBHgRJaqQYWRxKa0fXZyG/egDYiUZc4SCGM2ZUSPcEZWqnj7laDNsId5rd9gUBVIgwMw5Nz2paKljtu0St5Y9C/xJ+SIpmi1nE/2t2EZzEo5JIZE/heimHONAouYVhoZwZSxq/ZFQSWKhaDCfPxG0O6b5Uu7SXalkI6Vr9P5Cw2ZhBHtjNm2De/vZH4nxdk2KuEuVBphqD4ZFEvkxQTOsqEdoUGjnJgCeNa2Fsp7zPNONrkCjYE//fLf0mjXPIPS+WLo+JpZRrHEtkhe+SA+OSYnJIqqZE64eSePJJn8uI8OE/Oq/M2aZ1xpjPb5Aec9y9/p5hy</latexit>

H[all zeros] = 0
<latexit sha1_base64="hZJLDLscq2FCC56yUohPsSERnsg=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbBXMRAl5yjGAekCxhdtJJhsw+mOkV4xLwV7x4UMSr3+HNv3GS7EETCxqKqm66u/xYCo2O822trK6tb2zmtvLbO7t7+/bBYUNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT90c3Ub96D0iIK73AcgxewQSj6gjM0Utc+rrY7CA+YMinpI6hIT7xrp2sXnKIzA10mbkYKJEOta391ehFPAgiRS6Z123Vi9FKmUHAJk3wn0RAzPmIDaBsasgC0l87On9Azo/RoP1KmQqQz9fdEygKtx4FvOgOGQ73oTcX/vHaC/bKXijBOEEI+X9RPJMWITrOgPaGAoxwbwrgS5lbKh0wxjiaxvAnBXXx5mTRKRfeiWLq9LFTKWRw5ckJOyTlxyRWpkCqpkTrhJCXP5JW8WU/Wi/VufcxbV6xs5oj8gfX5AxlAlYk=</latexit>

H[Harry Potter] = 0
<latexit sha1_base64="C9jDaIWzSXkWJrp6rpC+IxUBmok=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgET2E3CuYiBLzkGME8YLOE2UknGTL7YKZXDEu8+CtePCji1b/w5t84SfagiQUNRVU33V1+LIVG2/62VlbX1jc2c1v57Z3dvf3CwWFTR4ni0OCRjFTbZxqkCKGBAiW0YwUs8CW0/NHN1G/dg9IiCu9wHIMXsEEo+oIzNFK3cFxzOwgPmNaYUmNajxBBTbxru1so2iV7BrpMnIwUSYZ6t/DV6UU8CSBELpnWrmPH6KVMoeASJvlOoiFmfMQG4BoasgC0l84+mNAzo/RoP1KmQqQz9fdEygKtx4FvOgOGQ73oTcX/PDfBfsVLRRgnCCGfL+onkmJEp3HQnlDAUY4NYVwJcyvlQ6YYNzHovAnBWXx5mTTLJeeiVL69LFYrWRw5ckJOyTlxyBWpkhqpkwbh5JE8k1fyZj1ZL9a79TFvXbGymSPyB9bnD0pMlr8=</latexit>

hW i  0
<latexit sha1_base64="Ob76nU/AgSIqt29IRjtDfHmVQTk=">AAACAXicbZA9SwNBEIbn/IzxK2oj2CwGwSrcRcGUARvLCOYDckfY20ySJXt75+6eEEJs/Cs2ForY+i/s/Ddukis08YWFh3dmmJ03TATXxnW/nZXVtfWNzdxWfntnd2+/cHDY0HGqGNZZLGLVCqlGwSXWDTcCW4lCGoUCm+HwelpvPqDSPJZ3ZpRgENG+5D3OqLFWp3DsCyr7AkmT+GpOvsB74nYKRbfkzkSWwcugCJlqncKX341ZGqE0TFCt256bmGBMleFM4CTvpxoTyoa0j22Lkkaog/Hsggk5s06X9GJlnzRk5v6eGNNI61EU2s6ImoFerE3N/2rt1PQqwZjLJDUo2XxRLxXExGQaB+lyhcyIkQXKFLd/JWxAFWXGhpa3IXiLJy9Do1zyLkrl28titZLFkYMTOIVz8OAKqnADNagDg0d4hld4c56cF+fd+Zi3rjjZzBH8kfP5A+0Jld4=</latexit>

Harry Potter may appear like white noise if one doesn’t have 
memory, because it is more complex (requires memory for 
prediction).

hW i  kBTN ln 2
<latexit sha1_base64="m/H3aUPhwrJP8A6vBl2m0KSTebU=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAUXJWZKuiy1I0rqdAbdIYhk55pQzOZMckIZegTuPFV3LhQxK1rd76N6WWhrT8EvvznHJLzBwlnStv2t5VbW9/Y3MpvF3Z29/YPiodHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMrqf1zgNIxWLR1OMEvIgMBAsZJdpYfrHsciIGHHAHu3JOLod7jEd+HTfxrbkJXPWLJbtiz4RXwVlACS3U8Itfbj+maQRCU06U6jl2or2MSM0oh0nBTRUkhI7IAHoGBYlAedlsnQkuG6ePw1iaIzSeub8nMhIpNY4C0xkRPVTLtan5X62X6vDKy5hIUg2Czh8KU451jKfZ4D6TQDUfGyBUMvNXTIdEEqpNggUTgrO88iq0qxXnvFK9uyjV6os48ugEnaIz5KBLVEM3qIFaiKJH9Ixe0Zv1ZL1Y79bHvDVnLWaO0R9Znz+tCpnw</latexit>

hW i  kBTN ln 2
<latexit sha1_base64="m/H3aUPhwrJP8A6vBl2m0KSTebU=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAUXJWZKuiy1I0rqdAbdIYhk55pQzOZMckIZegTuPFV3LhQxK1rd76N6WWhrT8EvvznHJLzBwlnStv2t5VbW9/Y3MpvF3Z29/YPiodHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMrqf1zgNIxWLR1OMEvIgMBAsZJdpYfrHsciIGHHAHu3JOLod7jEd+HTfxrbkJXPWLJbtiz4RXwVlACS3U8Itfbj+maQRCU06U6jl2or2MSM0oh0nBTRUkhI7IAHoGBYlAedlsnQkuG6ePw1iaIzSeub8nMhIpNY4C0xkRPVTLtan5X62X6vDKy5hIUg2Czh8KU451jKfZ4D6TQDUfGyBUMvNXTIdEEqpNggUTgrO88iq0qxXnvFK9uyjV6os48ugEnaIz5KBLVEM3qIFaiKJH9Ixe0Zv1ZL1Y79bHvDVnLWaO0R9Znz+tCpnw</latexit>



31

Challenge: Harvest Maximum Work
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<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit> ?

<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

?
<latexit sha1_base64="H8mJRppImjfilFtCddF12jCcXjA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgN4MePEYwTwgWcLsZJIMmZ1dZ3rFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaneRP2F6Pe0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346v3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAdXfipUnCBXbLFokEiCEZk9T/pCc4ZyYgllWthbCRtRTRnaiAo2BG/55VXSrJS9i3LlrlqqVbM48nACp3AOHlxCDW6hDg1gIOEZXuHNeXBenHfnY9Gac7KZY/gD5/MHTTeQGA==</latexit>

Thermodynamic Learning Through Maximum Work Production
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Modular Thermodynamic Ratchets

Thermal Reservoir Q Mass

Z

WX

Yj
<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Operations are localized and “modular”: H(t) = HX ,Yj (t) +HY0:1�Yj
<latexit sha1_base64="4xaPL3BmGMMRwsG5Wnr1ZSvm9Yc="></latexit>

! Landauer’s bound applies locally:
<latexit sha1_base64="+j6/Uz4id5iuQu6ozEYILbuueuc="></latexit>

https://en.wikipedia.org/wiki/Turing_machine
X = agent memory

<latexit sha1_base64="3xnlIaXC6fLIa5zlunREymg6i7Y=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEhMVVKQYAFVYmEsEn1ITVQ5rtNatePIdhBRlJWFX2FhACFW/oCNv8FpM0DLkSwdnXOv770niBlV2nG+raXlldW19cpGdXNre2fX3tvvKJFITNpYMCF7AVKE0Yi0NdWM9GJJEA8Y6QaT68Lv3hOpqIjudBoTn6NRREOKkTbSwIYeR3qMEct6+SX0NHnQGRqRSENOuJBpPrBrTt2ZAi4StyQ1UKI1sL+8ocAJN39ghpTqu06s/QxJTTEjedVLFIkRnpgpfUMjxInys+klOTw2yhCGQppndpiqvzsyxJVKeWAqi73VvFeI/3n9RIcXfkajONEkwrNBYcKgFrCIBQ6pJFiz1BCEJTW7QjxGEmFtwquaENz5kxdJp1F3T+uN27Na86qMowIOwRE4AS44B01wA1qgDTB4BM/gFbxZT9aL9W59zEqXrLLnAPyB9fkDQn2arw==</latexit>

Yi = interaction bit at time i
<latexit sha1_base64="X+QF7lYOSQ3teTJZwLKIDZJTELM=">AAACGHicbVC7SgNBFJ31GeMramkzGASruBsFbZSAjWUE85BsCLOTm2TI7IOZu2JY8hk2/oqNhSK26fwbZ5MtNPHAwOGce7lzjhdJodG2v62l5ZXVtfXcRn5za3tnt7C3X9dhrDjUeChD1fSYBikCqKFACc1IAfM9CQ1veJP6jUdQWoTBPY4iaPusH4ie4AyN1Cmcuj7DAWcyeRh3xBV1EZ4wEQGCYjwdoZ5AypCi8IGORadQtEv2FHSROBkpkgzVTmHidkMe+xAgl0zrlmNH2E6YQsEljPNurCFifMj60DI0YD7odjINNqbHRunSXqjMC5BO1d8bCfO1HvmemUxj6HkvFf/zWjH2LtsmZhQjBHx2qBdLiiFNW6JdoYCjHBnCuBLmr5QPWFqJ6TJvSnDmIy+SernknJXKd+fFynVWR44ckiNyQhxyQSrkllRJjXDyTF7JO/mwXqw369P6mo0uWdnOAfkDa/IDYYGgkg==</latexit>

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

hQlocal
i imin = �kBT�HXYi

<latexit sha1_base64="lpBH/2Dkt26+I/KbzzSxN6vZhW0="></latexit>

Like a stochastic Turing machine
<latexit sha1_base64="GUZ/ba2VaSQlq5jSCjXPs4hjVYk=">AAACEHicbZC7SgNBFIZnvcZ4i1raDAbRKuxGQSsJ2FhYRMgNkhBmJyfJkNnZZeasGJY8go2vYmOhiK2lnW/jbJJCE38Y+PnPZTifH0lh0HW/naXlldW19cxGdnNre2c3t7dfM2GsOVR5KEPd8JkBKRRUUaCERqSBBb6Euj+8Tuv1e9BGhKqCowjaAesr0ROcoY06uZMWwgMmt2IIlFGDIR8wg4LTSqyF6tOA8YFdPe7k8m7BnYguGm9m8mSmcif31eqGPA5AIZfMmKbnRthOmLbLJYyzrdhAxPiQ9aFprWIBmHYyOWhMj23Spb1Q26eQTtLfEwkLjBkFvu0MGA7MfC0N/6s1Y+xdthOhohhB8elHvVhSDGlKh3aFBo5yZA3jWqQgLBDNOFqGWQvBmz950dSKBe+sULw7z5euZjgy5JAckVPikQtSIjekTKqEk0fyTF7Jm/PkvDjvzse0dcmZzRyQP3I+fwAHr50z</latexit>
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<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Global change in system entropy also includes past, future, and heat bath:
<latexit sha1_base64="b2ktffRLe4sm3OBvEPvpr2IjLnw="></latexit>

⌘ h�Stotal
mod i

<latexit sha1_base64="EyDUJDzuRPmNQrRZnkixohs5RbY=">AAACIHicbVBNTxsxFPRCKTSFNsCRi9WoUk/RbqgERwQcOAZBPqRsGr11XhILr73YbxHRKj+FC3+FCwcQghv9NXU+Di10JEvjmXmy3ySZko7C8DVYWv6w8nF17VPp8/rGl6/lza2mM7kV2BBGGdtOwKGSGhskSWE7swhporCVXBxN/dYVWieNPqdxht0UhloOpADyUq+8F+NlLq94rEAPFfL4GBUBP/sVE15TQYZATXrzS2r6Ex7bWbBXroTVcAb+nkQLUmEL1Hvll7hvRJ6iJqHAuU4UZtQtwJIUCielOHeYgbiAIXY81ZCi6xazBSf8u1f6fGCsP5r4TP17ooDUuXGa+GQKNHJvvan4P6+T02C/W0id5YRazB8a5IqT4dO2eF9aFKTGnoCw0v+VixFYEOQ7LfkSorcrvyfNWjXardZOf1YODhd1rLEd9o39YBHbYwfshNVZgwl2w+7YA3sMboP74Cl4nkeXgsXMNvsHwe8/dcukaw==</latexit>

Modularity Dissipation
<latexit sha1_base64="yc0AYcVdwrW0cM5oX+m5SH+Apiw=">AAACDXicbVC7SgNBFJ31GeNr1dJmMApWYTcKWga1sBEimAdklzA7uUmGzD6YuSuGJT9g46/YWChia2/n3zh5FJp44MLhnHO53BMkUmh0nG9rYXFpeWU1t5Zf39jc2rZ3dms6ThWHKo9lrBoB0yBFBFUUKKGRKGBhIKEe9C9Hfv0elBZxdIeDBPyQdSPREZyhkVr2oYfwgJkHYdLLbuJ2KpkSOKBXQmuRjEPDYcsuOEVnDDpP3CkpkCkqLfvLa8c8DSFCLpnWTddJ0M+YQsElDPNeqiFhvM+60DQ0YiFoPxt/M6RHRmnTTqzMREjH6u+NjIVaD8LAJEOGPT3rjcT/vGaKnXM/E1GSIkR8cqiTSooxHVVD20IBRzkwhHHTguCU95hiHE2BeVOCO/vyPKmViu5JsXR7WihfTOvIkX1yQI6JS85ImVyTCqkSTh7JM3klb9aT9WK9Wx+T6II13dkjf2B9/gBYwZz/</latexit>

h�S
total
i i = hQii

T
+ kB�Hmemory+bit string

<latexit sha1_base64="DREPYKeqfBXXM01/h2Dq8qVfONQ="></latexit>

� �kB�HXYi + kB�Hmemory+bit string
<latexit sha1_base64="xSGi3QV57NTLuWTJqIR5Vlbf+9I="></latexit>

hQii � hQlocal
i imin = �kBT�HXYi

<latexit sha1_base64="Nwu6tha+kvxJi3yUyN6c4qKevV0="></latexit>

= �kB�I[memory+interaction bit; remaining bit string]
<latexit sha1_base64="RCCA0JVC5Z/YW4z7EUagi0JcdxM="></latexit>

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.
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<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Global change in system entropy also includes past, future, and heat bath:
<latexit sha1_base64="b2ktffRLe4sm3OBvEPvpr2IjLnw="></latexit>

⌘ h�Stotal
mod i

<latexit sha1_base64="EyDUJDzuRPmNQrRZnkixohs5RbY=">AAACIHicbVBNTxsxFPRCKTSFNsCRi9WoUk/RbqgERwQcOAZBPqRsGr11XhILr73YbxHRKj+FC3+FCwcQghv9NXU+Di10JEvjmXmy3ySZko7C8DVYWv6w8nF17VPp8/rGl6/lza2mM7kV2BBGGdtOwKGSGhskSWE7swhporCVXBxN/dYVWieNPqdxht0UhloOpADyUq+8F+NlLq94rEAPFfL4GBUBP/sVE15TQYZATXrzS2r6Ex7bWbBXroTVcAb+nkQLUmEL1Hvll7hvRJ6iJqHAuU4UZtQtwJIUCielOHeYgbiAIXY81ZCi6xazBSf8u1f6fGCsP5r4TP17ooDUuXGa+GQKNHJvvan4P6+T02C/W0id5YRazB8a5IqT4dO2eF9aFKTGnoCw0v+VixFYEOQ7LfkSorcrvyfNWjXardZOf1YODhd1rLEd9o39YBHbYwfshNVZgwl2w+7YA3sMboP74Cl4nkeXgsXMNvsHwe8/dcukaw==</latexit>

Modularity Dissipation
<latexit sha1_base64="yc0AYcVdwrW0cM5oX+m5SH+Apiw=">AAACDXicbVC7SgNBFJ31GeNr1dJmMApWYTcKWga1sBEimAdklzA7uUmGzD6YuSuGJT9g46/YWChia2/n3zh5FJp44MLhnHO53BMkUmh0nG9rYXFpeWU1t5Zf39jc2rZ3dms6ThWHKo9lrBoB0yBFBFUUKKGRKGBhIKEe9C9Hfv0elBZxdIeDBPyQdSPREZyhkVr2oYfwgJkHYdLLbuJ2KpkSOKBXQmuRjEPDYcsuOEVnDDpP3CkpkCkqLfvLa8c8DSFCLpnWTddJ0M+YQsElDPNeqiFhvM+60DQ0YiFoPxt/M6RHRmnTTqzMREjH6u+NjIVaD8LAJEOGPT3rjcT/vGaKnXM/E1GSIkR8cqiTSooxHVVD20IBRzkwhHHTguCU95hiHE2BeVOCO/vyPKmViu5JsXR7WihfTOvIkX1yQI6JS85ImVyTCqkSTh7JM3klb9aT9WK9Wx+T6II13dkjf2B9/gBYwZz/</latexit>

I[A;B]
<latexit sha1_base64="Xst3FqdXws9j9Ohn/iDXzlUPxDQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgoKXWi96q2A/YLuUbJq2sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlaodYU84EbRhmOG3HiuIo5LQVjm6mfuuJKs2keDDjmAYRHgjWZwQbKzXv/OurWtAtltyyOwNaJl5GSpCh3i1+dXqSJBEVhnCste+5sQlSrAwjnE4KnUTTGJMRHlDfUoEjqoN0du0EnVilh/pS2RIGzdTfEymOtB5Hoe2MsBnqRW8q/uf5ielfBikTcWKoIPNF/YQjI9H0ddRjihLDx5Zgopi9FZEhVpgYG1DBhuAtvrxMmpWyd1au3J+XqrUsjjwcwTGcggcXUIVbqEMDCDzCM7zCmyOdF+fd+Zi35pxs5hD+wPn8AZQsjnk=</latexit>

H[A]
<latexit sha1_base64="y6TVmBVkO9DlzdAc6gMIsLVARrc=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj10mMF+wFpKJvtpl26uwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTDjTxnW/nbX1jc2t7dJOeXdv/+CwcnTc0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3Od+94kqzWL5aKYJDQQeSRYxgk0uNf3bYFCpujV3DrRKvIJUoUBrUPnqD2OSCioN4Vhr33MTE2RYGUY4nZX7qaYJJhM8or6lEguqg2x+6wydW2WIoljZkgbN1d8TGRZaT0VoOwU2Y73s5eJ/np+a6CbImExSQyVZLIpSjkyM8sfRkClKDJ9agoli9lZExlhhYmw8ZRuCt/zyKunUa95lrf5wVW3cFXGU4BTO4AI8uIYGNKEFbSAwhmd4hTdHOC/Ou/OxaF1zipkT+APn8weIyo3n</latexit>

H[B]
<latexit sha1_base64="KeYWQ5txCQerRXm7cODbmb38Y9A=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjqpccK9gPSUDbbTbt0dxN2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemHCmjet+OxubW9s7u6W98v7B4dFx5eS0q+NUEdohMY9VP8SaciZpxzDDaT9RFIuQ0144vc/93hNVmsXy0cwSGgg8lixiBJtcavnNYFipujV3AbROvIJUoUB7WPkajGKSCioN4Vhr33MTE2RYGUY4nZcHqaYJJlM8pr6lEguqg2xx6xxdWmWEoljZkgYt1N8TGRZaz0RoOwU2E73q5eJ/np+a6C7ImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8ZRuCt/ryOunWa951rf5wU200izhKcA4XcAUe3EIDWtCGDhCYwDO8wpsjnBfn3flYtm44xcwZ/IHz+QOKT43o</latexit>

H[A,B]
<latexit sha1_base64="+sm7D6LKtvh7Kn14u+nMoY+FGXA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5TdKuix1kuPFewHbJeSTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbD0d3Mbz9RpZkUD2ac0CDGA8EiRrCxUqvu317Ugl6x5JbdOdAq8TJSggyNXvGr25ckjakwhGOtfc9NTDDByjDC6bTQTTVNMBnhAfUtFTimOpjMr52iM6v0USSVLWHQXP09McGx1uM4tJ0xNkO97M3E/zw/NdFNMGEiSQ0VZLEoSjkyEs1eR32mKDF8bAkmitlbERlihYmxARVsCN7yy6ukVSl7l+XK/VWpWsviyMMJnMI5eHANVahDA5pA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucPe8mOaQ==</latexit>

H[A|B]
<latexit sha1_base64="bJy/ZWx3fJqtVnJ3FvSi/ytNuw8=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiieyiiR4RLxwxkY8ENqRbulDptpu2a0JW/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2d++5EqzaS4N5OY+hEeChYygo2VWvXuzVPN7xdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE177KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStm7KFfuLkvVWhZHHk7gFM7BgyuoQh0a0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8A9amOuQ==</latexit>

H[B|A]
<latexit sha1_base64="UNvuhk9RWwotJyfdpxtrw0+Pisk=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiieyiiR4RLxwxkY8ENqRbulDptpu2a0JW/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2d++5EqzaS4N5OY+hEeChYygo2VWvVu7enG7xdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE177KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStm7KFfuLkvVWhZHHk7gFM7BgyuoQh0a0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8A9auOuQ==</latexit>

XiY
in
i

<latexit sha1_base64="XM21zrL4xj3VTHCCzQcbwJIbay4=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8laQKeix68VjBfkgbw2Y7bZduNmF3Uiyh/8SLB0W8+k+8+W/ctjlo64OBx3szzMwLE8E1uu63tbK6tr6xWdgqbu/s7u3bB4cNHaeKQZ3FIlatkGoQXEIdOQpoJQpoFApohsObqd8cgdI8lvc4TsCPaF/yHmcUjRTYdivgDwF/7CA8YcblJLBLbtmdwVkmXk5KJEctsL863ZilEUhkgmrd9twE/Ywq5EzApNhJNSSUDWkf2oZKGoH2s9nlE+fUKF2nFytTEp2Z+nsio5HW4yg0nRHFgV70puJ/XjvF3pVv/klSBMnmi3qpcDB2pjE4Xa6AoRgbQpni5laHDaiiDE1YRROCt/jyMmlUyt55uXJ3Uape53EUyDE5IWfEI5ekSm5JjdQJIyPyTF7Jm5VZL9a79TFvXbHymSPyB9bnD/O0k94=</latexit>

A =
<latexit sha1_base64="3UYrZJhkLIGR3pdCuEVuHTTS4Is=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C1IvHKOYBSQizk9lkyOzsMtMrhCV/4MWDIl79I2/+jZNkD5pY0FBUddPd5cdSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90e3Ubz5xbUSkHnEc825IB0oEglG00sP1Va9YcsvuDGSZeBkpQYZar/jV6UcsCblCJqkxbc+NsZtSjYJJPil0EsNjykZ0wNuWKhpy001nl07IiVX6JIi0LYVkpv6eSGlozDj0bWdIcWgWvan4n9dOMLjspkLFCXLF5ouCRBKMyPRt0heaM5RjSyjTwt5K2JBqytCGU7AheIsvL5NGpeydlSv356XqTRZHHo7gGE7Bgwuowh3UoA4MAniGV3hzRs6L8+58zFtzTjZzCH/gfP4AFdONEA==</latexit>

Y out
0:i Y in

i+1:1
<latexit sha1_base64="nuszkHIpZJqVGhp9AA9VvIC16+k=">AAACE3icbVDLSsNAFJ34rPUVdekmWARRKEkVlK6KblxWsA9pa5lMJ+3QySTM3Igh5B/c+CtuXCji1o07/8ZpG0FbDwwczrmXO+e4IWcKbPvLmJtfWFxazq3kV9fWNzbNre26CiJJaI0EPJBNFyvKmaA1YMBpM5QU+y6nDXd4MfIbd1QqFohriEPa8XFfMI8RDFrqmoc3t22g95AEEaTdxC6z9EdhQgvsyCm3mfAgTrtmwS7aY1izxMlIAWWods3Pdi8gkU8FEI6Vajl2CJ0ES2CE0zTfjhQNMRniPm1pKrBPVScZZ0qtfa30LC+Q+gmwxurvjQT7SsW+qyd9DAM17Y3E/7xWBN5ZR4cLI6CCTA55EbcgsEYFWT0mKQEea4KJZPqvFhlgiQnoGvO6BGc68iypl4rOcbF0dVKonGd15NAu2kMHyEGnqIIuURXVEEEP6Am9oFfj0Xg23oz3yeicke3soD8wPr4BfGufKA==</latexit>

B =
<latexit sha1_base64="xICJ2R7CCGToLXGghIOt1E2hYcg=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9CiBePUcwDkiXMTnqTIbOzy8ysEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeqjd9Iolt+zOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5lfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/9CZdJalCyxaIwFcTEZPY26XOFzIixJZQpbm8lbEgVZcaGU7AheMsvr5JmpexdlCv3l6VqLYsjDydwCufgwRVU4Q7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AF1iNEQ==</latexit>

Xi+1Y
out
i

<latexit sha1_base64="NOFP6tOl+eCsjCIZA1zfOEh4DCw=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCIJSkCnosevFYwX5IG8Nmu22XbjZhdyKWEPCvePGgiFd/hzf/jds2B219MPB4b4aZeUEsuAbH+bYWFpeWV1YLa8X1jc2tbXtnt6GjRFFWp5GIVCsgmgkuWR04CNaKFSNhIFgzGF6N/eYDU5pH8hZGMfNC0pe8xykBI/n2fstP+Ymb3fn8vgPsEdIogcy3S07ZmQDPEzcnJZSj5ttfnW5Ek5BJoIJo3XadGLyUKOBUsKzYSTSLCR2SPmsbKknItJdOzs/wkVG6uBcpUxLwRP09kZJQ61EYmM6QwEDPemPxP6+dQO/CS7mME2CSThf1EoEhwuMscJcrRkGMDCFUcXMrpgOiCAWTWNGE4M6+PE8albJ7Wq7cnJWql3kcBXSADtExctE5qqJrVEN1RFGKntErerOerBfr3fqYti5Y+cwe+gPr8weURZXl</latexit>

A =
<latexit sha1_base64="3UYrZJhkLIGR3pdCuEVuHTTS4Is=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C1IvHKOYBSQizk9lkyOzsMtMrhCV/4MWDIl79I2/+jZNkD5pY0FBUddPd5cdSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90e3Ubz5xbUSkHnEc825IB0oEglG00sP1Va9YcsvuDGSZeBkpQYZar/jV6UcsCblCJqkxbc+NsZtSjYJJPil0EsNjykZ0wNuWKhpy001nl07IiVX6JIi0LYVkpv6eSGlozDj0bWdIcWgWvan4n9dOMLjspkLFCXLF5ouCRBKMyPRt0heaM5RjSyjTwt5K2JBqytCGU7AheIsvL5NGpeydlSv356XqTRZHHo7gGE7Bgwuowh3UoA4MAniGV3hzRs6L8+58zFtzTjZzCH/gfP4AFdONEA==</latexit>

+�t
<latexit sha1_base64="FIygKk3PEgaMS8rE76fzuED4yPE=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoMgCGE3CnoM6sFjBPOQZAmzk04yZGZ3mekVwpKv8OJBEa9+jjf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHDRMlmkOdRzLSrYAZkCKEOgqU0Io1MBVIaAajm6nffAJtRBQ+4DgGX7FBKPqCM7TS41nnFiQyit1iyS27M9Bl4mWkRDLUusWvTi/iiYIQuWTGtD03Rj9lGgWXMCl0EgMx4yM2gLalIVNg/HR28ISeWKVH+5G2FSKdqb8nUqaMGavAdiqGQ7PoTcX/vHaC/Ss/FWGcIIR8vqifSIoRnX5Pe0IDRzm2hHEt7K2UD5lmHG1GBRuCt/jyMmlUyt55uXJ/UapeZ3HkyRE5JqfEI5ekSu5IjdQJJ4o8k1fy5mjnxXl3PuatOSebOSR/4Hz+APg5j90=</latexit>

Y out
0:i Y in

i+1:1
<latexit sha1_base64="nuszkHIpZJqVGhp9AA9VvIC16+k=">AAACE3icbVDLSsNAFJ34rPUVdekmWARRKEkVlK6KblxWsA9pa5lMJ+3QySTM3Igh5B/c+CtuXCji1o07/8ZpG0FbDwwczrmXO+e4IWcKbPvLmJtfWFxazq3kV9fWNzbNre26CiJJaI0EPJBNFyvKmaA1YMBpM5QU+y6nDXd4MfIbd1QqFohriEPa8XFfMI8RDFrqmoc3t22g95AEEaTdxC6z9EdhQgvsyCm3mfAgTrtmwS7aY1izxMlIAWWods3Pdi8gkU8FEI6Vajl2CJ0ES2CE0zTfjhQNMRniPm1pKrBPVScZZ0qtfa30LC+Q+gmwxurvjQT7SsW+qyd9DAM17Y3E/7xWBN5ZR4cLI6CCTA55EbcgsEYFWT0mKQEea4KJZPqvFhlgiQnoGvO6BGc68iypl4rOcbF0dVKonGd15NAu2kMHyEGnqIIuURXVEEEP6Am9oFfj0Xg23oz3yeicke3soD8wPr4BfGufKA==</latexit>

B =
<latexit sha1_base64="xICJ2R7CCGToLXGghIOt1E2hYcg=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9CiBePUcwDkiXMTnqTIbOzy8ysEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWeqjd9Iolt+zOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5lfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/9CZdJalCyxaIwFcTEZPY26XOFzIixJZQpbm8lbEgVZcaGU7AheMsvr5JmpexdlCv3l6VqLYsjDydwCufgwRVU4Q7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AF1iNEQ==</latexit>

h�S
total
i i = hQii

T
+ kB�Hmemory+bit string

<latexit sha1_base64="DREPYKeqfBXXM01/h2Dq8qVfONQ="></latexit>

� �kB�HXYi + kB�Hmemory+bit string
<latexit sha1_base64="xSGi3QV57NTLuWTJqIR5Vlbf+9I="></latexit>

hQii � hQlocal
i imin = �kBT�HXYi

<latexit sha1_base64="Nwu6tha+kvxJi3yUyN6c4qKevV0="></latexit>

= �kB�I[memory+interaction bit; remaining bit string]
<latexit sha1_base64="RCCA0JVC5Z/YW4z7EUagi0JcdxM="></latexit>

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

memory + interaction bit
<latexit sha1_base64="OAmb4mnQLkMShoHprm6FlK8qAXI=">AAACDXicbVDLSgMxFM3UV62vUZduglUQhDJTBV1JwY3LCvYBbSmZ9LYNTWaG5I5YSn/Ajb/ixoUibt2782/MtF1o64HAyTn3kpwTxFIY9LxvJ7O0vLK6ll3PbWxube+4u3tVEyWaQ4VHMtL1gBmQIoQKCpRQjzUwFUioBYPr1K/dgzYiCu9wGENLsV4ouoIztFLbPWoiPOBIgYr0cHw6vYkQQTOeTtBA4Ljt5r2CNwFdJP6M5MkM5bb71exEPFEQIpfMmIbvxdgaMY2CSxjnmomBmPEB60HD0pApMK3RJM2YHlulQ7uRtidEOlF/b4yYMmaoAjupGPbNvJeK/3mNBLuXLRsuThBCPn2om0iKEU2roR2hgaMcWsK4FvavlPdZWoQtMGdL8OcjL5JqseCfFYq35/nS1ayOLDkgh+SE+OSClMgNKZMK4eSRPJNX8uY8OS/Ou/MxHc04s5198gfO5w9wpJ0I</latexit>

remaining bit string
<latexit sha1_base64="UhMqYhDCLHgcALvp4OEOEnDnbt4=">AAACBHicbZC7SgNBFIZnvcZ4i1qmGQyCVdiNglYSsLGMYC6QLGF2cjYZMju7zJwVw5LCxlexsVDE1oew822cXApN/GHg4z/ncOb8QSKFQdf9dlZW19Y3NnNb+e2d3b39wsFhw8Sp5lDnsYx1K2AGpFBQR4ESWokGFgUSmsHwelJv3oM2IlZ3OErAj1hfiVBwhtbqFoodhAfMNERMKKH6NBBIDWqL426h5JbdqegyeHMokblq3cJXpxfzNAKFXDJj2p6boJ8xjYJLGOc7qYGE8SHrQ9uiYhEYP5seMaYn1unRMNb2KaRT9/dExiJjRlFgOyOGA7NYm5j/1dophpd+JlSSIig+WxSmkmJMJ4nQntDAUY4sMK6F/SvlA6YZR5tb3obgLZ68DI1K2TsrV27PS9WreRw5UiTH5JR45IJUyQ2pkTrh5JE8k1fy5jw5L8678zFrXXHmM0fkj5zPH4T1mKI=</latexit> memory + interaction bit

<latexit sha1_base64="OAmb4mnQLkMShoHprm6FlK8qAXI=">AAACDXicbVDLSgMxFM3UV62vUZduglUQhDJTBV1JwY3LCvYBbSmZ9LYNTWaG5I5YSn/Ajb/ixoUibt2782/MtF1o64HAyTn3kpwTxFIY9LxvJ7O0vLK6ll3PbWxube+4u3tVEyWaQ4VHMtL1gBmQIoQKCpRQjzUwFUioBYPr1K/dgzYiCu9wGENLsV4ouoIztFLbPWoiPOBIgYr0cHw6vYkQQTOeTtBA4Ljt5r2CNwFdJP6M5MkM5bb71exEPFEQIpfMmIbvxdgaMY2CSxjnmomBmPEB60HD0pApMK3RJM2YHlulQ7uRtidEOlF/b4yYMmaoAjupGPbNvJeK/3mNBLuXLRsuThBCPn2om0iKEU2roR2hgaMcWsK4FvavlPdZWoQtMGdL8OcjL5JqseCfFYq35/nS1ayOLDkgh+SE+OSClMgNKZMK4eSRPJNX8uY8OS/Ou/MxHc04s5198gfO5w9wpJ0I</latexit>

remaining bit string
<latexit sha1_base64="UhMqYhDCLHgcALvp4OEOEnDnbt4=">AAACBHicbZC7SgNBFIZnvcZ4i1qmGQyCVdiNglYSsLGMYC6QLGF2cjYZMju7zJwVw5LCxlexsVDE1oew822cXApN/GHg4z/ncOb8QSKFQdf9dlZW19Y3NnNb+e2d3b39wsFhw8Sp5lDnsYx1K2AGpFBQR4ESWokGFgUSmsHwelJv3oM2IlZ3OErAj1hfiVBwhtbqFoodhAfMNERMKKH6NBBIDWqL426h5JbdqegyeHMokblq3cJXpxfzNAKFXDJj2p6boJ8xjYJLGOc7qYGE8SHrQ9uiYhEYP5seMaYn1unRMNb2KaRT9/dExiJjRlFgOyOGA7NYm5j/1dophpd+JlSSIig+WxSmkmJMJ4nQntDAUY4sMK6F/SvlA6YZR5tb3obgLZ68DI1K2TsrV27PS9WreRw5UiTH5JR45IJUyQ2pkTrh5JE8k1fy5jw5L8678zFrXXHmM0fkj5zPH4T1mKI=</latexit>
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<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.
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<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Q
<latexit sha1_base64="TIwmk8u21VOUoY7U7p41qYBa1Ac=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frGuM2Q==</latexit>

W
<latexit sha1_base64="yxUgNFppSsebkUqo0HdMiZJUGss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvslJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtYOM3w==</latexit>

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.
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<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Q
<latexit sha1_base64="TIwmk8u21VOUoY7U7p41qYBa1Ac=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frGuM2Q==</latexit>

W
<latexit sha1_base64="yxUgNFppSsebkUqo0HdMiZJUGss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvslJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtYOM3w==</latexit>

Outputs randomized and uncorrelated: Pr(Y out
a:b ) =

1

|Y|b�a
<latexit sha1_base64="6Q5wEC86L/5Al/U9sLdTSGko8sI="></latexit>

https://en.wikipedia.org/wiki/File:TV_noise.jpg

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.
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Z
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Yj
<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Q
<latexit sha1_base64="TIwmk8u21VOUoY7U7p41qYBa1Ac=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frGuM2Q==</latexit>

W
<latexit sha1_base64="yxUgNFppSsebkUqo0HdMiZJUGss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvslJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtYOM3w==</latexit>

Outputs randomized and uncorrelated: Pr(Y out
a:b ) =

1

|Y|b�a
<latexit sha1_base64="6Q5wEC86L/5Al/U9sLdTSGko8sI="></latexit>

Input structured: Pr(Y in
a:b) 6=

b�1Y

i=a

Pr(Y in
i )

<latexit sha1_base64="3kQ0dzzPx3wte7FVoB+u/qBXl9A="></latexit>

https://en.wikipedia.org/wiki/Harry_Potter_(character)
https://en.wikipedia.org/wiki/File:TV_noise.jpg

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.
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<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Q
<latexit sha1_base64="TIwmk8u21VOUoY7U7p41qYBa1Ac=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frGuM2Q==</latexit>

W
<latexit sha1_base64="yxUgNFppSsebkUqo0HdMiZJUGss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvslJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtYOM3w==</latexit>

Outputs randomized and uncorrelated: Pr(Y out
a:b ) =

1

|Y|b�a
<latexit sha1_base64="6Q5wEC86L/5Al/U9sLdTSGko8sI="></latexit>

Input structured: Pr(Y in
a:b) 6=

b�1Y

i=a

Pr(Y in
i )

<latexit sha1_base64="3kQ0dzzPx3wte7FVoB+u/qBXl9A="></latexit>

https://en.wikipedia.org/wiki/Harry_Potter_(character)
https://en.wikipedia.org/wiki/File:TV_noise.jpg

Remove dependence on outputs
<latexit sha1_base64="VCYUZL6bcSbs9fXjgj6bRIA629o=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUYFXRbduKxiH9CWksnc1mAmGZI7xTL0A9z4K25cKOLWD3Dn35g+Ftp6IHA4515uzgkTKSz6/re3sLi0vLKaW8uvb2xubRd2dmtWp4ZDlWupTSNkFqRQUEWBEhqJARaHEurh/eXIr/fBWKHVLQ4SaMesp0RXcIZO6hSKLYQHzG4g1n2gESSgIlAcqFZUp5ikaIduyi/5Y9B5EkxJkUxR6RS+WpHmaQwKuWTWNgM/wXbGDAouYZhvpRYSxu9ZD5qOKhaDbWfjMEN66JSIdrVxTyEdq783MhZbO4hDNxkzvLOz3kj8z2um2D1vZ0K5TC7h5FA3lRQ1HTVDI2GAoxw4wrgR7q+U3zHDOLr+8q6EYDbyPKkdl4KT0vH1abF8Ma0jR/bJATkiATkjZXJFKqRKOHkkz+SVvHlP3ov37n1MRhe86c4e+QPv8weodJwA</latexit>

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

h�Stotal
mod i = kB(I[XiY

in
i ;

�!
Y in

i+1]� I[Xi+1;
�!
Y in

i+1])
<latexit sha1_base64="LxVtaHFkNOZw9rphdr+rfx86/Oo="></latexit>



40

Harvesting Energy From Patterns

Thermal Reservoir Q Mass

Z

WX

Yj
<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Q
<latexit sha1_base64="TIwmk8u21VOUoY7U7p41qYBa1Ac=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frGuM2Q==</latexit>

W
<latexit sha1_base64="yxUgNFppSsebkUqo0HdMiZJUGss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvslJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtYOM3w==</latexit>

Outputs randomized and uncorrelated: Pr(Y out
a:b ) =

1

|Y|b�a
<latexit sha1_base64="6Q5wEC86L/5Al/U9sLdTSGko8sI="></latexit>

Input structured: Pr(Y in
a:b) 6=

b�1Y

i=a

Pr(Y in
i )

<latexit sha1_base64="3kQ0dzzPx3wte7FVoB+u/qBXl9A="></latexit>

https://en.wikipedia.org/wiki/Harry_Potter_(character)
https://en.wikipedia.org/wiki/File:TV_noise.jpg

Remove dependence on outputs
<latexit sha1_base64="VCYUZL6bcSbs9fXjgj6bRIA629o=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUYFXRbduKxiH9CWksnc1mAmGZI7xTL0A9z4K25cKOLWD3Dn35g+Ftp6IHA4515uzgkTKSz6/re3sLi0vLKaW8uvb2xubRd2dmtWp4ZDlWupTSNkFqRQUEWBEhqJARaHEurh/eXIr/fBWKHVLQ4SaMesp0RXcIZO6hSKLYQHzG4g1n2gESSgIlAcqFZUp5ikaIduyi/5Y9B5EkxJkUxR6RS+WpHmaQwKuWTWNgM/wXbGDAouYZhvpRYSxu9ZD5qOKhaDbWfjMEN66JSIdrVxTyEdq783MhZbO4hDNxkzvLOz3kj8z2um2D1vZ0K5TC7h5FA3lRQ1HTVDI2GAoxw4wrgR7q+U3zHDOLr+8q6EYDbyPKkdl4KT0vH1abF8Ma0jR/bJATkiATkjZXJFKqRKOHkkz+SVvHlP3ov37n1MRhe86c4e+QPv8weodJwA</latexit>

Of the many ways of erasing information, which is best?
<latexit sha1_base64="3J36SG+QE5BZvsCP1mio8MBUInU="></latexit>

 �
Y in

<latexit sha1_base64="xm/jY6ebxPc1YiFxPWE8KfHs6SU=">AAACBHicbVC7TgJBFJ3FF+ILtaTZSEysyC6aaEm0scREHgaQzA53YcLszmbmrko2FDb+io2Fxtj6EXb+jQNsoeBJJjk5597cOceLBNfoON9WZml5ZXUtu57b2Nza3snv7tW1jBWDGpNCqqZHNQgeQg05CmhGCmjgCWh4w4uJ37gDpbkMr3EUQSeg/ZD7nFE0UjdfaEtjC/CRKiXvk5vxbRvhARMejrv5olNyprAXiZuSIklR7ea/2j3J4gBCZIJq3XKdCDsJVciZgHGuHWuIKBvSPrQMDWkAupNMQ4ztQ6P0bF8q80K0p+rvjYQGWo8Cz0wGFAd63puI/3mtGP2zjskTxQghmx3yY2GjtCeN2D2ugKEYGUKZ4uavNhtQRRma3nKmBHc+8iKpl0vucal8dVKsnKd1ZEmBHJAj4pJTUiGXpEpqhJFH8kxeyZv1ZL1Y79bHbDRjpTv75A+szx+DfplK</latexit>

�!
Y in

<latexit sha1_base64="lgQW8+A9EPQueinUP4H/6dqzoik=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqJqUoKEowVLIxFog/UhMpxndaqE0f2DVBFWVj4FRYGEGLlH9j4G9w2A7QcydLROffq+hw/5kyBbX8bhYXFpeWV4mppbX1jc8vc3mkqkUhCG0RwIds+VpSziDaAAaftWFIc+py2/OHF2G/dUamYiK5hFFMvxP2IBYxg0FLX3HeFtiXrDwBLKe7Tm+zWBfoAKYuyrlm2K/YE1jxxclJGOepd88vtCZKENALCsVIdx47BS7EERjjNSm6iaIzJEPdpR9MIh1R56SRFZh1qpWcFQuoXgTVRf2+kOFRqFPp6MsQwULPeWPzP6yQQnHk6T5wAjcj0UJBwC4Q1rsTqMUkJ8JEmmEim/2qRAZaYgC6upEtwZiPPk2a14hxXqlcn5dp5XkcR7aEDdIQcdIpq6BLVUQMR9Iie0St6M56MF+Pd+JiOFox8Zxf9gfH5A2MDmcc=</latexit>

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

h�Stotal
mod i = kB(I[XiY

in
i ;

�!
Y in

i+1]� I[Xi+1;
�!
Y in

i+1])
<latexit sha1_base64="LxVtaHFkNOZw9rphdr+rfx86/Oo="></latexit>
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<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Q
<latexit sha1_base64="TIwmk8u21VOUoY7U7p41qYBa1Ac=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frGuM2Q==</latexit>

W
<latexit sha1_base64="yxUgNFppSsebkUqo0HdMiZJUGss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvslJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtYOM3w==</latexit>

Outputs randomized and uncorrelated: Pr(Y out
a:b ) =

1

|Y|b�a
<latexit sha1_base64="6Q5wEC86L/5Al/U9sLdTSGko8sI="></latexit>

Input structured: Pr(Y in
a:b) 6=

b�1Y

i=a

Pr(Y in
i )

<latexit sha1_base64="3kQ0dzzPx3wte7FVoB+u/qBXl9A="></latexit>

https://en.wikipedia.org/wiki/Harry_Potter_(character)
https://en.wikipedia.org/wiki/File:TV_noise.jpg

Remove dependence on outputs
<latexit sha1_base64="VCYUZL6bcSbs9fXjgj6bRIA629o=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUYFXRbduKxiH9CWksnc1mAmGZI7xTL0A9z4K25cKOLWD3Dn35g+Ftp6IHA4515uzgkTKSz6/re3sLi0vLKaW8uvb2xubRd2dmtWp4ZDlWupTSNkFqRQUEWBEhqJARaHEurh/eXIr/fBWKHVLQ4SaMesp0RXcIZO6hSKLYQHzG4g1n2gESSgIlAcqFZUp5ikaIduyi/5Y9B5EkxJkUxR6RS+WpHmaQwKuWTWNgM/wXbGDAouYZhvpRYSxu9ZD5qOKhaDbWfjMEN66JSIdrVxTyEdq783MhZbO4hDNxkzvLOz3kj8z2um2D1vZ0K5TC7h5FA3lRQ1HTVDI2GAoxw4wrgR7q+U3zHDOLr+8q6EYDbyPKkdl4KT0vH1abF8Ma0jR/bJATkiATkjZXJFKqRKOHkkz+SVvHlP3ov37n1MRhe86c4e+QPv8weodJwA</latexit>

Of the many ways of erasing information, which is best?
<latexit sha1_base64="3J36SG+QE5BZvsCP1mio8MBUInU="></latexit>

 �
Y in

<latexit sha1_base64="xm/jY6ebxPc1YiFxPWE8KfHs6SU=">AAACBHicbVC7TgJBFJ3FF+ILtaTZSEysyC6aaEm0scREHgaQzA53YcLszmbmrko2FDb+io2Fxtj6EXb+jQNsoeBJJjk5597cOceLBNfoON9WZml5ZXUtu57b2Nza3snv7tW1jBWDGpNCqqZHNQgeQg05CmhGCmjgCWh4w4uJ37gDpbkMr3EUQSeg/ZD7nFE0UjdfaEtjC/CRKiXvk5vxbRvhARMejrv5olNyprAXiZuSIklR7ea/2j3J4gBCZIJq3XKdCDsJVciZgHGuHWuIKBvSPrQMDWkAupNMQ4ztQ6P0bF8q80K0p+rvjYQGWo8Cz0wGFAd63puI/3mtGP2zjskTxQghmx3yY2GjtCeN2D2ugKEYGUKZ4uavNhtQRRma3nKmBHc+8iKpl0vucal8dVKsnKd1ZEmBHJAj4pJTUiGXpEpqhJFH8kxeyZv1ZL1Y79bHbDRjpTv75A+szx+DfplK</latexit>

�!
Y in

<latexit sha1_base64="lgQW8+A9EPQueinUP4H/6dqzoik=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqJqUoKEowVLIxFog/UhMpxndaqE0f2DVBFWVj4FRYGEGLlH9j4G9w2A7QcydLROffq+hw/5kyBbX8bhYXFpeWV4mppbX1jc8vc3mkqkUhCG0RwIds+VpSziDaAAaftWFIc+py2/OHF2G/dUamYiK5hFFMvxP2IBYxg0FLX3HeFtiXrDwBLKe7Tm+zWBfoAKYuyrlm2K/YE1jxxclJGOepd88vtCZKENALCsVIdx47BS7EERjjNSm6iaIzJEPdpR9MIh1R56SRFZh1qpWcFQuoXgTVRf2+kOFRqFPp6MsQwULPeWPzP6yQQnHk6T5wAjcj0UJBwC4Q1rsTqMUkJ8JEmmEim/2qRAZaYgC6upEtwZiPPk2a14hxXqlcn5dp5XkcR7aEDdIQcdIpq6BLVUQMR9Iie0St6M56MF+Pd+JiOFox8Zxf9gfH5A2MDmcc=</latexit>

Xi
<latexit sha1_base64="3iZXTg4Ib3Bh78XuDxTfX/j8otU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OnzfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAxHo28</latexit>

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

h�Stotal
mod i = kB(I[XiY

in
i ;

�!
Y in

i+1]� I[Xi+1;
�!
Y in

i+1])
<latexit sha1_base64="LxVtaHFkNOZw9rphdr+rfx86/Oo="></latexit>
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Z

WX

Yj
<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Q
<latexit sha1_base64="TIwmk8u21VOUoY7U7p41qYBa1Ac=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frGuM2Q==</latexit>

W
<latexit sha1_base64="yxUgNFppSsebkUqo0HdMiZJUGss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvslJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtYOM3w==</latexit>

Outputs randomized and uncorrelated: Pr(Y out
a:b ) =

1

|Y|b�a
<latexit sha1_base64="6Q5wEC86L/5Al/U9sLdTSGko8sI="></latexit>

Input structured: Pr(Y in
a:b) 6=

b�1Y

i=a

Pr(Y in
i )

<latexit sha1_base64="3kQ0dzzPx3wte7FVoB+u/qBXl9A="></latexit>

https://en.wikipedia.org/wiki/Harry_Potter_(character)
https://en.wikipedia.org/wiki/File:TV_noise.jpg

Remove dependence on outputs
<latexit sha1_base64="VCYUZL6bcSbs9fXjgj6bRIA629o=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUYFXRbduKxiH9CWksnc1mAmGZI7xTL0A9z4K25cKOLWD3Dn35g+Ftp6IHA4515uzgkTKSz6/re3sLi0vLKaW8uvb2xubRd2dmtWp4ZDlWupTSNkFqRQUEWBEhqJARaHEurh/eXIr/fBWKHVLQ4SaMesp0RXcIZO6hSKLYQHzG4g1n2gESSgIlAcqFZUp5ikaIduyi/5Y9B5EkxJkUxR6RS+WpHmaQwKuWTWNgM/wXbGDAouYZhvpRYSxu9ZD5qOKhaDbWfjMEN66JSIdrVxTyEdq783MhZbO4hDNxkzvLOz3kj8z2um2D1vZ0K5TC7h5FA3lRQ1HTVDI2GAoxw4wrgR7q+U3zHDOLr+8q6EYDbyPKkdl4KT0vH1abF8Ma0jR/bJATkiATkjZXJFKqRKOHkkz+SVvHlP3ov37n1MRhe86c4e+QPv8weodJwA</latexit>

Of the many ways of erasing information, which is best?
<latexit sha1_base64="3J36SG+QE5BZvsCP1mio8MBUInU="></latexit>

 �
Y in

<latexit sha1_base64="xm/jY6ebxPc1YiFxPWE8KfHs6SU=">AAACBHicbVC7TgJBFJ3FF+ILtaTZSEysyC6aaEm0scREHgaQzA53YcLszmbmrko2FDb+io2Fxtj6EXb+jQNsoeBJJjk5597cOceLBNfoON9WZml5ZXUtu57b2Nza3snv7tW1jBWDGpNCqqZHNQgeQg05CmhGCmjgCWh4w4uJ37gDpbkMr3EUQSeg/ZD7nFE0UjdfaEtjC/CRKiXvk5vxbRvhARMejrv5olNyprAXiZuSIklR7ea/2j3J4gBCZIJq3XKdCDsJVciZgHGuHWuIKBvSPrQMDWkAupNMQ4ztQ6P0bF8q80K0p+rvjYQGWo8Cz0wGFAd63puI/3mtGP2zjskTxQghmx3yY2GjtCeN2D2ugKEYGUKZ4uavNhtQRRma3nKmBHc+8iKpl0vucal8dVKsnKd1ZEmBHJAj4pJTUiGXpEpqhJFH8kxeyZv1ZL1Y79bHbDRjpTv75A+szx+DfplK</latexit>

�!
Y in

<latexit sha1_base64="lgQW8+A9EPQueinUP4H/6dqzoik=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqJqUoKEowVLIxFog/UhMpxndaqE0f2DVBFWVj4FRYGEGLlH9j4G9w2A7QcydLROffq+hw/5kyBbX8bhYXFpeWV4mppbX1jc8vc3mkqkUhCG0RwIds+VpSziDaAAaftWFIc+py2/OHF2G/dUamYiK5hFFMvxP2IBYxg0FLX3HeFtiXrDwBLKe7Tm+zWBfoAKYuyrlm2K/YE1jxxclJGOepd88vtCZKENALCsVIdx47BS7EERjjNSm6iaIzJEPdpR9MIh1R56SRFZh1qpWcFQuoXgTVRf2+kOFRqFPp6MsQwULPeWPzP6yQQnHk6T5wAjcj0UJBwC4Q1rsTqMUkJ8JEmmEim/2qRAZaYgC6upEtwZiPPk2a14hxXqlcn5dp5XkcR7aEDdIQcdIpq6BLVUQMR9Iie0St6M56MF+Pd+JiOFox8Zxf9gfH5A2MDmcc=</latexit>

Xi
<latexit sha1_base64="3iZXTg4Ib3Bh78XuDxTfX/j8otU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OnzfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAxHo28</latexit>

Nonanticipatory: I[Xi;
�!
Y in| �Y in] = 0

<latexit sha1_base64="dkvLr7IyzUehPAt6OSvF9yzlgc0="></latexit>

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

h�Stotal
mod i = kB(I[XiY

in
i ;

�!
Y in

i+1]� I[Xi+1;
�!
Y in

i+1])
<latexit sha1_base64="LxVtaHFkNOZw9rphdr+rfx86/Oo="></latexit>
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<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Q
<latexit sha1_base64="TIwmk8u21VOUoY7U7p41qYBa1Ac=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frGuM2Q==</latexit>

W
<latexit sha1_base64="yxUgNFppSsebkUqo0HdMiZJUGss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvslJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtYOM3w==</latexit>

Outputs randomized and uncorrelated: Pr(Y out
a:b ) =

1

|Y|b�a
<latexit sha1_base64="6Q5wEC86L/5Al/U9sLdTSGko8sI="></latexit>

Input structured: Pr(Y in
a:b) 6=

b�1Y

i=a

Pr(Y in
i )

<latexit sha1_base64="3kQ0dzzPx3wte7FVoB+u/qBXl9A="></latexit>

https://en.wikipedia.org/wiki/Harry_Potter_(character)
https://en.wikipedia.org/wiki/File:TV_noise.jpg

Remove dependence on outputs
<latexit sha1_base64="VCYUZL6bcSbs9fXjgj6bRIA629o=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUYFXRbduKxiH9CWksnc1mAmGZI7xTL0A9z4K25cKOLWD3Dn35g+Ftp6IHA4515uzgkTKSz6/re3sLi0vLKaW8uvb2xubRd2dmtWp4ZDlWupTSNkFqRQUEWBEhqJARaHEurh/eXIr/fBWKHVLQ4SaMesp0RXcIZO6hSKLYQHzG4g1n2gESSgIlAcqFZUp5ikaIduyi/5Y9B5EkxJkUxR6RS+WpHmaQwKuWTWNgM/wXbGDAouYZhvpRYSxu9ZD5qOKhaDbWfjMEN66JSIdrVxTyEdq783MhZbO4hDNxkzvLOz3kj8z2um2D1vZ0K5TC7h5FA3lRQ1HTVDI2GAoxw4wrgR7q+U3zHDOLr+8q6EYDbyPKkdl4KT0vH1abF8Ma0jR/bJATkiATkjZXJFKqRKOHkkz+SVvHlP3ov37n1MRhe86c4e+QPv8weodJwA</latexit>

Of the many ways of erasing information, which is best?
<latexit sha1_base64="3J36SG+QE5BZvsCP1mio8MBUInU="></latexit>

 �
Y in

<latexit sha1_base64="xm/jY6ebxPc1YiFxPWE8KfHs6SU=">AAACBHicbVC7TgJBFJ3FF+ILtaTZSEysyC6aaEm0scREHgaQzA53YcLszmbmrko2FDb+io2Fxtj6EXb+jQNsoeBJJjk5597cOceLBNfoON9WZml5ZXUtu57b2Nza3snv7tW1jBWDGpNCqqZHNQgeQg05CmhGCmjgCWh4w4uJ37gDpbkMr3EUQSeg/ZD7nFE0UjdfaEtjC/CRKiXvk5vxbRvhARMejrv5olNyprAXiZuSIklR7ea/2j3J4gBCZIJq3XKdCDsJVciZgHGuHWuIKBvSPrQMDWkAupNMQ4ztQ6P0bF8q80K0p+rvjYQGWo8Cz0wGFAd63puI/3mtGP2zjskTxQghmx3yY2GjtCeN2D2ugKEYGUKZ4uavNhtQRRma3nKmBHc+8iKpl0vucal8dVKsnKd1ZEmBHJAj4pJTUiGXpEpqhJFH8kxeyZv1ZL1Y79bHbDRjpTv75A+szx+DfplK</latexit>

�!
Y in

<latexit sha1_base64="lgQW8+A9EPQueinUP4H/6dqzoik=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqJqUoKEowVLIxFog/UhMpxndaqE0f2DVBFWVj4FRYGEGLlH9j4G9w2A7QcydLROffq+hw/5kyBbX8bhYXFpeWV4mppbX1jc8vc3mkqkUhCG0RwIds+VpSziDaAAaftWFIc+py2/OHF2G/dUamYiK5hFFMvxP2IBYxg0FLX3HeFtiXrDwBLKe7Tm+zWBfoAKYuyrlm2K/YE1jxxclJGOepd88vtCZKENALCsVIdx47BS7EERjjNSm6iaIzJEPdpR9MIh1R56SRFZh1qpWcFQuoXgTVRf2+kOFRqFPp6MsQwULPeWPzP6yQQnHk6T5wAjcj0UJBwC4Q1rsTqMUkJ8JEmmEim/2qRAZaYgC6upEtwZiPPk2a14hxXqlcn5dp5XkcR7aEDdIQcdIpq6BLVUQMR9Iie0St6M56MF+Pd+JiOFox8Zxf9gfH5A2MDmcc=</latexit>Xi
<latexit sha1_base64="3iZXTg4Ib3Bh78XuDxTfX/j8otU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OnzfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAxHo28</latexit>

Nonanticipatory: I[Xi;
�!
Y in| �Y in] = 0

<latexit sha1_base64="dkvLr7IyzUehPAt6OSvF9yzlgc0="></latexit>

Thermodynamically “best”: h�Stotal
mod i = 0

<latexit sha1_base64="4vMi5ZPRAicFTB8SP3sREciHLs8="></latexit>

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

h�Stotal
mod i = kB(I[XiY

in
i ;

�!
Y in

i+1]� I[Xi+1;
�!
Y in

i+1])
<latexit sha1_base64="LxVtaHFkNOZw9rphdr+rfx86/Oo="></latexit>
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<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Q
<latexit sha1_base64="TIwmk8u21VOUoY7U7p41qYBa1Ac=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frGuM2Q==</latexit>

W
<latexit sha1_base64="yxUgNFppSsebkUqo0HdMiZJUGss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvslJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtYOM3w==</latexit>

Outputs randomized and uncorrelated: Pr(Y out
a:b ) =

1

|Y|b�a
<latexit sha1_base64="6Q5wEC86L/5Al/U9sLdTSGko8sI="></latexit>

Input structured: Pr(Y in
a:b) 6=

b�1Y

i=a

Pr(Y in
i )

<latexit sha1_base64="3kQ0dzzPx3wte7FVoB+u/qBXl9A="></latexit>

https://en.wikipedia.org/wiki/Harry_Potter_(character)
https://en.wikipedia.org/wiki/File:TV_noise.jpg

Remove dependence on outputs
<latexit sha1_base64="VCYUZL6bcSbs9fXjgj6bRIA629o=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUYFXRbduKxiH9CWksnc1mAmGZI7xTL0A9z4K25cKOLWD3Dn35g+Ftp6IHA4515uzgkTKSz6/re3sLi0vLKaW8uvb2xubRd2dmtWp4ZDlWupTSNkFqRQUEWBEhqJARaHEurh/eXIr/fBWKHVLQ4SaMesp0RXcIZO6hSKLYQHzG4g1n2gESSgIlAcqFZUp5ikaIduyi/5Y9B5EkxJkUxR6RS+WpHmaQwKuWTWNgM/wXbGDAouYZhvpRYSxu9ZD5qOKhaDbWfjMEN66JSIdrVxTyEdq783MhZbO4hDNxkzvLOz3kj8z2um2D1vZ0K5TC7h5FA3lRQ1HTVDI2GAoxw4wrgR7q+U3zHDOLr+8q6EYDbyPKkdl4KT0vH1abF8Ma0jR/bJATkiATkjZXJFKqRKOHkkz+SVvHlP3ov37n1MRhe86c4e+QPv8weodJwA</latexit>

Of the many ways of erasing information, which is best?
<latexit sha1_base64="3J36SG+QE5BZvsCP1mio8MBUInU="></latexit>

 �
Y in

<latexit sha1_base64="xm/jY6ebxPc1YiFxPWE8KfHs6SU=">AAACBHicbVC7TgJBFJ3FF+ILtaTZSEysyC6aaEm0scREHgaQzA53YcLszmbmrko2FDb+io2Fxtj6EXb+jQNsoeBJJjk5597cOceLBNfoON9WZml5ZXUtu57b2Nza3snv7tW1jBWDGpNCqqZHNQgeQg05CmhGCmjgCWh4w4uJ37gDpbkMr3EUQSeg/ZD7nFE0UjdfaEtjC/CRKiXvk5vxbRvhARMejrv5olNyprAXiZuSIklR7ea/2j3J4gBCZIJq3XKdCDsJVciZgHGuHWuIKBvSPrQMDWkAupNMQ4ztQ6P0bF8q80K0p+rvjYQGWo8Cz0wGFAd63puI/3mtGP2zjskTxQghmx3yY2GjtCeN2D2ugKEYGUKZ4uavNhtQRRma3nKmBHc+8iKpl0vucal8dVKsnKd1ZEmBHJAj4pJTUiGXpEpqhJFH8kxeyZv1ZL1Y79bHbDRjpTv75A+szx+DfplK</latexit>

�!
Y in

<latexit sha1_base64="lgQW8+A9EPQueinUP4H/6dqzoik=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqJqUoKEowVLIxFog/UhMpxndaqE0f2DVBFWVj4FRYGEGLlH9j4G9w2A7QcydLROffq+hw/5kyBbX8bhYXFpeWV4mppbX1jc8vc3mkqkUhCG0RwIds+VpSziDaAAaftWFIc+py2/OHF2G/dUamYiK5hFFMvxP2IBYxg0FLX3HeFtiXrDwBLKe7Tm+zWBfoAKYuyrlm2K/YE1jxxclJGOepd88vtCZKENALCsVIdx47BS7EERjjNSm6iaIzJEPdpR9MIh1R56SRFZh1qpWcFQuoXgTVRf2+kOFRqFPp6MsQwULPeWPzP6yQQnHk6T5wAjcj0UJBwC4Q1rsTqMUkJ8JEmmEim/2qRAZaYgC6upEtwZiPPk2a14hxXqlcn5dp5XkcR7aEDdIQcdIpq6BLVUQMR9Iie0St6M56MF+Pd+JiOFox8Zxf9gfH5A2MDmcc=</latexit>Xi
<latexit sha1_base64="3iZXTg4Ib3Bh78XuDxTfX/j8otU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OnzfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAxHo28</latexit>

Nonanticipatory: I[Xi;
�!
Y in| �Y in] = 0

<latexit sha1_base64="dkvLr7IyzUehPAt6OSvF9yzlgc0="></latexit>

Thermodynamically “best”: h�Stotal
mod i = 0

<latexit sha1_base64="4vMi5ZPRAicFTB8SP3sREciHLs8="></latexit>

Implies I[
 �
Y in;

�!
Y in|Xi] = 0

<latexit sha1_base64="b6kZfnmD9S+UeMCOYujk4znYUGE="></latexit>

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

h�Stotal
mod i = kB(I[XiY

in
i ;

�!
Y in

i+1]� I[Xi+1;
�!
Y in

i+1])
<latexit sha1_base64="LxVtaHFkNOZw9rphdr+rfx86/Oo="></latexit>
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<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Q
<latexit sha1_base64="TIwmk8u21VOUoY7U7p41qYBa1Ac=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frGuM2Q==</latexit>

W
<latexit sha1_base64="yxUgNFppSsebkUqo0HdMiZJUGss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvslJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtYOM3w==</latexit>

Outputs randomized and uncorrelated: Pr(Y out
a:b ) =

1

|Y|b�a
<latexit sha1_base64="6Q5wEC86L/5Al/U9sLdTSGko8sI="></latexit>

Input structured: Pr(Y in
a:b) 6=

b�1Y

i=a

Pr(Y in
i )

<latexit sha1_base64="3kQ0dzzPx3wte7FVoB+u/qBXl9A="></latexit>

https://en.wikipedia.org/wiki/Harry_Potter_(character)
https://en.wikipedia.org/wiki/File:TV_noise.jpg

Remove dependence on outputs
<latexit sha1_base64="VCYUZL6bcSbs9fXjgj6bRIA629o=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUYFXRbduKxiH9CWksnc1mAmGZI7xTL0A9z4K25cKOLWD3Dn35g+Ftp6IHA4515uzgkTKSz6/re3sLi0vLKaW8uvb2xubRd2dmtWp4ZDlWupTSNkFqRQUEWBEhqJARaHEurh/eXIr/fBWKHVLQ4SaMesp0RXcIZO6hSKLYQHzG4g1n2gESSgIlAcqFZUp5ikaIduyi/5Y9B5EkxJkUxR6RS+WpHmaQwKuWTWNgM/wXbGDAouYZhvpRYSxu9ZD5qOKhaDbWfjMEN66JSIdrVxTyEdq783MhZbO4hDNxkzvLOz3kj8z2um2D1vZ0K5TC7h5FA3lRQ1HTVDI2GAoxw4wrgR7q+U3zHDOLr+8q6EYDbyPKkdl4KT0vH1abF8Ma0jR/bJATkiATkjZXJFKqRKOHkkz+SVvHlP3ov37n1MRhe86c4e+QPv8weodJwA</latexit>

Of the many ways of erasing information, which is best?
<latexit sha1_base64="3J36SG+QE5BZvsCP1mio8MBUInU="></latexit>

 �
Y in

<latexit sha1_base64="xm/jY6ebxPc1YiFxPWE8KfHs6SU=">AAACBHicbVC7TgJBFJ3FF+ILtaTZSEysyC6aaEm0scREHgaQzA53YcLszmbmrko2FDb+io2Fxtj6EXb+jQNsoeBJJjk5597cOceLBNfoON9WZml5ZXUtu57b2Nza3snv7tW1jBWDGpNCqqZHNQgeQg05CmhGCmjgCWh4w4uJ37gDpbkMr3EUQSeg/ZD7nFE0UjdfaEtjC/CRKiXvk5vxbRvhARMejrv5olNyprAXiZuSIklR7ea/2j3J4gBCZIJq3XKdCDsJVciZgHGuHWuIKBvSPrQMDWkAupNMQ4ztQ6P0bF8q80K0p+rvjYQGWo8Cz0wGFAd63puI/3mtGP2zjskTxQghmx3yY2GjtCeN2D2ugKEYGUKZ4uavNhtQRRma3nKmBHc+8iKpl0vucal8dVKsnKd1ZEmBHJAj4pJTUiGXpEpqhJFH8kxeyZv1ZL1Y79bHbDRjpTv75A+szx+DfplK</latexit>

�!
Y in

<latexit sha1_base64="lgQW8+A9EPQueinUP4H/6dqzoik=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqJqUoKEowVLIxFog/UhMpxndaqE0f2DVBFWVj4FRYGEGLlH9j4G9w2A7QcydLROffq+hw/5kyBbX8bhYXFpeWV4mppbX1jc8vc3mkqkUhCG0RwIds+VpSziDaAAaftWFIc+py2/OHF2G/dUamYiK5hFFMvxP2IBYxg0FLX3HeFtiXrDwBLKe7Tm+zWBfoAKYuyrlm2K/YE1jxxclJGOepd88vtCZKENALCsVIdx47BS7EERjjNSm6iaIzJEPdpR9MIh1R56SRFZh1qpWcFQuoXgTVRf2+kOFRqFPp6MsQwULPeWPzP6yQQnHk6T5wAjcj0UJBwC4Q1rsTqMUkJ8JEmmEim/2qRAZaYgC6upEtwZiPPk2a14hxXqlcn5dp5XkcR7aEDdIQcdIpq6BLVUQMR9Iie0St6M56MF+Pd+JiOFox8Zxf9gfH5A2MDmcc=</latexit>Xi
<latexit sha1_base64="3iZXTg4Ib3Bh78XuDxTfX/j8otU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OnzfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAxHo28</latexit>

Nonanticipatory: I[Xi;
�!
Y in| �Y in] = 0

<latexit sha1_base64="dkvLr7IyzUehPAt6OSvF9yzlgc0="></latexit>

Thermodynamically “best”: h�Stotal
mod i = 0

<latexit sha1_base64="4vMi5ZPRAicFTB8SP3sREciHLs8="></latexit>

Implies I[
 �
Y in;

�!
Y in|Xi] = 0

<latexit sha1_base64="b6kZfnmD9S+UeMCOYujk4znYUGE="></latexit>

Minimum entropy production implies hidden state is predictive
<latexit sha1_base64="oDmqmpCGhxsj7WvF2UGGzE4hwdo="></latexit>

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

h�Stotal
mod i = kB(I[XiY

in
i ;

�!
Y in

i+1]� I[Xi+1;
�!
Y in

i+1])
<latexit sha1_base64="LxVtaHFkNOZw9rphdr+rfx86/Oo="></latexit>
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Z

WX

Yj
<latexit sha1_base64="aAQwkvk59rRFR6C8ERjkNrtpw8w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY2k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfjm8xvT6jSTIp7M42pH+GhYCEj2FjJ70XYjAjm6cOs/9gvV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5JWrepdVGt3l5V6La+jCCdwCufgwRXU4RYa0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBFWWSQA==</latexit>

Yj�1
<latexit sha1_base64="lynpBAJd1Tw4+hdf/GRX3dFlb8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSVRQZdFNy4r2Ie0IUymk3bs5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7ttGSWC0BaJeCS6HpaUs5C2FFOcdmNBceBx2vHGV7nfeaBCsii8VZOYOgEehsxnBCstuWa1H2A1Ipind5mb3h/bmWvWrLo1BVokdkFqUKDpml/9QUSSgIaKcCxlz7Zi5aRYKEY4zSr9RNIYkzEe0p6mIQ6odNJp9AwdamWA/EjoFyo0VX9vpDiQchJ4ejIPKue9XPzP6yXKv3BSFsaJoiGZHfITjlSE8h7QgAlKFJ9ogolgOisiIywwUbqtii7Bnv/yImmf1O3T+snNWa1xWdRRhn04gCOw4RwacA1NaAGBR3iGV3gznowX4934mI2WjGJnD/7A+PwBQ/aT/w==</latexit>

Yj�2
<latexit sha1_base64="MJHdci2qZZilw9UGId2R3rIJWM8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSWpgi6LblxWsA9pQ5hMJ+3o5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmlpeWV1rbxe2djc2t4xq7sdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vXuL3O/+0CFZFF4oyYxdQI8CpnPCFZacs3qIMBqTDBPbzM3vTtuZK5Zs+rWFGiR2AWpQYGWa34NhhFJAhoqwrGUfduKlZNioRjhNKsMEkljTO7xiPY1DXFApZNOo2foUCtD5EdCv1Chqfp7I8WBlJPA05N5UDnv5eJ/Xj9R/rmTsjBOFA3J7JCfcKQilPeAhkxQovhEE0wE01kRGWOBidJtVXQJ9vyXF0mnUbdP6o3r01rzoqijDPtwAEdgwxk04Qpa0AYCj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDRXuUAA==</latexit>

Yj�3
<latexit sha1_base64="THuXhOMIvCEaxzuQStvbg87odY8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgxpK0gi6LblxWsA9pQ5hMp+3YySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsSoVLb9bRRWVtfWN4qbpa3tnd09s7zflmEsMGnhkIWi6yNJGOWkpahipBsJggKfkY4/ucr8zgMRkob8Vk0j4gZoxOmQYqS05JnlfoDUGCOW3KVecn9aTz2zYlftGaxl4uSkAjmanvnVH4Q4DghXmCEpe44dKTdBQlHMSFrqx5JECE/QiPQ05Sgg0k1m0VPrWCsDaxgK/biyZurvjQQFUk4DX09mQeWil4n/eb1YDS/chPIoVoTj+aFhzCwVWlkP1oAKghWbaoKwoDqrhcdIIKx0WyVdgrP45WXSrlWderV2c1ZpXOZ1FOEQjuAEHDiHBlxDE1qA4RGe4RXejCfjxXg3PuajBSPfOYA/MD5/AEcAlAE=</latexit>

Yj+3
<latexit sha1_base64="AJng0I3y4S5YNnLEdyRcFlWSCpc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIsgCCVpBV0W3bisYB/ShjCZTtuxk0mYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1z/IhRqWz72yisrK6tbxQ3S1vbO7t7Znm/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/cpX5nQciJA35rZpGxA3QiNMhxUhpyTPL/QCpMUYsuUu95P60nnpmxa7aM1jLxMlJBXI0PfOrPwhxHBCuMENS9hw7Um6ChKKYkbTUjyWJEJ6gEelpylFApJvMoqfWsVYG1jAU+nFlzdTfGwkKpJwGvp7MgspFLxP/83qxGl64CeVRrAjH80PDmFkqtLIerAEVBCs21QRhQXVWC4+RQFjptkq6BGfxy8ukXas69Wrt5qzSuMzrKMIhHMEJOHAODbiGJrQAwyM8wyu8GU/Gi/FufMxHC0a+cwB/YHz+AEP0k/8=</latexit>

Yj+2
<latexit sha1_base64="bmlQythKxW0TACL1RMTZVbZib8M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEpSBV0W3bisYB/ShjCZTtrRyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOvdX+Z+94EKyaLwRk1i6gR4FDKfEay05JrVQYDVmGCe3mZuenfcyFyzZtWtKdAisQtSgwIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYZJJLGmNzjEe1rGuKASiedRs/QoVaGyI+EfqFCU/X3RooDKSeBpyfzoHLey8X/vH6i/HMnZWGcKBqS2SE/4UhFKO8BDZmgRPGJJpgIprMiMsYCE6XbqugS7PkvL5JOo26f1BvXp7XmRVFHGfbhAI7AhjNowhW0oA0EHuEZXuHNeDJejHfjYzZaMoqdPfgD4/MHQm+T/g==</latexit>

Yj+1
<latexit sha1_base64="cCQBOcc+bm77yXyWpfNovttnGF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBEEqigi6LblxWsA9pQ5hMJ+3YyYOZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHizmTyrK+jdLS8srqWnm9srG5tb1jVnfbMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONr3K/80CFZFF4qyYxdQI8DJnPCFZacs1qP8BqRDBP7zI3vT+2M9esWXVrCrRI7ILUoEDTNb/6g4gkAQ0V4VjKnm3FykmxUIxwmlX6iaQxJmM8pD1NQxxQ6aTT6Bk61MoA+ZHQL1Roqv7eSHEg5STw9GQeVM57ufif10uUf+GkLIwTRUMyO+QnHKkI5T2gAROUKD7RBBPBdFZERlhgonRbFV2CPf/lRdI+qdun9ZObs1rjsqijDPtwAEdgwzk04Bqa0AICj/AMr/BmPBkvxrvxMRstGcXOHvyB8fkDQOqT/Q==</latexit>

Inputs Outputs

Q
<latexit sha1_base64="TIwmk8u21VOUoY7U7p41qYBa1Ac=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frGuM2Q==</latexit>

W
<latexit sha1_base64="yxUgNFppSsebkUqo0HdMiZJUGss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvslJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtYOM3w==</latexit>

Outputs randomized and uncorrelated: Pr(Y out
a:b ) =

1

|Y|b�a
<latexit sha1_base64="6Q5wEC86L/5Al/U9sLdTSGko8sI="></latexit>

Input structured: Pr(Y in
a:b) 6=

b�1Y

i=a

Pr(Y in
i )

<latexit sha1_base64="3kQ0dzzPx3wte7FVoB+u/qBXl9A="></latexit>

https://en.wikipedia.org/wiki/Harry_Potter_(character)
https://en.wikipedia.org/wiki/File:TV_noise.jpg

Remove dependence on outputs
<latexit sha1_base64="VCYUZL6bcSbs9fXjgj6bRIA629o=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUYFXRbduKxiH9CWksnc1mAmGZI7xTL0A9z4K25cKOLWD3Dn35g+Ftp6IHA4515uzgkTKSz6/re3sLi0vLKaW8uvb2xubRd2dmtWp4ZDlWupTSNkFqRQUEWBEhqJARaHEurh/eXIr/fBWKHVLQ4SaMesp0RXcIZO6hSKLYQHzG4g1n2gESSgIlAcqFZUp5ikaIduyi/5Y9B5EkxJkUxR6RS+WpHmaQwKuWTWNgM/wXbGDAouYZhvpRYSxu9ZD5qOKhaDbWfjMEN66JSIdrVxTyEdq783MhZbO4hDNxkzvLOz3kj8z2um2D1vZ0K5TC7h5FA3lRQ1HTVDI2GAoxw4wrgR7q+U3zHDOLr+8q6EYDbyPKkdl4KT0vH1abF8Ma0jR/bJATkiATkjZXJFKqRKOHkkz+SVvHlP3ov37n1MRhe86c4e+QPv8weodJwA</latexit>

Of the many ways of erasing information, which is best?
<latexit sha1_base64="3J36SG+QE5BZvsCP1mio8MBUInU="></latexit>

 �
Y in

<latexit sha1_base64="xm/jY6ebxPc1YiFxPWE8KfHs6SU=">AAACBHicbVC7TgJBFJ3FF+ILtaTZSEysyC6aaEm0scREHgaQzA53YcLszmbmrko2FDb+io2Fxtj6EXb+jQNsoeBJJjk5597cOceLBNfoON9WZml5ZXUtu57b2Nza3snv7tW1jBWDGpNCqqZHNQgeQg05CmhGCmjgCWh4w4uJ37gDpbkMr3EUQSeg/ZD7nFE0UjdfaEtjC/CRKiXvk5vxbRvhARMejrv5olNyprAXiZuSIklR7ea/2j3J4gBCZIJq3XKdCDsJVciZgHGuHWuIKBvSPrQMDWkAupNMQ4ztQ6P0bF8q80K0p+rvjYQGWo8Cz0wGFAd63puI/3mtGP2zjskTxQghmx3yY2GjtCeN2D2ugKEYGUKZ4uavNhtQRRma3nKmBHc+8iKpl0vucal8dVKsnKd1ZEmBHJAj4pJTUiGXpEpqhJFH8kxeyZv1ZL1Y79bHbDRjpTv75A+szx+DfplK</latexit>

�!
Y in

<latexit sha1_base64="lgQW8+A9EPQueinUP4H/6dqzoik=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqJqUoKEowVLIxFog/UhMpxndaqE0f2DVBFWVj4FRYGEGLlH9j4G9w2A7QcydLROffq+hw/5kyBbX8bhYXFpeWV4mppbX1jc8vc3mkqkUhCG0RwIds+VpSziDaAAaftWFIc+py2/OHF2G/dUamYiK5hFFMvxP2IBYxg0FLX3HeFtiXrDwBLKe7Tm+zWBfoAKYuyrlm2K/YE1jxxclJGOepd88vtCZKENALCsVIdx47BS7EERjjNSm6iaIzJEPdpR9MIh1R56SRFZh1qpWcFQuoXgTVRf2+kOFRqFPp6MsQwULPeWPzP6yQQnHk6T5wAjcj0UJBwC4Q1rsTqMUkJ8JEmmEim/2qRAZaYgC6upEtwZiPPk2a14hxXqlcn5dp5XkcR7aEDdIQcdIpq6BLVUQMR9Iie0St6M56MF+Pd+JiOFox8Zxf9gfH5A2MDmcc=</latexit>Xi
<latexit sha1_base64="3iZXTg4Ib3Bh78XuDxTfX/j8otU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OnzfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAxHo28</latexit>

Nonanticipatory: I[Xi;
�!
Y in| �Y in] = 0

<latexit sha1_base64="dkvLr7IyzUehPAt6OSvF9yzlgc0="></latexit>

Thermodynamically “best”: h�Stotal
mod i = 0

<latexit sha1_base64="4vMi5ZPRAicFTB8SP3sREciHLs8="></latexit>

Implies I[
 �
Y in;

�!
Y in|Xi] = 0

<latexit sha1_base64="b6kZfnmD9S+UeMCOYujk4znYUGE="></latexit>

Minimum entropy production implies hidden state is predictive
<latexit sha1_base64="oDmqmpCGhxsj7WvF2UGGzE4hwdo="></latexit>

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural 
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

h�Stotal
mod i = kB(I[XiY

in
i ;

�!
Y in

i+1]� I[Xi+1;
�!
Y in

i+1])
<latexit sha1_base64="LxVtaHFkNOZw9rphdr+rfx86/Oo="></latexit>

Memory is su�cient statistic
 �
Y in ! �!Y in

<latexit sha1_base64="DBaHl2Sc2VEbMly/f7jcLBEQwX0="></latexit>
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Statistical Complexity

Epsilon-Machines:
 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

�!
Y = Y0:1 = Y0Y1 · · ·

<latexit sha1_base64="fhUFHHqAVsUAaoXnIo4vPvoeeIw=">AAACFnicbVBNSwMxEM36bf1a9eglWAQvll0VFEEoevGoYNXSLUs2zbbBbLIks0pZ+iu8+Fe8eFDEq3jz35ite9DWBwMv782QmRelghvwvC9nYnJqemZ2br6ysLi0vOKurl0ZlWnKGlQJpW8iYpjgkjWAg2A3qWYkiQS7jm5PC//6jmnDlbyEfsraCelKHnNKwEqhuxMoa2ve7QHRWt3nzcFxM8y9o4DLGPrFw2uGPg5oR4EJ3apX84bA48QvSRWVOA/dz6CjaJYwCVQQY1q+l0I7Jxo4FWxQCTLDUkJvSZe1LJUkYaadD88a4C2rdHCstC0JeKj+nshJYkw/iWxnQqBnRr1C/M9rZRAftnMu0wyYpD8fxZnAoHCREe5wzSiIviWEam53xbRHNKFgk6zYEPzRk8fJ1W7N36vtXuxX6ydlHHNoA22ibeSjA1RHZ+gcNRBFD+gJvaBX59F5dt6c95/WCaecWUd/4Hx8A60+n6c=</latexit>

Cµ
<latexit sha1_base64="+pjvvKYMjEv1jSMcjRuBqI3DhKQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMdiLx4rmLbQhrLZbtqlu5uwuxFC6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244bc397hNVmsXy0WQJDQQeSxYxgo2V/NZwINJhtebW3QXQOvEKUoMC7WH1azCKSSqoNIRjrfuem5ggx8owwumsMkg1TTCZ4jHtWyqxoDrIF8fO0IVVRiiKlS1p0EL9PZFjoXUmQtspsJnoVW8u/uf1UxPdBjmTSWqoJMtFUcqRidH8czRiihLDM0swUczeisgEK0yMzadiQ/BWX14nnUbdu6o3Hq5rzbsijjKcwTlcggc30IR7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8foD6OkA==</latexit>

E
<latexit sha1_base64="JsgCcRK/q9lQZ6Zwed2XROKfko0=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LIogssK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfzsrq2vrGZmGruL2zu7dfOjhs6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtJ1SaR/LBTGLshXQoecAZNVZ67IbUjPwgvZ32S2W34s5AlomXkzLkqPdLX91BxJIQpWGCat3x3Nj0UqoMZwKnxW6iMaZsTIfYsVTSEHUvnSWeklOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkoq2BG/x5GXSrFa880r1/qJcu87rKMAxnMAZeHAJNbiDOjSAgYRneIU3RzsvzrvzMR9dcfKdI/gD5/MHsQiQ7Q==</latexit>

S0
<latexit sha1_base64="A1lbxvHAIz8d2MlbNycGTv3JURs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFS+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPpuv1R2K+4cZJV4OSlDjnq/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1Wqg9X5dptHkcBTuEMLsCDa6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDTDY1+</latexit>

Cµ = min
✏3I[✏( �Y );

�!
Y ]=I[

 �
Y ;
�!
Y ]

H[✏(
 �
Y )]

<latexit sha1_base64="7EZjidZVdt3JUYi8sd1CUL2KAEk="></latexit>

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003)
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 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

�!
Y = Y0:1 = Y0Y1 · · ·

<latexit sha1_base64="fhUFHHqAVsUAaoXnIo4vPvoeeIw=">AAACFnicbVBNSwMxEM36bf1a9eglWAQvll0VFEEoevGoYNXSLUs2zbbBbLIks0pZ+iu8+Fe8eFDEq3jz35ite9DWBwMv782QmRelghvwvC9nYnJqemZ2br6ysLi0vOKurl0ZlWnKGlQJpW8iYpjgkjWAg2A3qWYkiQS7jm5PC//6jmnDlbyEfsraCelKHnNKwEqhuxMoa2ve7QHRWt3nzcFxM8y9o4DLGPrFw2uGPg5oR4EJ3apX84bA48QvSRWVOA/dz6CjaJYwCVQQY1q+l0I7Jxo4FWxQCTLDUkJvSZe1LJUkYaadD88a4C2rdHCstC0JeKj+nshJYkw/iWxnQqBnRr1C/M9rZRAftnMu0wyYpD8fxZnAoHCREe5wzSiIviWEam53xbRHNKFgk6zYEPzRk8fJ1W7N36vtXuxX6ydlHHNoA22ibeSjA1RHZ+gcNRBFD+gJvaBX59F5dt6c95/WCaecWUd/4Hx8A60+n6c=</latexit>

Cµ
<latexit sha1_base64="+pjvvKYMjEv1jSMcjRuBqI3DhKQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMdiLx4rmLbQhrLZbtqlu5uwuxFC6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244bc397hNVmsXy0WQJDQQeSxYxgo2V/NZwINJhtebW3QXQOvEKUoMC7WH1azCKSSqoNIRjrfuem5ggx8owwumsMkg1TTCZ4jHtWyqxoDrIF8fO0IVVRiiKlS1p0EL9PZFjoXUmQtspsJnoVW8u/uf1UxPdBjmTSWqoJMtFUcqRidH8czRiihLDM0swUczeisgEK0yMzadiQ/BWX14nnUbdu6o3Hq5rzbsijjKcwTlcggc30IR7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8foD6OkA==</latexit>

E
<latexit sha1_base64="JsgCcRK/q9lQZ6Zwed2XROKfko0=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LIogssK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfzsrq2vrGZmGruL2zu7dfOjhs6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtJ1SaR/LBTGLshXQoecAZNVZ67IbUjPwgvZ32S2W34s5AlomXkzLkqPdLX91BxJIQpWGCat3x3Nj0UqoMZwKnxW6iMaZsTIfYsVTSEHUvnSWeklOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkoq2BG/x5GXSrFa880r1/qJcu87rKMAxnMAZeHAJNbiDOjSAgYRneIU3RzsvzrvzMR9dcfKdI/gD5/MHsQiQ7Q==</latexit>

S0
<latexit sha1_base64="A1lbxvHAIz8d2MlbNycGTv3JURs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFS+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPpuv1R2K+4cZJV4OSlDjnq/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1Wqg9X5dptHkcBTuEMLsCDa6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDTDY1+</latexit>

A

B C

Statistical Complexity

Epsilon-Machines:
-Causal states

Cµ = min
✏3I[✏( �Y );

�!
Y ]=I[

 �
Y ;
�!
Y ]

H[✏(
 �
Y )]

<latexit sha1_base64="7EZjidZVdt3JUYi8sd1CUL2KAEk="></latexit>

Si = ✏(
 �
Y i)

<latexit sha1_base64="7QIlB1u+XU2Ng4cCVcXEdPDPkTI=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2q0GITdiNgjZC0MYyonlIEpbZyd1kyOzMMjOrhCW1jb9iY6GIrV9g5984eRSaeGDgcM653LkniBlV2nW/rczC4tLySnY1t7a+sbllb+/UlEgkgSoRTMhGgBUwyqGqqWbQiCXgKGBQD/qXI79+D1JRwW/1IIZ2hLuchpRgbSTf3r/x6XkLYkWZ4IWWMFkGocZSiof0bujTI9/Ou0V3DGeeeFOSR1NUfPur1REkiYBrwrBSTc+NdTvFUlPCYJhrJQpiTPq4C01DOY5AtdPxKUPn0CgdJxTSPK6dsfp7IsWRUoMoMMkI656a9Ubif14z0eFZO6U8TjRwMlkUJszRwhn14nSoBKLZwBBMJDV/dUgPS0y0aS9nSvBmT54ntVLROy6Wrk/y5YtpHVm0hw5QAXnoFJXRFaqgKiLoET2jV/RmPVkv1rv1MYlmrOnMLvoD6/MH1/qa/w==</latexit>

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003)
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 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

�!
Y = Y0:1 = Y0Y1 · · ·

<latexit sha1_base64="fhUFHHqAVsUAaoXnIo4vPvoeeIw=">AAACFnicbVBNSwMxEM36bf1a9eglWAQvll0VFEEoevGoYNXSLUs2zbbBbLIks0pZ+iu8+Fe8eFDEq3jz35ite9DWBwMv782QmRelghvwvC9nYnJqemZ2br6ysLi0vOKurl0ZlWnKGlQJpW8iYpjgkjWAg2A3qWYkiQS7jm5PC//6jmnDlbyEfsraCelKHnNKwEqhuxMoa2ve7QHRWt3nzcFxM8y9o4DLGPrFw2uGPg5oR4EJ3apX84bA48QvSRWVOA/dz6CjaJYwCVQQY1q+l0I7Jxo4FWxQCTLDUkJvSZe1LJUkYaadD88a4C2rdHCstC0JeKj+nshJYkw/iWxnQqBnRr1C/M9rZRAftnMu0wyYpD8fxZnAoHCREe5wzSiIviWEam53xbRHNKFgk6zYEPzRk8fJ1W7N36vtXuxX6ydlHHNoA22ibeSjA1RHZ+gcNRBFD+gJvaBX59F5dt6c95/WCaecWUd/4Hx8A60+n6c=</latexit>

Cµ
<latexit sha1_base64="+pjvvKYMjEv1jSMcjRuBqI3DhKQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMdiLx4rmLbQhrLZbtqlu5uwuxFC6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244bc397hNVmsXy0WQJDQQeSxYxgo2V/NZwINJhtebW3QXQOvEKUoMC7WH1azCKSSqoNIRjrfuem5ggx8owwumsMkg1TTCZ4jHtWyqxoDrIF8fO0IVVRiiKlS1p0EL9PZFjoXUmQtspsJnoVW8u/uf1UxPdBjmTSWqoJMtFUcqRidH8czRiihLDM0swUczeisgEK0yMzadiQ/BWX14nnUbdu6o3Hq5rzbsijjKcwTlcggc30IR7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8foD6OkA==</latexit>

E
<latexit sha1_base64="JsgCcRK/q9lQZ6Zwed2XROKfko0=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LIogssK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfzsrq2vrGZmGruL2zu7dfOjhs6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtJ1SaR/LBTGLshXQoecAZNVZ67IbUjPwgvZ32S2W34s5AlomXkzLkqPdLX91BxJIQpWGCat3x3Nj0UqoMZwKnxW6iMaZsTIfYsVTSEHUvnSWeklOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkoq2BG/x5GXSrFa880r1/qJcu87rKMAxnMAZeHAJNbiDOjSAgYRneIU3RzsvzrvzMR9dcfKdI/gD5/MHsQiQ7Q==</latexit>

S0
<latexit sha1_base64="A1lbxvHAIz8d2MlbNycGTv3JURs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFS+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPpuv1R2K+4cZJV4OSlDjnq/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1Wqg9X5dptHkcBTuEMLsCDa6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDTDY1+</latexit>

s⇤ = A
<latexit sha1_base64="sHkZrEJyPRDD2bGt+vq3o6iu/TU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgl6EqBePEcwDkjXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbiN55QaR7JBzOK0Q9pX/IeZ9RYqaEfT8kVue4Uim7JnYIsEi8jRchQ7RS+2t2IJSFKwwTVuuW5sfFTqgxnAsf5dqIxpmxI+9iyVNIQtZ9Ozx2TY6t0SS9StqQhU/X3REpDrUdhYDtDagZ63puI/3mtxPQu/ZTLODEo2WxRLxHERGTyO+lyhcyIkSWUKW5vJWxAFWXGJpS3IXjzLy+SernknZXK9+fFyk0WRw4O4QhOwIMLqMAdVKEGDIbwDK/w5sTOi/PufMxal5xs5gD+wPn8AbHYjn0=</latexit>

A

B C

Statistical Complexity

Epsilon-Machines:
-Causal states

-Start state Pr(S0 = s⇤) = 1
<latexit sha1_base64="LLUHtbMHrHTpllkrwuWcp/2v0lE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBaheihJFfRSKHrxWNF+QJuWzXbTLt1swu5GKaH/w4sHRbz6X7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3DxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9EY3U7/5SKVioXjQ44i6AR4I5jOCtZG6nZos3vfsiuqenVacXr5gl+wZ0DJxUlKAFLVe/qvTD0kcUKEJx0q1HTvSboKlZoTTSa4TKxphMsID2jZU4IAqN5ldPUEnRukjP5SmhEYz9fdEggOlxoFnOgOsh2rRm4r/ee1Y+1duwkQUayrIfJEfc6RDNI0A9ZmkRPOxIZhIZm5FZIglJtoElTMhOIsvL5NGueScl8p3F4XqdRpHFo7gGIrgwCVU4RZqUAcCEp7hFd6sJ+vFerc+5q0ZK505hD+wPn8AMPKRAQ==</latexit>

Cµ = min
✏3I[✏( �Y );

�!
Y ]=I[

 �
Y ;
�!
Y ]

H[✏(
 �
Y )]

<latexit sha1_base64="7EZjidZVdt3JUYi8sd1CUL2KAEk="></latexit>

Si = ✏(
 �
Y i)

<latexit sha1_base64="7QIlB1u+XU2Ng4cCVcXEdPDPkTI=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2q0GITdiNgjZC0MYyonlIEpbZyd1kyOzMMjOrhCW1jb9iY6GIrV9g5984eRSaeGDgcM653LkniBlV2nW/rczC4tLySnY1t7a+sbllb+/UlEgkgSoRTMhGgBUwyqGqqWbQiCXgKGBQD/qXI79+D1JRwW/1IIZ2hLuchpRgbSTf3r/x6XkLYkWZ4IWWMFkGocZSiof0bujTI9/Ou0V3DGeeeFOSR1NUfPur1REkiYBrwrBSTc+NdTvFUlPCYJhrJQpiTPq4C01DOY5AtdPxKUPn0CgdJxTSPK6dsfp7IsWRUoMoMMkI656a9Ubif14z0eFZO6U8TjRwMlkUJszRwhn14nSoBKLZwBBMJDV/dUgPS0y0aS9nSvBmT54ntVLROy6Wrk/y5YtpHVm0hw5QAXnoFJXRFaqgKiLoET2jV/RmPVkv1rv1MYlmrOnMLvoD6/MH1/qa/w==</latexit>

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003)
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 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

�!
Y = Y0:1 = Y0Y1 · · ·

<latexit sha1_base64="fhUFHHqAVsUAaoXnIo4vPvoeeIw=">AAACFnicbVBNSwMxEM36bf1a9eglWAQvll0VFEEoevGoYNXSLUs2zbbBbLIks0pZ+iu8+Fe8eFDEq3jz35ite9DWBwMv782QmRelghvwvC9nYnJqemZ2br6ysLi0vOKurl0ZlWnKGlQJpW8iYpjgkjWAg2A3qWYkiQS7jm5PC//6jmnDlbyEfsraCelKHnNKwEqhuxMoa2ve7QHRWt3nzcFxM8y9o4DLGPrFw2uGPg5oR4EJ3apX84bA48QvSRWVOA/dz6CjaJYwCVQQY1q+l0I7Jxo4FWxQCTLDUkJvSZe1LJUkYaadD88a4C2rdHCstC0JeKj+nshJYkw/iWxnQqBnRr1C/M9rZRAftnMu0wyYpD8fxZnAoHCREe5wzSiIviWEam53xbRHNKFgk6zYEPzRk8fJ1W7N36vtXuxX6ydlHHNoA22ibeSjA1RHZ+gcNRBFD+gJvaBX59F5dt6c95/WCaecWUd/4Hx8A60+n6c=</latexit>

Cµ
<latexit sha1_base64="+pjvvKYMjEv1jSMcjRuBqI3DhKQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMdiLx4rmLbQhrLZbtqlu5uwuxFC6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244bc397hNVmsXy0WQJDQQeSxYxgo2V/NZwINJhtebW3QXQOvEKUoMC7WH1azCKSSqoNIRjrfuem5ggx8owwumsMkg1TTCZ4jHtWyqxoDrIF8fO0IVVRiiKlS1p0EL9PZFjoXUmQtspsJnoVW8u/uf1UxPdBjmTSWqoJMtFUcqRidH8czRiihLDM0swUczeisgEK0yMzadiQ/BWX14nnUbdu6o3Hq5rzbsijjKcwTlcggc30IR7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8foD6OkA==</latexit>

E
<latexit sha1_base64="JsgCcRK/q9lQZ6Zwed2XROKfko0=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LIogssK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfzsrq2vrGZmGruL2zu7dfOjhs6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtJ1SaR/LBTGLshXQoecAZNVZ67IbUjPwgvZ32S2W34s5AlomXkzLkqPdLX91BxJIQpWGCat3x3Nj0UqoMZwKnxW6iMaZsTIfYsVTSEHUvnSWeklOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkoq2BG/x5GXSrFa880r1/qJcu87rKMAxnMAZeHAJNbiDOjSAgYRneIU3RzsvzrvzMR9dcfKdI/gD5/MHsQiQ7Q==</latexit>

S0
<latexit sha1_base64="A1lbxvHAIz8d2MlbNycGTv3JURs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFS+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPpuv1R2K+4cZJV4OSlDjnq/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1Wqg9X5dptHkcBTuEMLsCDa6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDTDY1+</latexit>

s⇤ = A
<latexit sha1_base64="sHkZrEJyPRDD2bGt+vq3o6iu/TU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgl6EqBePEcwDkjXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbiN55QaR7JBzOK0Q9pX/IeZ9RYqaEfT8kVue4Uim7JnYIsEi8jRchQ7RS+2t2IJSFKwwTVuuW5sfFTqgxnAsf5dqIxpmxI+9iyVNIQtZ9Ozx2TY6t0SS9StqQhU/X3REpDrUdhYDtDagZ63puI/3mtxPQu/ZTLODEo2WxRLxHERGTyO+lyhcyIkSWUKW5vJWxAFWXGJpS3IXjzLy+SernknZXK9+fFyk0WRw4O4QhOwIMLqMAdVKEGDIbwDK/w5sTOi/PufMxal5xs5gD+wPn8AbHYjn0=</latexit>

A

B C

0

1

1

0

0

1

Statistical Complexity

Epsilon-Machines:
-Causal states

-Start state

-Symbol-labeled transitions 
(Topology)

Pr(S0 = s⇤) = 1
<latexit sha1_base64="LLUHtbMHrHTpllkrwuWcp/2v0lE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBaheihJFfRSKHrxWNF+QJuWzXbTLt1swu5GKaH/w4sHRbz6X7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3DxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9EY3U7/5SKVioXjQ44i6AR4I5jOCtZG6nZos3vfsiuqenVacXr5gl+wZ0DJxUlKAFLVe/qvTD0kcUKEJx0q1HTvSboKlZoTTSa4TKxphMsID2jZU4IAqN5ldPUEnRukjP5SmhEYz9fdEggOlxoFnOgOsh2rRm4r/ee1Y+1duwkQUayrIfJEfc6RDNI0A9ZmkRPOxIZhIZm5FZIglJtoElTMhOIsvL5NGueScl8p3F4XqdRpHFo7gGIrgwCVU4RZqUAcCEp7hFd6sJ+vFerc+5q0ZK505hD+wPn8AMPKRAQ==</latexit>

Si+1 = ✏(Si, Yi)
<latexit sha1_base64="mE8AZwLDDu+wZoLhsIW1aOYY8eo=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahopSZKuhGKLpxWal9SDsMmTRtQzPJkGSEMhTc+CtuXCji1p9w59+YtrPQ1gMXDufcy733BBGjSjvOt5VZWFxaXsmu5tbWNza37O2duhKxxKSGBROyGSBFGOWkpqlmpBlJgsKAkUYwuB77jQciFRX8Tg8j4oWox2mXYqSN5Nt7VT+hx+7osk0iRZnghapPT+C9T498O+8UnQngPHFTkgcpKr791e4IHIeEa8yQUi3XibSXIKkpZmSUa8eKRAgPUI+0DOUoJMpLJj+M4KFROrArpCmu4UT9PZGgUKlhGJjOEOm+mvXG4n9eK9bdCy+hPIo14Xi6qBszqAUcBwI7VBKs2dAQhCU1t0LcRxJhbWLLmRDc2ZfnSb1UdE+LpduzfPkqjSML9sEBKAAXnIMyuAEVUAMYPIJn8ArerCfrxXq3PqatGSud2QV/YH3+ACeilo4=</latexit>

Cµ = min
✏3I[✏( �Y );

�!
Y ]=I[

 �
Y ;
�!
Y ]

H[✏(
 �
Y )]

<latexit sha1_base64="7EZjidZVdt3JUYi8sd1CUL2KAEk="></latexit>

Si = ✏(
 �
Y i)

<latexit sha1_base64="7QIlB1u+XU2Ng4cCVcXEdPDPkTI=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2q0GITdiNgjZC0MYyonlIEpbZyd1kyOzMMjOrhCW1jb9iY6GIrV9g5984eRSaeGDgcM653LkniBlV2nW/rczC4tLySnY1t7a+sbllb+/UlEgkgSoRTMhGgBUwyqGqqWbQiCXgKGBQD/qXI79+D1JRwW/1IIZ2hLuchpRgbSTf3r/x6XkLYkWZ4IWWMFkGocZSiof0bujTI9/Ou0V3DGeeeFOSR1NUfPur1REkiYBrwrBSTc+NdTvFUlPCYJhrJQpiTPq4C01DOY5AtdPxKUPn0CgdJxTSPK6dsfp7IsWRUoMoMMkI656a9Ubif14z0eFZO6U8TjRwMlkUJszRwhn14nSoBKLZwBBMJDV/dUgPS0y0aS9nSvBmT54ntVLROy6Wrk/y5YtpHVm0hw5QAXnoFJXRFaqgKiLoET2jV/RmPVkv1rv1MYlmrOnMLvoD6/MH1/qa/w==</latexit>

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003)
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<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

�!
Y = Y0:1 = Y0Y1 · · ·

<latexit sha1_base64="fhUFHHqAVsUAaoXnIo4vPvoeeIw=">AAACFnicbVBNSwMxEM36bf1a9eglWAQvll0VFEEoevGoYNXSLUs2zbbBbLIks0pZ+iu8+Fe8eFDEq3jz35ite9DWBwMv782QmRelghvwvC9nYnJqemZ2br6ysLi0vOKurl0ZlWnKGlQJpW8iYpjgkjWAg2A3qWYkiQS7jm5PC//6jmnDlbyEfsraCelKHnNKwEqhuxMoa2ve7QHRWt3nzcFxM8y9o4DLGPrFw2uGPg5oR4EJ3apX84bA48QvSRWVOA/dz6CjaJYwCVQQY1q+l0I7Jxo4FWxQCTLDUkJvSZe1LJUkYaadD88a4C2rdHCstC0JeKj+nshJYkw/iWxnQqBnRr1C/M9rZRAftnMu0wyYpD8fxZnAoHCREe5wzSiIviWEam53xbRHNKFgk6zYEPzRk8fJ1W7N36vtXuxX6ydlHHNoA22ibeSjA1RHZ+gcNRBFD+gJvaBX59F5dt6c95/WCaecWUd/4Hx8A60+n6c=</latexit>

Cµ
<latexit sha1_base64="+pjvvKYMjEv1jSMcjRuBqI3DhKQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMdiLx4rmLbQhrLZbtqlu5uwuxFC6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244bc397hNVmsXy0WQJDQQeSxYxgo2V/NZwINJhtebW3QXQOvEKUoMC7WH1azCKSSqoNIRjrfuem5ggx8owwumsMkg1TTCZ4jHtWyqxoDrIF8fO0IVVRiiKlS1p0EL9PZFjoXUmQtspsJnoVW8u/uf1UxPdBjmTSWqoJMtFUcqRidH8czRiihLDM0swUczeisgEK0yMzadiQ/BWX14nnUbdu6o3Hq5rzbsijjKcwTlcggc30IR7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8foD6OkA==</latexit>

E
<latexit sha1_base64="JsgCcRK/q9lQZ6Zwed2XROKfko0=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LIogssK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfzsrq2vrGZmGruL2zu7dfOjhs6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtJ1SaR/LBTGLshXQoecAZNVZ67IbUjPwgvZ32S2W34s5AlomXkzLkqPdLX91BxJIQpWGCat3x3Nj0UqoMZwKnxW6iMaZsTIfYsVTSEHUvnSWeklOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkoq2BG/x5GXSrFa880r1/qJcu87rKMAxnMAZeHAJNbiDOjSAgYRneIU3RzsvzrvzMR9dcfKdI/gD5/MHsQiQ7Q==</latexit>

S0
<latexit sha1_base64="A1lbxvHAIz8d2MlbNycGTv3JURs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFS+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPpuv1R2K+4cZJV4OSlDjnq/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1Wqg9X5dptHkcBTuEMLsCDa6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDTDY1+</latexit>

s⇤ = A
<latexit sha1_base64="sHkZrEJyPRDD2bGt+vq3o6iu/TU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgl6EqBePEcwDkjXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbiN55QaR7JBzOK0Q9pX/IeZ9RYqaEfT8kVue4Uim7JnYIsEi8jRchQ7RS+2t2IJSFKwwTVuuW5sfFTqgxnAsf5dqIxpmxI+9iyVNIQtZ9Ozx2TY6t0SS9StqQhU/X3REpDrUdhYDtDagZ63puI/3mtxPQu/ZTLODEo2WxRLxHERGTyO+lyhcyIkSWUKW5vJWxAFWXGJpS3IXjzLy+SernknZXK9+fFyk0WRw4O4QhOwIMLqMAdVKEGDIbwDK/w5sTOi/PufMxal5xs5gD+wPn8AbHYjn0=</latexit>

Statistical Complexity

Epsilon-Machines:
-Causal states

-Start state

-Symbol-labeled transitions 
(Topology)
-Transition probabilities 

Pr(S0 = s⇤) = 1
<latexit sha1_base64="LLUHtbMHrHTpllkrwuWcp/2v0lE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBaheihJFfRSKHrxWNF+QJuWzXbTLt1swu5GKaH/w4sHRbz6X7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3DxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9EY3U7/5SKVioXjQ44i6AR4I5jOCtZG6nZos3vfsiuqenVacXr5gl+wZ0DJxUlKAFLVe/qvTD0kcUKEJx0q1HTvSboKlZoTTSa4TKxphMsID2jZU4IAqN5ldPUEnRukjP5SmhEYz9fdEggOlxoFnOgOsh2rRm4r/ee1Y+1duwkQUayrIfJEfc6RDNI0A9ZmkRPOxIZhIZm5FZIglJtoElTMhOIsvL5NGueScl8p3F4XqdRpHFo7gGIrgwCVU4RZqUAcCEp7hFd6sJ+vFerc+5q0ZK505hD+wPn8AMPKRAQ==</latexit>

Si+1 = ✏(Si, Yi)
<latexit sha1_base64="mE8AZwLDDu+wZoLhsIW1aOYY8eo=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahopSZKuhGKLpxWal9SDsMmTRtQzPJkGSEMhTc+CtuXCji1p9w59+YtrPQ1gMXDufcy733BBGjSjvOt5VZWFxaXsmu5tbWNza37O2duhKxxKSGBROyGSBFGOWkpqlmpBlJgsKAkUYwuB77jQciFRX8Tg8j4oWox2mXYqSN5Nt7VT+hx+7osk0iRZnghapPT+C9T498O+8UnQngPHFTkgcpKr791e4IHIeEa8yQUi3XibSXIKkpZmSUa8eKRAgPUI+0DOUoJMpLJj+M4KFROrArpCmu4UT9PZGgUKlhGJjOEOm+mvXG4n9eK9bdCy+hPIo14Xi6qBszqAUcBwI7VBKs2dAQhCU1t0LcRxJhbWLLmRDc2ZfnSb1UdE+LpduzfPkqjSML9sEBKAAXnIMyuAEVUAMYPIJn8ArerCfrxXq3PqatGSud2QV/YH3+ACeilo4=</latexit>

Cµ = min
✏3I[✏( �Y );

�!
Y ]=I[

 �
Y ;
�!
Y ]

H[✏(
 �
Y )]

<latexit sha1_base64="7EZjidZVdt3JUYi8sd1CUL2KAEk="></latexit>

Si = ✏(
 �
Y i)

<latexit sha1_base64="7QIlB1u+XU2Ng4cCVcXEdPDPkTI=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2q0GITdiNgjZC0MYyonlIEpbZyd1kyOzMMjOrhCW1jb9iY6GIrV9g5984eRSaeGDgcM653LkniBlV2nW/rczC4tLySnY1t7a+sbllb+/UlEgkgSoRTMhGgBUwyqGqqWbQiCXgKGBQD/qXI79+D1JRwW/1IIZ2hLuchpRgbSTf3r/x6XkLYkWZ4IWWMFkGocZSiof0bujTI9/Ou0V3DGeeeFOSR1NUfPur1REkiYBrwrBSTc+NdTvFUlPCYJhrJQpiTPq4C01DOY5AtdPxKUPn0CgdJxTSPK6dsfp7IsWRUoMoMMkI656a9Ubif14z0eFZO6U8TjRwMlkUJszRwhn14nSoBKLZwBBMJDV/dUgPS0y0aS9nSvBmT54ntVLROy6Wrk/y5YtpHVm0hw5QAXnoFJXRFaqgKiLoET2jV/RmPVkv1rv1MYlmrOnMLvoD6/MH1/qa/w==</latexit>

✓(y)s!s0 ⌘ Pr(Si+1 = s0, Yi = y|Si = s)
<latexit sha1_base64="y5bOfIBlgB0ADJoWCgjdYPbd5wU="></latexit>

A

B C

0 : ✓(0)A!A

1 : ✓(1)A!B

1 : ✓(1)B!C

0 : ✓(0)B!B

0 : ✓(0)C!A

1 : ✓(1)C!B

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003)



The Epsilon Machine
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Statistical Complexity

Epsilon-Machines:
-Causal states

-Start state

-Symbol-labeled transitions 
(Topology)
-Transition probabilities 

-Total Model Parameters

 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

�!
Y = Y0:1 = Y0Y1 · · ·

<latexit sha1_base64="fhUFHHqAVsUAaoXnIo4vPvoeeIw=">AAACFnicbVBNSwMxEM36bf1a9eglWAQvll0VFEEoevGoYNXSLUs2zbbBbLIks0pZ+iu8+Fe8eFDEq3jz35ite9DWBwMv782QmRelghvwvC9nYnJqemZ2br6ysLi0vOKurl0ZlWnKGlQJpW8iYpjgkjWAg2A3qWYkiQS7jm5PC//6jmnDlbyEfsraCelKHnNKwEqhuxMoa2ve7QHRWt3nzcFxM8y9o4DLGPrFw2uGPg5oR4EJ3apX84bA48QvSRWVOA/dz6CjaJYwCVQQY1q+l0I7Jxo4FWxQCTLDUkJvSZe1LJUkYaadD88a4C2rdHCstC0JeKj+nshJYkw/iWxnQqBnRr1C/M9rZRAftnMu0wyYpD8fxZnAoHCREe5wzSiIviWEam53xbRHNKFgk6zYEPzRk8fJ1W7N36vtXuxX6ydlHHNoA22ibeSjA1RHZ+gcNRBFD+gJvaBX59F5dt6c95/WCaecWUd/4Hx8A60+n6c=</latexit>

Cµ
<latexit sha1_base64="+pjvvKYMjEv1jSMcjRuBqI3DhKQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMdiLx4rmLbQhrLZbtqlu5uwuxFC6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244bc397hNVmsXy0WQJDQQeSxYxgo2V/NZwINJhtebW3QXQOvEKUoMC7WH1azCKSSqoNIRjrfuem5ggx8owwumsMkg1TTCZ4jHtWyqxoDrIF8fO0IVVRiiKlS1p0EL9PZFjoXUmQtspsJnoVW8u/uf1UxPdBjmTSWqoJMtFUcqRidH8czRiihLDM0swUczeisgEK0yMzadiQ/BWX14nnUbdu6o3Hq5rzbsijjKcwTlcggc30IR7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8foD6OkA==</latexit>

E
<latexit sha1_base64="JsgCcRK/q9lQZ6Zwed2XROKfko0=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LIogssK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfzsrq2vrGZmGruL2zu7dfOjhs6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtJ1SaR/LBTGLshXQoecAZNVZ67IbUjPwgvZ32S2W34s5AlomXkzLkqPdLX91BxJIQpWGCat3x3Nj0UqoMZwKnxW6iMaZsTIfYsVTSEHUvnSWeklOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkoq2BG/x5GXSrFa880r1/qJcu87rKMAxnMAZeHAJNbiDOjSAgYRneIU3RzsvzrvzMR9dcfKdI/gD5/MHsQiQ7Q==</latexit>

S0
<latexit sha1_base64="A1lbxvHAIz8d2MlbNycGTv3JURs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFS+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPpuv1R2K+4cZJV4OSlDjnq/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1Wqg9X5dptHkcBTuEMLsCDa6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDTDY1+</latexit>

Pr(S0 = s⇤) = 1
<latexit sha1_base64="LLUHtbMHrHTpllkrwuWcp/2v0lE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBaheihJFfRSKHrxWNF+QJuWzXbTLt1swu5GKaH/w4sHRbz6X7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3DxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9EY3U7/5SKVioXjQ44i6AR4I5jOCtZG6nZos3vfsiuqenVacXr5gl+wZ0DJxUlKAFLVe/qvTD0kcUKEJx0q1HTvSboKlZoTTSa4TKxphMsID2jZU4IAqN5ldPUEnRukjP5SmhEYz9fdEggOlxoFnOgOsh2rRm4r/ee1Y+1duwkQUayrIfJEfc6RDNI0A9ZmkRPOxIZhIZm5FZIglJtoElTMhOIsvL5NGueScl8p3F4XqdRpHFo7gGIrgwCVU4RZqUAcCEp7hFd6sJ+vFerc+5q0ZK505hD+wPn8AMPKRAQ==</latexit>

Si+1 = ✏(Si, Yi)
<latexit sha1_base64="mE8AZwLDDu+wZoLhsIW1aOYY8eo=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahopSZKuhGKLpxWal9SDsMmTRtQzPJkGSEMhTc+CtuXCji1p9w59+YtrPQ1gMXDufcy733BBGjSjvOt5VZWFxaXsmu5tbWNza37O2duhKxxKSGBROyGSBFGOWkpqlmpBlJgsKAkUYwuB77jQciFRX8Tg8j4oWox2mXYqSN5Nt7VT+hx+7osk0iRZnghapPT+C9T498O+8UnQngPHFTkgcpKr791e4IHIeEa8yQUi3XibSXIKkpZmSUa8eKRAgPUI+0DOUoJMpLJj+M4KFROrArpCmu4UT9PZGgUKlhGJjOEOm+mvXG4n9eK9bdCy+hPIo14Xi6qBszqAUcBwI7VBKs2dAQhCU1t0LcRxJhbWLLmRDc2ZfnSb1UdE+LpduzfPkqjSML9sEBKAAXnIMyuAEVUAMYPIJn8ArerCfrxXq3PqatGSud2QV/YH3+ACeilo4=</latexit>

Cµ = min
✏3I[✏( �Y );

�!
Y ]=I[

 �
Y ;
�!
Y ]

H[✏(
 �
Y )]

<latexit sha1_base64="7EZjidZVdt3JUYi8sd1CUL2KAEk="></latexit>

Si = ✏(
 �
Y i)

<latexit sha1_base64="7QIlB1u+XU2Ng4cCVcXEdPDPkTI=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2q0GITdiNgjZC0MYyonlIEpbZyd1kyOzMMjOrhCW1jb9iY6GIrV9g5984eRSaeGDgcM653LkniBlV2nW/rczC4tLySnY1t7a+sbllb+/UlEgkgSoRTMhGgBUwyqGqqWbQiCXgKGBQD/qXI79+D1JRwW/1IIZ2hLuchpRgbSTf3r/x6XkLYkWZ4IWWMFkGocZSiof0bujTI9/Ou0V3DGeeeFOSR1NUfPur1REkiYBrwrBSTc+NdTvFUlPCYJhrJQpiTPq4C01DOY5AtdPxKUPn0CgdJxTSPK6dsfp7IsWRUoMoMMkI656a9Ubif14z0eFZO6U8TjRwMlkUJszRwhn14nSoBKLZwBBMJDV/dUgPS0y0aS9nSvBmT54ntVLROy6Wrk/y5YtpHVm0hw5QAXnoFJXRFaqgKiLoET2jV/RmPVkv1rv1MYlmrOnMLvoD6/MH1/qa/w==</latexit>

✓(y)s!s0 ⌘ Pr(Si+1 = s0, Yi = y|Si = s)
<latexit sha1_base64="y5bOfIBlgB0ADJoWCgjdYPbd5wU="></latexit>

s⇤ = A
<latexit sha1_base64="sHkZrEJyPRDD2bGt+vq3o6iu/TU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgl6EqBePEcwDkjXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbiN55QaR7JBzOK0Q9pX/IeZ9RYqaEfT8kVue4Uim7JnYIsEi8jRchQ7RS+2t2IJSFKwwTVuuW5sfFTqgxnAsf5dqIxpmxI+9iyVNIQtZ9Ozx2TY6t0SS9StqQhU/X3REpDrUdhYDtDagZ63puI/3mtxPQu/ZTLODEo2WxRLxHERGTyO+lyhcyIkSWUKW5vJWxAFWXGJpS3IXjzLy+SernknZXK9+fFyk0WRw4O4QhOwIMLqMAdVKEGDIbwDK/w5sTOi/PufMxal5xs5gD+wPn8AbHYjn0=</latexit>

✓ = {S,Y, s⇤, ✏, {✓(y)s!s0}y2Y,s,s02S}
<latexit sha1_base64="gQQLInhE6eO0E2HsvnHRjYoWjG8="></latexit>

A

B C

0 : ✓(0)A!A

1 : ✓(1)A!B

1 : ✓(1)B!C

0 : ✓(0)B!B

0 : ✓(0)C!A

1 : ✓(1)C!B

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003)
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Statistical Complexity

Epsilon-Machines:
-Causal states

-Start state

-Symbol-labeled transitions
(Topology) 
-Transition probabilities 

-Total Model Parameters

-Word probabilities 

 �
Y = Y�1:0 = · · ·Y�2Y�1

<latexit sha1_base64="7RRHmeE0sUyqyBTbroqYhVNrdeA=">AAACHXicbVDLSgMxFM34rPVVdekmWAQ3lplaUIRC0Y3LCvYhnVIyacaGZpIhuaOUYX7Ejb/ixoUiLtyIf2P6WPg6cLmHc+4luSeIBTfgup/O3PzC4tJybiW/ura+sVnY2m4alWjKGlQJpdsBMUxwyRrAQbB2rBmJAsFawfB87LdumTZcySsYxawbkRvJQ04JWKlXqPjK2oKFQLRWd+l1Vr3upYc+lyGMTt2s6tO+AoPHYjmbNC/rFYpuyZ0A/yXejBTRDPVe4d3vK5pETAIVxJiO58bQTYkGTgXL8n5iWEzokNywjqWSRMx008l1Gd63Sh+HStuSgCfq942URMaMosBORgQG5rc3Fv/zOgmEJ92UyzgBJun0oTARGBQeR4X7XDMKYmQJoZrbv2I6IJpQsIHmbQje75P/kma55B2VypeVYu1sFkcO7aI9dIA8dIxq6ALVUQNRdI8e0TN6cR6cJ+fVeZuOzjmznR30A87HF3OxohM=</latexit>

�!
Y = Y0:1 = Y0Y1 · · ·

<latexit sha1_base64="fhUFHHqAVsUAaoXnIo4vPvoeeIw=">AAACFnicbVBNSwMxEM36bf1a9eglWAQvll0VFEEoevGoYNXSLUs2zbbBbLIks0pZ+iu8+Fe8eFDEq3jz35ite9DWBwMv782QmRelghvwvC9nYnJqemZ2br6ysLi0vOKurl0ZlWnKGlQJpW8iYpjgkjWAg2A3qWYkiQS7jm5PC//6jmnDlbyEfsraCelKHnNKwEqhuxMoa2ve7QHRWt3nzcFxM8y9o4DLGPrFw2uGPg5oR4EJ3apX84bA48QvSRWVOA/dz6CjaJYwCVQQY1q+l0I7Jxo4FWxQCTLDUkJvSZe1LJUkYaadD88a4C2rdHCstC0JeKj+nshJYkw/iWxnQqBnRr1C/M9rZRAftnMu0wyYpD8fxZnAoHCREe5wzSiIviWEam53xbRHNKFgk6zYEPzRk8fJ1W7N36vtXuxX6ydlHHNoA22ibeSjA1RHZ+gcNRBFD+gJvaBX59F5dt6c95/WCaecWUd/4Hx8A60+n6c=</latexit>

Cµ
<latexit sha1_base64="+pjvvKYMjEv1jSMcjRuBqI3DhKQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMdiLx4rmLbQhrLZbtqlu5uwuxFC6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244bc397hNVmsXy0WQJDQQeSxYxgo2V/NZwINJhtebW3QXQOvEKUoMC7WH1azCKSSqoNIRjrfuem5ggx8owwumsMkg1TTCZ4jHtWyqxoDrIF8fO0IVVRiiKlS1p0EL9PZFjoXUmQtspsJnoVW8u/uf1UxPdBjmTSWqoJMtFUcqRidH8czRiihLDM0swUczeisgEK0yMzadiQ/BWX14nnUbdu6o3Hq5rzbsijjKcwTlcggc30IR7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8foD6OkA==</latexit>

E
<latexit sha1_base64="JsgCcRK/q9lQZ6Zwed2XROKfko0=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LIogssK9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfzsrq2vrGZmGruL2zu7dfOjhs6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtJ1SaR/LBTGLshXQoecAZNVZ67IbUjPwgvZ32S2W34s5AlomXkzLkqPdLX91BxJIQpWGCat3x3Nj0UqoMZwKnxW6iMaZsTIfYsVTSEHUvnSWeklOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkoq2BG/x5GXSrFa880r1/qJcu87rKMAxnMAZeHAJNbiDOjSAgYRneIU3RzsvzrvzMR9dcfKdI/gD5/MHsQiQ7Q==</latexit>

S0
<latexit sha1_base64="A1lbxvHAIz8d2MlbNycGTv3JURs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFS+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPpuv1R2K+4cZJV4OSlDjnq/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1Wqg9X5dptHkcBTuEMLsCDa6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDTDY1+</latexit>

Pr(S0 = s⇤) = 1
<latexit sha1_base64="LLUHtbMHrHTpllkrwuWcp/2v0lE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBaheihJFfRSKHrxWNF+QJuWzXbTLt1swu5GKaH/w4sHRbz6X7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3DxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9EY3U7/5SKVioXjQ44i6AR4I5jOCtZG6nZos3vfsiuqenVacXr5gl+wZ0DJxUlKAFLVe/qvTD0kcUKEJx0q1HTvSboKlZoTTSa4TKxphMsID2jZU4IAqN5ldPUEnRukjP5SmhEYz9fdEggOlxoFnOgOsh2rRm4r/ee1Y+1duwkQUayrIfJEfc6RDNI0A9ZmkRPOxIZhIZm5FZIglJtoElTMhOIsvL5NGueScl8p3F4XqdRpHFo7gGIrgwCVU4RZqUAcCEp7hFd6sJ+vFerc+5q0ZK505hD+wPn8AMPKRAQ==</latexit>

Si+1 = ✏(Si, Yi)
<latexit sha1_base64="mE8AZwLDDu+wZoLhsIW1aOYY8eo=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahopSZKuhGKLpxWal9SDsMmTRtQzPJkGSEMhTc+CtuXCji1p9w59+YtrPQ1gMXDufcy733BBGjSjvOt5VZWFxaXsmu5tbWNza37O2duhKxxKSGBROyGSBFGOWkpqlmpBlJgsKAkUYwuB77jQciFRX8Tg8j4oWox2mXYqSN5Nt7VT+hx+7osk0iRZnghapPT+C9T498O+8UnQngPHFTkgcpKr791e4IHIeEa8yQUi3XibSXIKkpZmSUa8eKRAgPUI+0DOUoJMpLJj+M4KFROrArpCmu4UT9PZGgUKlhGJjOEOm+mvXG4n9eK9bdCy+hPIo14Xi6qBszqAUcBwI7VBKs2dAQhCU1t0LcRxJhbWLLmRDc2ZfnSb1UdE+LpduzfPkqjSML9sEBKAAXnIMyuAEVUAMYPIJn8ArerCfrxXq3PqatGSud2QV/YH3+ACeilo4=</latexit>

Cµ = min
✏3I[✏( �Y );

�!
Y ]=I[

 �
Y ;
�!
Y ]

H[✏(
 �
Y )]

<latexit sha1_base64="7EZjidZVdt3JUYi8sd1CUL2KAEk="></latexit>

Si = ✏(
 �
Y i)

<latexit sha1_base64="7QIlB1u+XU2Ng4cCVcXEdPDPkTI=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2q0GITdiNgjZC0MYyonlIEpbZyd1kyOzMMjOrhCW1jb9iY6GIrV9g5984eRSaeGDgcM653LkniBlV2nW/rczC4tLySnY1t7a+sbllb+/UlEgkgSoRTMhGgBUwyqGqqWbQiCXgKGBQD/qXI79+D1JRwW/1IIZ2hLuchpRgbSTf3r/x6XkLYkWZ4IWWMFkGocZSiof0bujTI9/Ou0V3DGeeeFOSR1NUfPur1REkiYBrwrBSTc+NdTvFUlPCYJhrJQpiTPq4C01DOY5AtdPxKUPn0CgdJxTSPK6dsfp7IsWRUoMoMMkI656a9Ubif14z0eFZO6U8TjRwMlkUJszRwhn14nSoBKLZwBBMJDV/dUgPS0y0aS9nSvBmT54ntVLROy6Wrk/y5YtpHVm0hw5QAXnoFJXRFaqgKiLoET2jV/RmPVkv1rv1MYlmrOnMLvoD6/MH1/qa/w==</latexit>

✓(y)s!s0 ⌘ Pr(Si+1 = s0, Yi = y|Si = s)
<latexit sha1_base64="y5bOfIBlgB0ADJoWCgjdYPbd5wU="></latexit>

s⇤ = A
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to zero modularity dissipation and, thus, to perfect thermo-
dynamic efficiency. The efficiency of predictive ratchets
suggests that predictive generators, such as the ϵ-machine
[62], are useful in designing efficient information engines
that can leverage temporal structure in an environment.
Consider, for example, an input string that is structured

according to the golden mean process, which consists of
binary strings in which 1s always occur in isolation,
surrounded by 0s. Figure 4 gives two examples of ratchets,
described by different local Markov channels Mlocal

ðx;yÞ→ðx0;y0Þ,
that each map the golden mean process to a biased coin. The
input process’s ϵ-machine, shown in the left box, provides a
template for how to design a thermodynamically efficient
local Markov channel, since its states are predictive of the
process. The Markov channel is a transducer [21]:

Mðy0jyÞ
x→x0 ≡Mlocal

ðx;yÞ→ðx0;y0Þ: ð22Þ

By designing transducer states that stay synchronized to the
states of the input process’s ϵ-machine, we minimize the
modularity dissipation to zero. For example, the efficient

transducer shown in Fig. 4 has almost the same topology as
the golden mean ϵ-machine, with an added transition
between states C and A corresponding to a disallowed word
in the input. This transducer is able to harness all structure in
the input since it synchronizes to the input process and so is
able to optimally predict the next input.
The efficient ratchet shown in Fig. 4 (top row) comes

from a general method for constructing an optimal extractor
given the input’s ϵ-machine. The ϵ-machine is represented
by a Mealy hidden Markov model (HMM) [65] with the
symbol-labeled state-transition matrices:

TðyÞ
s→s0 ¼ PrðYN ¼ y; SNþ1 ¼ s0jSN ¼ sÞ; ð23Þ

where SN is the random variable for the hidden state
reading the Nth input YN . If we design the ratchet to have
the same state space as the input process’s hidden state
space (X ¼ S), and if we want the IID output to have bias
PrðYN ¼ 0Þ ¼ b, then we set the local Markov channel
over the ratchet and interaction symbol to be

FIG. 4. Multiple ways to transform the golden mean process input, whose ϵ-machine generator is shown in the far left box, into a
sequence of uncorrelated symbols. The ϵ-machine is a Mealy hidden Markov model that produces outputs along the edges, with y∶p
denoting that the edge emits symbol y and is taken with probability p. Top row: Ratchet whose internal states match the ϵ-machine
states and so it is able to minimize dissipation (hΣext

∞ imin ¼ 0) by making transitions such that the ratchet’s states are synchronized to
the ϵ-machine’s states. The transducer representation to the left shows how the states remain synchronized: Its edges are labeled
y0jy∶p, which means that, if the input is y, then the edge is taken with probability p and outputs y0. The joint Markov representation
on the right depicts the corresponding physical dynamic over the joint state space of the ratchet and the interaction symbol. The label
p along an edge from the state x ⊗ y to x0 ⊗ y0 specifies the probability of transitioning between those states according to the local
Markov channel Mlocal

ðx;yÞ→ðx0;y0Þ ¼ p. Bottom row: In contrast to the efficient predictive ratchet, the memoryless ratchet shown is
inefficient, since its memory cannot store the predictive information within the input ϵ-machine, much less synchronize to it.

THERMODYNAMICS OF MODULARITY: STRUCTURAL … PHYS. REV. X 8, 031036 (2018)

031036-11

h�Stotali = 0 !
<latexit sha1_base64="qjKq5Km8xltqA7DI/4JmLWiNC0M="></latexit>

Thermodynamic efficiency 
requires that we predictively 
model our inputs.

Principle of Requisite Complexity:

Information in memory must 
exceed predictive complexity of 
environment

H[Xi] � H[Si] ⌘ C
+
µ

<latexit sha1_base64="3B8WCcbh4j22QKcJHPGZLxCZHCg=">AAACCnicbZC7SgNBFIZn4y3GW9TSZjQIghB2o6BlME3KiOYCu+syOzlJhsxeMjMbCCG1ja9iY6GIrU9g59s4SbbQxB8GPv5zDmfO78ecSWWa30ZmZXVtfSO7mdva3tndy+8fNGSUCAp1GvFItHwigbMQ6oopDq1YAAl8Dk2/X5nWm0MQkkXhvRrF4AakG7IOo0Rpy8sfV+2Wx1zsdGGAq/bdjGGQsCGuPJx7TpB4+YJZNGfCy2ClUECpal7+y2lHNAkgVJQTKW3LjJU7JkIxymGScxIJMaF90gVbY0gCkO54dsoEn2qnjTuR0C9UeOb+nhiTQMpR4OvOgKieXKxNzf9qdqI61+6YhXGiIKTzRZ2EYxXhaS64zQRQxUcaCBVM/xXTHhGEKp1eTodgLZ68DI1S0boolm4vC+WbNI4sOkIn6AxZ6AqVURXVUB1R9Iie0St6M56MF+Pd+Ji3Zox05hD9kfH5AxA0mTw=</latexit>

Boyd, Alexander B., Dibyendu Mandal, and James P. Crutchfield. "Thermodynamics of modularity: 
Structural costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.



57

Thermodynamics implies Computational Mechanics

 �
Y in

<latexit sha1_base64="xm/jY6ebxPc1YiFxPWE8KfHs6SU=">AAACBHicbVC7TgJBFJ3FF+ILtaTZSEysyC6aaEm0scREHgaQzA53YcLszmbmrko2FDb+io2Fxtj6EXb+jQNsoeBJJjk5597cOceLBNfoON9WZml5ZXUtu57b2Nza3snv7tW1jBWDGpNCqqZHNQgeQg05CmhGCmjgCWh4w4uJ37gDpbkMr3EUQSeg/ZD7nFE0UjdfaEtjC/CRKiXvk5vxbRvhARMejrv5olNyprAXiZuSIklR7ea/2j3J4gBCZIJq3XKdCDsJVciZgHGuHWuIKBvSPrQMDWkAupNMQ4ztQ6P0bF8q80K0p+rvjYQGWo8Cz0wGFAd63puI/3mtGP2zjskTxQghmx3yY2GjtCeN2D2ugKEYGUKZ4uavNhtQRRma3nKmBHc+8iKpl0vucal8dVKsnKd1ZEmBHJAj4pJTUiGXpEpqhJFH8kxeyZv1ZL1Y79bHbDRjpTv75A+szx+DfplK</latexit>

�!
Y in

<latexit sha1_base64="lgQW8+A9EPQueinUP4H/6dqzoik=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqJqUoKEowVLIxFog/UhMpxndaqE0f2DVBFWVj4FRYGEGLlH9j4G9w2A7QcydLROffq+hw/5kyBbX8bhYXFpeWV4mppbX1jc8vc3mkqkUhCG0RwIds+VpSziDaAAaftWFIc+py2/OHF2G/dUamYiK5hFFMvxP2IBYxg0FLX3HeFtiXrDwBLKe7Tm+zWBfoAKYuyrlm2K/YE1jxxclJGOepd88vtCZKENALCsVIdx47BS7EERjjNSm6iaIzJEPdpR9MIh1R56SRFZh1qpWcFQuoXgTVRf2+kOFRqFPp6MsQwULPeWPzP6yQQnHk6T5wAjcj0UJBwC4Q1rsTqMUkJ8JEmmEim/2qRAZaYgC6upEtwZiPPk2a14hxXqlcn5dp5XkcR7aEDdIQcdIpq6BLVUQMR9Iie0St6M56MF+Pd+JiOFox8Zxf9gfH5A2MDmcc=</latexit>Xi
<latexit sha1_base64="3iZXTg4Ib3Bh78XuDxTfX/j8otU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OnzfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAxHo28</latexit>

to zero modularity dissipation and, thus, to perfect thermo-
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that each map the golden mean process to a biased coin. The
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transducer shown in Fig. 4 has almost the same topology as
the golden mean ϵ-machine, with an added transition
between states C and A corresponding to a disallowed word
in the input. This transducer is able to harness all structure in
the input since it synchronizes to the input process and so is
able to optimally predict the next input.
The efficient ratchet shown in Fig. 4 (top row) comes

from a general method for constructing an optimal extractor
given the input’s ϵ-machine. The ϵ-machine is represented
by a Mealy hidden Markov model (HMM) [65] with the
symbol-labeled state-transition matrices:
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s→s0 ¼ PrðYN ¼ y; SNþ1 ¼ s0jSN ¼ sÞ; ð23Þ

where SN is the random variable for the hidden state
reading the Nth input YN . If we design the ratchet to have
the same state space as the input process’s hidden state
space (X ¼ S), and if we want the IID output to have bias
PrðYN ¼ 0Þ ¼ b, then we set the local Markov channel
over the ratchet and interaction symbol to be

FIG. 4. Multiple ways to transform the golden mean process input, whose ϵ-machine generator is shown in the far left box, into a
sequence of uncorrelated symbols. The ϵ-machine is a Mealy hidden Markov model that produces outputs along the edges, with y∶p
denoting that the edge emits symbol y and is taken with probability p. Top row: Ratchet whose internal states match the ϵ-machine
states and so it is able to minimize dissipation (hΣext

∞ imin ¼ 0) by making transitions such that the ratchet’s states are synchronized to
the ϵ-machine’s states. The transducer representation to the left shows how the states remain synchronized: Its edges are labeled
y0jy∶p, which means that, if the input is y, then the edge is taken with probability p and outputs y0. The joint Markov representation
on the right depicts the corresponding physical dynamic over the joint state space of the ratchet and the interaction symbol. The label
p along an edge from the state x ⊗ y to x0 ⊗ y0 specifies the probability of transitioning between those states according to the local
Markov channel Mlocal

ðx;yÞ→ðx0;y0Þ ¼ p. Bottom row: In contrast to the efficient predictive ratchet, the memoryless ratchet shown is
inefficient, since its memory cannot store the predictive information within the input ϵ-machine, much less synchronize to it.
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h�Stotali = 0 !
<latexit sha1_base64="qjKq5Km8xltqA7DI/4JmLWiNC0M="></latexit>

Thermodynamic efficiency 
requires that we predictively 
model our inputs.

Principle of Requisite Complexity:

Information in memory must 
exceed predictive complexity of 
environment

Thermodynamics determines 
minimal Topology and dynamics of 
hidden states

H[Xi] � H[Si] ⌘ C
+
µ

<latexit sha1_base64="3B8WCcbh4j22QKcJHPGZLxCZHCg=">AAACCnicbZC7SgNBFIZn4y3GW9TSZjQIghB2o6BlME3KiOYCu+syOzlJhsxeMjMbCCG1ja9iY6GIrU9g59s4SbbQxB8GPv5zDmfO78ecSWWa30ZmZXVtfSO7mdva3tndy+8fNGSUCAp1GvFItHwigbMQ6oopDq1YAAl8Dk2/X5nWm0MQkkXhvRrF4AakG7IOo0Rpy8sfV+2Wx1zsdGGAq/bdjGGQsCGuPJx7TpB4+YJZNGfCy2ClUECpal7+y2lHNAkgVJQTKW3LjJU7JkIxymGScxIJMaF90gVbY0gCkO54dsoEn2qnjTuR0C9UeOb+nhiTQMpR4OvOgKieXKxNzf9qdqI61+6YhXGiIKTzRZ2EYxXhaS64zQRQxUcaCBVM/xXTHhGEKp1eTodgLZ68DI1S0boolm4vC+WbNI4sOkIn6AxZ6AqVURXVUB1R9Iie0St6M56MF+Pd+Ji3Zox05hD9kfH5AxA0mTw=</latexit>

Si+1 = ✏(Si, Yi) ! Xi+1 = ✏(Xi, Yi)
<latexit sha1_base64="KjD40FynZmCDpnJIMrvYR2YRv/I=">AAACLnicbVDLSgMxFM3UV62vUZdugkWoKGWmCroRiiK4rNQ+pC1DJk3b0EwyJBmlDP0iN/6KLgQVcetnmLaz0LYHAodzzuXmHj9kVGnHebdSC4tLyyvp1cza+sbmlr29U1UikphUsGBC1n2kCKOcVDTVjNRDSVDgM1Lz+1cjv/ZApKKC3+lBSFoB6nLaoRhpI3n2ddmL6ZE7hBewSUJFmeAwV/bo8b1HD2FT0m5PIynFI6zPCdaToGdnnbwzBpwlbkKyIEHJs1+bbYGjgHCNGVKq4TqhbsVIaooZGWaakSIhwn3UJQ1DOQqIasXjc4fwwCht2BHSPK7hWP07EaNAqUHgm2SAdE9NeyNxnteIdOe8FVMeRppwPFnUiRjUAo66g20qCdZsYAjCkpq/QtxDEmFtGs6YEtzpk2dJtZB3T/KF29Ns8TKpIw32wD7IARecgSK4ASVQARg8gRfwAT6tZ+vN+rK+J9GUlczsgn+wfn4Bubamhg==</latexit>

Boyd, Alexander B., Dibyendu Mandal, and James P. Crutchfield. "Thermodynamics of modularity: 
Structural costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.
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Energy landscape control must reflect estimated probabilities

A): t = ⌧
<latexit sha1_base64="3GYg64Sn7NHAEtv0EJzBvvjle8k=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XQS0lqQRGEihePFewHNKFsttt26WYTdidqif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXhALrsFxvq2l5ZXVtfXcRn5za3tn1y7sNXSUKMrqNBKRagVEM8ElqwMHwVqxYiQMBGsGw+uJ37xnSvNI3sEoZn5I+pL3OCVgpI5d8IA9Qnp1coHHcOkBSTp20Sk5U+BF4makiDLUOvaX141oEjIJVBCt264Tg58SBZwKNs57iWYxoUPSZ21DJQmZ9tPp6WN8ZJQu7kXKlAQ8VX9PpCTUehQGpjMkMNDz3kT8z2sn0Dv3Uy7jBJiks0W9RGCI8CQH3OWKURAjQwhV3NyK6YAoQsGklTchuPMvL5JGueSelsq3lWK1ksWRQwfoEB0jF52hKrpBNVRHFD2gZ/SK3qwn68V6tz5mrUtWNrOP/sD6/AGOKZN/</latexit>

E): t = ⌧ 0
<latexit sha1_base64="Q+VLH/VP+gOYW9HT0q7p44/HCB8=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZRL2EmBhRBCIjgMYJZIDOEnk5P0qRnobtGjEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4XC67Asr6N3MLi0vJKfrWwtr6xuWVu7zRUlEjK6jQSkWx5RDHBQ1YHDoK1YslI4AnW9AZXY795z6TiUXgHw5i5AemF3OeUgJY65p4D7AHS65MLPAJ8iR0gyVHHLFolawI8T+yMFFGGWsf8croRTQIWAhVEqbZtxeCmRAKngo0KTqJYTOiA9Fhb05AETLnp5PoRPtRKF/uR1BUCnqi/J1ISKDUMPN0ZEOirWW8s/ue1E/DP3ZSHcQIspNNFfiIwRHgcBe5yySiIoSaESq5vxbRPJKGgAyvoEOzZl+dJo1yyT0vl20qxWsniyKN9dICOkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AsJqUCA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit> 0.8

<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>
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"
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#
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<latexit sha1_base64="gqAKWSBeLOO6sSWsr9O9uoCA2gA="></latexit>

Efficient Information Engines

Boyd, Alexander B., James P. Crutchfield, and Mile Gu. 
"Thermodynamic machine learning through maximum work 
production." New Journal of Physics 24.8 (2022): 083040.
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Quench

A): t = ⌧
<latexit sha1_base64="3GYg64Sn7NHAEtv0EJzBvvjle8k=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XQS0lqQRGEihePFewHNKFsttt26WYTdidqif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXhALrsFxvq2l5ZXVtfXcRn5za3tn1y7sNXSUKMrqNBKRagVEM8ElqwMHwVqxYiQMBGsGw+uJ37xnSvNI3sEoZn5I+pL3OCVgpI5d8IA9Qnp1coHHcOkBSTp20Sk5U+BF4makiDLUOvaX141oEjIJVBCt264Tg58SBZwKNs57iWYxoUPSZ21DJQmZ9tPp6WN8ZJQu7kXKlAQ8VX9PpCTUehQGpjMkMNDz3kT8z2sn0Dv3Uy7jBJiks0W9RGCI8CQH3OWKURAjQwhV3NyK6YAoQsGklTchuPMvL5JGueSelsq3lWK1ksWRQwfoEB0jF52hKrpBNVRHFD2gZ/SK3qwn68V6tz5mrUtWNrOP/sD6/AGOKZN/</latexit>

B): t = ⌧+
<latexit sha1_base64="JwyHzRS75yNpN2oxg9Xp6UAQ3pY=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCIoTdGFAEIejFYwTzgOwaZiezyZDZBzO9Yljir3jxoIhXP8Sbf+Mk2YMmFjQUVd10d3mx4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb3g98VsPTCoehXcwipkbkH7IfU4JaKlrFh1gj5BeHV/gMVw6QJL7k65ZssrWFHiR2BkpoQz1rvnl9CKaBCwEKohSHduKwU2JBE4FGxecRLGY0CHps46mIQmYctPp8WN8qJUe9iOpKwQ8VX9PpCRQahR4ujMgMFDz3kT8z+sk4J+7KQ/jBFhIZ4v8RGCI8CQJ3OOSURAjTQiVXN+K6YBIQkHnVdAh2PMvL5JmpWyfliu31VKtmsWRR/voAB0hG52hGrpBddRAFI3QM3pFb8aT8WK8Gx+z1pyRzRTRHxifP7Z6lB0=</latexit>

E): t = ⌧ 0
<latexit sha1_base64="Q+VLH/VP+gOYW9HT0q7p44/HCB8=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZRL2EmBhRBCIjgMYJZIDOEnk5P0qRnobtGjEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4XC67Asr6N3MLi0vJKfrWwtr6xuWVu7zRUlEjK6jQSkWx5RDHBQ1YHDoK1YslI4AnW9AZXY795z6TiUXgHw5i5AemF3OeUgJY65p4D7AHS65MLPAJ8iR0gyVHHLFolawI8T+yMFFGGWsf8croRTQIWAhVEqbZtxeCmRAKngo0KTqJYTOiA9Fhb05AETLnp5PoRPtRKF/uR1BUCnqi/J1ISKDUMPN0ZEOirWW8s/ue1E/DP3ZSHcQIspNNFfiIwRHgcBe5yySiIoSaESq5vxbRPJKGgAyvoEOzZl+dJo1yyT0vl20qxWsniyKN9dICOkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AsJqUCA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit> 0.8

<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

0.8
<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

�kBT ln(0.8)
<latexit sha1_base64="CrLoQvzfxSH+iOij8038Wes0WO4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCvZY9OKxQr+gDWGz3bZLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBTFnSjvOt5Xb2Nza3snvFvb2Dw6P7OOTlooSSWiTRDySnQArypmgTc00p51YUhwGnLaD8cPcb0+oVCwSDT2NqRfioWADRrA2km/b12P/HjVQj4sScsrVS98uOmVnAbRO3IwUIUPdt796/YgkIRWacKxU13Vi7aVYakY4nRV6iaIxJmM8pF1DBQ6p8tLF5TN0YZQ+GkTSlNBoof6eSHGo1DQMTGeI9UitenPxP6+b6EHVS5mIE00FWS4aJBzpCM1jQH0mKdF8aggmkplbERlhiYk2YRVMCO7qy+ukVSm7N+XK022xdpXFkYczOIcSuHAHNXiEOjSBwASe4RXerNR6sd6tj2VrzspmTuEPrM8fDb6RQw==</latexit>

�kBT ln(0.2)
<latexit sha1_base64="5n7uD3GrCilldvANmGGBycmgtmI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCnosevFYoV/QhrDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20OWn0w8Hhvhpl5QcKZ0o7zZRXW1jc2t4rbpZ3dvf0D+/CoreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD/3OxMqFYtFU08T6kV4KFjICNZG8m37cuzfoSbqc1FBTrV27ttlp+osgP4SNydlyNHw7c/+ICZpRIUmHCvVc51EexmWmhFOZ6V+qmiCyRgPac9QgSOqvGxx+QydGWWAwliaEhot1J8TGY6UmkaB6YywHqlVby7+5/VSHd56GRNJqqkgy0VhypGO0TwGNGCSEs2nhmAimbkVkRGWmGgTVsmE4K6+/Je0a1X3qlp7vC7XL/I4inACp1ABF26gDg/QgBYQmMATvMCrlVnP1pv1vmwtWPnMMfyC9fENBKCRPQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

hW imax = kBT
�
H[Z✓

⌧ 0 ]�H[Z✓
⌧ ]
�

<latexit sha1_base64="gqAKWSBeLOO6sSWsr9O9uoCA2gA="></latexit>

Efficient Information Engines

Energy landscape control must reflect estimated probabilities

Boyd, Alexander B., James P. Crutchfield, and Mile Gu. 
"Thermodynamic machine learning through maximum work 
production." New Journal of Physics 24.8 (2022): 083040.
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Quench

A): t = ⌧
<latexit sha1_base64="3GYg64Sn7NHAEtv0EJzBvvjle8k=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XQS0lqQRGEihePFewHNKFsttt26WYTdidqif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXhALrsFxvq2l5ZXVtfXcRn5za3tn1y7sNXSUKMrqNBKRagVEM8ElqwMHwVqxYiQMBGsGw+uJ37xnSvNI3sEoZn5I+pL3OCVgpI5d8IA9Qnp1coHHcOkBSTp20Sk5U+BF4makiDLUOvaX141oEjIJVBCt264Tg58SBZwKNs57iWYxoUPSZ21DJQmZ9tPp6WN8ZJQu7kXKlAQ8VX9PpCTUehQGpjMkMNDz3kT8z2sn0Dv3Uy7jBJiks0W9RGCI8CQH3OWKURAjQwhV3NyK6YAoQsGklTchuPMvL5JGueSelsq3lWK1ksWRQwfoEB0jF52hKrpBNVRHFD2gZ/SK3qwn68V6tz5mrUtWNrOP/sD6/AGOKZN/</latexit>

B): t = ⌧+
<latexit sha1_base64="JwyHzRS75yNpN2oxg9Xp6UAQ3pY=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCIoTdGFAEIejFYwTzgOwaZiezyZDZBzO9Yljir3jxoIhXP8Sbf+Mk2YMmFjQUVd10d3mx4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb3g98VsPTCoehXcwipkbkH7IfU4JaKlrFh1gj5BeHV/gMVw6QJL7k65ZssrWFHiR2BkpoQz1rvnl9CKaBCwEKohSHduKwU2JBE4FGxecRLGY0CHps46mIQmYctPp8WN8qJUe9iOpKwQ8VX9PpCRQahR4ujMgMFDz3kT8z+sk4J+7KQ/jBFhIZ4v8RGCI8CQJ3OOSURAjTQiVXN+K6YBIQkHnVdAh2PMvL5JmpWyfliu31VKtmsWRR/voAB0hG52hGrpBddRAFI3QM3pFb8aT8WK8Gx+z1pyRzRTRHxifP7Z6lB0=</latexit> C): ⌧+ < t < ⌧ 0�

<latexit sha1_base64="waVxiMYquY2wVArRru2hy/Ijig8=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQFTHsxoAiKQJpLCOYC2STMDuZJENmL8ycFcOS1sZXsbFQxNY3sPNtnCRbaOIPAx//OYcz53dDwRVY1reRWlpeWV1Lr2c2Nre2d8zdvZoKIklZlQYikA2XKCa4z6rAQbBGKBnxXMHq7rA8qdfvmVQ88O9gFLKWR/o+73FKQFsdEzvAHiAun17jsQMkap8VMeAinvBxOz4fd8yslbOmwotgJ5BFiSod88vpBjTymA9UEKWathVCKyYSOBVsnHEixUJCh6TPmhp94jHViqeXjPGRdrq4F0j9fMBT9/dETDylRp6rOz0CAzVfm5j/1ZoR9K5aMffDCJhPZ4t6kcAQ4EksuMsloyBGGgiVXP8V0wGRhIIOL6NDsOdPXoRaPmdf5PK3hWypkMSRRgfoEJ0gG12iErpBFVRFFD2iZ/SK3own48V4Nz5mrSkjmdlHf2R8/gD3Y5iL</latexit>

D): t = ⌧ 0�
<latexit sha1_base64="8tvVmovnfU2qwysFXWfEcT0Gn38=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB1INhNwYUQQjowWME84AkhtnJJBkyO7vM9IphWS/+ihcPinj1L7z5N04eB00saCiquunu8kLBNTjOt5Wam19YXEovZ1ZW19Y37M2tig4iRVmZBiJQNY9oJrhkZeAgWC1UjPieYFWvfzn0q/dMaR7IWxiErOmTruQdTgkYqWXvNIA9QHx1dI4TwBe4ASQ6uIuPk5addXLOCHiWuBOSRROUWvZXox3QyGcSqCBa110nhGZMFHAqWJJpRJqFhPZJl9UNlcRnuhmPPkjwvlHauBMoUxLwSP09ERNf64HvmU6fQE9Pe0PxP68eQeesGXMZRsAkHS/qRAJDgIdx4DZXjIIYGEKo4uZWTHtEEQomtIwJwZ1+eZZU8jn3JJe/KWSLhUkcabSL9tAhctEpKqJrVEJlRNEjekav6M16sl6sd+tj3JqyJjPb6A+szx+rJ5Wy</latexit>

E): t = ⌧ 0
<latexit sha1_base64="Q+VLH/VP+gOYW9HT0q7p44/HCB8=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZRL2EmBhRBCIjgMYJZIDOEnk5P0qRnobtGjEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4XC67Asr6N3MLi0vJKfrWwtr6xuWVu7zRUlEjK6jQSkWx5RDHBQ1YHDoK1YslI4AnW9AZXY795z6TiUXgHw5i5AemF3OeUgJY65p4D7AHS65MLPAJ8iR0gyVHHLFolawI8T+yMFFGGWsf8croRTQIWAhVEqbZtxeCmRAKngo0KTqJYTOiA9Fhb05AETLnp5PoRPtRKF/uR1BUCnqi/J1ISKDUMPN0ZEOirWW8s/ue1E/DP3ZSHcQIspNNFfiIwRHgcBe5yySiIoSaESq5vxbRPJKGgAyvoEOzZl+dJo1yyT0vl20qxWsniyKN9dICOkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AsJqUCA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit> 0.8

<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

0.8
<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

�kBT ln(0.8)
<latexit sha1_base64="CrLoQvzfxSH+iOij8038Wes0WO4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCvZY9OKxQr+gDWGz3bZLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBTFnSjvOt5Xb2Nza3snvFvb2Dw6P7OOTlooSSWiTRDySnQArypmgTc00p51YUhwGnLaD8cPcb0+oVCwSDT2NqRfioWADRrA2km/b12P/HjVQj4sScsrVS98uOmVnAbRO3IwUIUPdt796/YgkIRWacKxU13Vi7aVYakY4nRV6iaIxJmM8pF1DBQ6p8tLF5TN0YZQ+GkTSlNBoof6eSHGo1DQMTGeI9UitenPxP6+b6EHVS5mIE00FWS4aJBzpCM1jQH0mKdF8aggmkplbERlhiYk2YRVMCO7qy+ukVSm7N+XK022xdpXFkYczOIcSuHAHNXiEOjSBwASe4RXerNR6sd6tj2VrzspmTuEPrM8fDb6RQw==</latexit>

�kBT ln(0.2)
<latexit sha1_base64="5n7uD3GrCilldvANmGGBycmgtmI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCnosevFYoV/QhrDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20OWn0w8Hhvhpl5QcKZ0o7zZRXW1jc2t4rbpZ3dvf0D+/CoreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD/3OxMqFYtFU08T6kV4KFjICNZG8m37cuzfoSbqc1FBTrV27ttlp+osgP4SNydlyNHw7c/+ICZpRIUmHCvVc51EexmWmhFOZ6V+qmiCyRgPac9QgSOqvGxx+QydGWWAwliaEhot1J8TGY6UmkaB6YywHqlVby7+5/VSHd56GRNJqqkgy0VhypGO0TwGNGCSEs2nhmAimbkVkRGWmGgTVsmE4K6+/Je0a1X3qlp7vC7XL/I4inACp1ABF26gDg/QgBYQmMATvMCrlVnP1pv1vmwtWPnMMfyC9fENBKCRPQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

�kBT ln(0.4)
<latexit sha1_base64="3RG8+ks6K6NQneYEhOncCXJzvhI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFbQktaDHohePFfoFbQib7aZdutmE3Y1QS3+JFw+KePWnePPfuG1z0OqDgcd7M8zMCxLOlHacLyu3tr6xuZXfLuzs7u0X7YPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3c7zxQqVgsmnqSUC/CQ8FCRrA2km8XL8b+DWqiPhdlp1I78+2SU3EWQH+Jm5ESZGj49md/EJM0okITjpXquU6ivSmWmhFOZ4V+qmiCyRgPac9QgSOqvOni8Bk6NcoAhbE0JTRaqD8npjhSahIFpjPCeqRWvbn4n9dLdXjtTZlIUk0FWS4KU450jOYpoAGTlGg+MQQTycytiIywxESbrAomBHf15b+kXa24l5Xqfa1UP8/iyMMxnEAZXLiCOtxBA1pAIIUneIFX69F6tt6s92VrzspmjuAXrI9vrlGRFQ==</latexit>

�kBT ln(0.6)
<latexit sha1_base64="Lt8Nigfz6AtrRXPb8a2feU9IC90=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEChqSKuqy6MZlhb6gDWEynbRDJ5MwMxFq6Ze4caGIWz/FnX/j9LHQ6oELh3Pu5d57wpQzpV33y8qtrK6tb+Q3C1vbO7tFe2+/qZJMEtogCU9kO8SKciZoQzPNaTuVFMchp61weDv1Ww9UKpaIuh6l1I9xX7CIEayNFNjFs2Fwg+qoy0XZdS5PArvkOu4M6C/xFqQEC9QC+7PbS0gWU6EJx0p1PDfV/hhLzQink0I3UzTFZIj7tGOowDFV/nh2+AQdG6WHokSaEhrN1J8TYxwrNYpD0xljPVDL3lT8z+tkOrr2x0ykmaaCzBdFGUc6QdMUUI9JSjQfGYKJZOZWRAZYYqJNVgUTgrf88l/SrDjeuVO5vyhVTxdx5OEQjqAMHlxBFe6gBg0gkMETvMCr9Wg9W2/W+7w1Zy1mDuAXrI9vsVuRFw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

W prod
equasistatic = 0

<latexit sha1_base64="kbj49lpZc1XCkqf22uSkYuxDB2c=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVZIq6EYouHFZwT6gjWUyuWmHTjJxZiKWkA9w46+4caGIWz/AnX/jtM1CWy8MHM459965x4s5U9q2v63C0vLK6lpxvbSxubW9U97daymRSApNKriQHY8o4CyCpmaaQyeWQEKPQ9sbXU709j1IxUR0o8cxuCEZRCxglGhD9cuV9m1Pw4NOYyn8rD/DcJcQZXYbD80ubOOyq/a08CJwclBBeTX65a+eL2gSQqQpJ0p1HTvWbkqkmcchK/USBTGhIzKAroERCUG56fSYDB8ZxseBkOZFGk/Z3x0pCZUah55xhkQP1bw2If/TuokOzt2URXGiIaKzRUHCsRZ4kgz2mQSq+dgAQiUzf8V0SCSh2uRXMiE48ycvglat6pxUa9enlbqdx1FEB+gQHSMHnaE6ukIN1EQUPaJn9IrerCfrxXq3PmbWgpX37KM/ZX3+AHsInHM=</latexit>

hW imax = kBT
�
H[Z✓

⌧ 0 ]�H[Z✓
⌧ ]
�

<latexit sha1_base64="gqAKWSBeLOO6sSWsr9O9uoCA2gA="></latexit>

Efficient Information Engines

Energy landscape control must reflect estimated probabilities

Boyd, Alexander B., James P. Crutchfield, and Mile Gu. 
"Thermodynamic machine learning through maximum work 
production." New Journal of Physics 24.8 (2022): 083040.
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Quench

Quench

A): t = ⌧
<latexit sha1_base64="3GYg64Sn7NHAEtv0EJzBvvjle8k=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XQS0lqQRGEihePFewHNKFsttt26WYTdidqif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXhALrsFxvq2l5ZXVtfXcRn5za3tn1y7sNXSUKMrqNBKRagVEM8ElqwMHwVqxYiQMBGsGw+uJ37xnSvNI3sEoZn5I+pL3OCVgpI5d8IA9Qnp1coHHcOkBSTp20Sk5U+BF4makiDLUOvaX141oEjIJVBCt264Tg58SBZwKNs57iWYxoUPSZ21DJQmZ9tPp6WN8ZJQu7kXKlAQ8VX9PpCTUehQGpjMkMNDz3kT8z2sn0Dv3Uy7jBJiks0W9RGCI8CQH3OWKURAjQwhV3NyK6YAoQsGklTchuPMvL5JGueSelsq3lWK1ksWRQwfoEB0jF52hKrpBNVRHFD2gZ/SK3qwn68V6tz5mrUtWNrOP/sD6/AGOKZN/</latexit>

B): t = ⌧+
<latexit sha1_base64="JwyHzRS75yNpN2oxg9Xp6UAQ3pY=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCIoTdGFAEIejFYwTzgOwaZiezyZDZBzO9Yljir3jxoIhXP8Sbf+Mk2YMmFjQUVd10d3mx4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb3g98VsPTCoehXcwipkbkH7IfU4JaKlrFh1gj5BeHV/gMVw6QJL7k65ZssrWFHiR2BkpoQz1rvnl9CKaBCwEKohSHduKwU2JBE4FGxecRLGY0CHps46mIQmYctPp8WN8qJUe9iOpKwQ8VX9PpCRQahR4ujMgMFDz3kT8z+sk4J+7KQ/jBFhIZ4v8RGCI8CQJ3OOSURAjTQiVXN+K6YBIQkHnVdAh2PMvL5JmpWyfliu31VKtmsWRR/voAB0hG52hGrpBddRAFI3QM3pFb8aT8WK8Gx+z1pyRzRTRHxifP7Z6lB0=</latexit> C): ⌧+ < t < ⌧ 0�

<latexit sha1_base64="waVxiMYquY2wVArRru2hy/Ijig8=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQFTHsxoAiKQJpLCOYC2STMDuZJENmL8ycFcOS1sZXsbFQxNY3sPNtnCRbaOIPAx//OYcz53dDwRVY1reRWlpeWV1Lr2c2Nre2d8zdvZoKIklZlQYikA2XKCa4z6rAQbBGKBnxXMHq7rA8qdfvmVQ88O9gFLKWR/o+73FKQFsdEzvAHiAun17jsQMkap8VMeAinvBxOz4fd8yslbOmwotgJ5BFiSod88vpBjTymA9UEKWathVCKyYSOBVsnHEixUJCh6TPmhp94jHViqeXjPGRdrq4F0j9fMBT9/dETDylRp6rOz0CAzVfm5j/1ZoR9K5aMffDCJhPZ4t6kcAQ4EksuMsloyBGGgiVXP8V0wGRhIIOL6NDsOdPXoRaPmdf5PK3hWypkMSRRgfoEJ0gG12iErpBFVRFFD2iZ/SK3own48V4Nz5mrSkjmdlHf2R8/gD3Y5iL</latexit>

D): t = ⌧ 0�
<latexit sha1_base64="8tvVmovnfU2qwysFXWfEcT0Gn38=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB1INhNwYUQQjowWME84AkhtnJJBkyO7vM9IphWS/+ihcPinj1L7z5N04eB00saCiquunu8kLBNTjOt5Wam19YXEovZ1ZW19Y37M2tig4iRVmZBiJQNY9oJrhkZeAgWC1UjPieYFWvfzn0q/dMaR7IWxiErOmTruQdTgkYqWXvNIA9QHx1dI4TwBe4ASQ6uIuPk5addXLOCHiWuBOSRROUWvZXox3QyGcSqCBa110nhGZMFHAqWJJpRJqFhPZJl9UNlcRnuhmPPkjwvlHauBMoUxLwSP09ERNf64HvmU6fQE9Pe0PxP68eQeesGXMZRsAkHS/qRAJDgIdx4DZXjIIYGEKo4uZWTHtEEQomtIwJwZ1+eZZU8jn3JJe/KWSLhUkcabSL9tAhctEpKqJrVEJlRNEjekav6M16sl6sd+tj3JqyJjPb6A+szx+rJ5Wy</latexit>

E): t = ⌧ 0
<latexit sha1_base64="Q+VLH/VP+gOYW9HT0q7p44/HCB8=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZRL2EmBhRBCIjgMYJZIDOEnk5P0qRnobtGjEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4XC67Asr6N3MLi0vJKfrWwtr6xuWVu7zRUlEjK6jQSkWx5RDHBQ1YHDoK1YslI4AnW9AZXY795z6TiUXgHw5i5AemF3OeUgJY65p4D7AHS65MLPAJ8iR0gyVHHLFolawI8T+yMFFGGWsf8croRTQIWAhVEqbZtxeCmRAKngo0KTqJYTOiA9Fhb05AETLnp5PoRPtRKF/uR1BUCnqi/J1ISKDUMPN0ZEOirWW8s/ue1E/DP3ZSHcQIspNNFfiIwRHgcBe5yySiIoSaESq5vxbRPJKGgAyvoEOzZl+dJo1yyT0vl20qxWsniyKN9dICOkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AsJqUCA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit> 0.8

<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

0.8
<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

�kBT ln(0.8)
<latexit sha1_base64="CrLoQvzfxSH+iOij8038Wes0WO4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCvZY9OKxQr+gDWGz3bZLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBTFnSjvOt5Xb2Nza3snvFvb2Dw6P7OOTlooSSWiTRDySnQArypmgTc00p51YUhwGnLaD8cPcb0+oVCwSDT2NqRfioWADRrA2km/b12P/HjVQj4sScsrVS98uOmVnAbRO3IwUIUPdt796/YgkIRWacKxU13Vi7aVYakY4nRV6iaIxJmM8pF1DBQ6p8tLF5TN0YZQ+GkTSlNBoof6eSHGo1DQMTGeI9UitenPxP6+b6EHVS5mIE00FWS4aJBzpCM1jQH0mKdF8aggmkplbERlhiYk2YRVMCO7qy+ukVSm7N+XK022xdpXFkYczOIcSuHAHNXiEOjSBwASe4RXerNR6sd6tj2VrzspmTuEPrM8fDb6RQw==</latexit>

�kBT ln(0.2)
<latexit sha1_base64="5n7uD3GrCilldvANmGGBycmgtmI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCnosevFYoV/QhrDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20OWn0w8Hhvhpl5QcKZ0o7zZRXW1jc2t4rbpZ3dvf0D+/CoreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD/3OxMqFYtFU08T6kV4KFjICNZG8m37cuzfoSbqc1FBTrV27ttlp+osgP4SNydlyNHw7c/+ICZpRIUmHCvVc51EexmWmhFOZ6V+qmiCyRgPac9QgSOqvGxx+QydGWWAwliaEhot1J8TGY6UmkaB6YywHqlVby7+5/VSHd56GRNJqqkgy0VhypGO0TwGNGCSEs2nhmAimbkVkRGWmGgTVsmE4K6+/Je0a1X3qlp7vC7XL/I4inACp1ABF26gDg/QgBYQmMATvMCrlVnP1pv1vmwtWPnMMfyC9fENBKCRPQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

�kBT ln(0.4)
<latexit sha1_base64="3RG8+ks6K6NQneYEhOncCXJzvhI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFbQktaDHohePFfoFbQib7aZdutmE3Y1QS3+JFw+KePWnePPfuG1z0OqDgcd7M8zMCxLOlHacLyu3tr6xuZXfLuzs7u0X7YPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3c7zxQqVgsmnqSUC/CQ8FCRrA2km8XL8b+DWqiPhdlp1I78+2SU3EWQH+Jm5ESZGj49md/EJM0okITjpXquU6ivSmWmhFOZ4V+qmiCyRgPac9QgSOqvOni8Bk6NcoAhbE0JTRaqD8npjhSahIFpjPCeqRWvbn4n9dLdXjtTZlIUk0FWS4KU450jOYpoAGTlGg+MQQTycytiIywxESbrAomBHf15b+kXa24l5Xqfa1UP8/iyMMxnEAZXLiCOtxBA1pAIIUneIFX69F6tt6s92VrzspmjuAXrI9vrlGRFQ==</latexit>

�kBT ln(0.6)
<latexit sha1_base64="Lt8Nigfz6AtrRXPb8a2feU9IC90=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEChqSKuqy6MZlhb6gDWEynbRDJ5MwMxFq6Ze4caGIWz/FnX/j9LHQ6oELh3Pu5d57wpQzpV33y8qtrK6tb+Q3C1vbO7tFe2+/qZJMEtogCU9kO8SKciZoQzPNaTuVFMchp61weDv1Ww9UKpaIuh6l1I9xX7CIEayNFNjFs2Fwg+qoy0XZdS5PArvkOu4M6C/xFqQEC9QC+7PbS0gWU6EJx0p1PDfV/hhLzQink0I3UzTFZIj7tGOowDFV/nh2+AQdG6WHokSaEhrN1J8TYxwrNYpD0xljPVDL3lT8z+tkOrr2x0ykmaaCzBdFGUc6QdMUUI9JSjQfGYKJZOZWRAZYYqJNVgUTgrf88l/SrDjeuVO5vyhVTxdx5OEQjqAMHlxBFe6gBg0gkMETvMCr9Wg9W2/W+7w1Zy1mDuAXrI9vsVuRFw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

W prod
equasistatic = 0

<latexit sha1_base64="kbj49lpZc1XCkqf22uSkYuxDB2c=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVZIq6EYouHFZwT6gjWUyuWmHTjJxZiKWkA9w46+4caGIWz/AnX/jtM1CWy8MHM459965x4s5U9q2v63C0vLK6lpxvbSxubW9U97daymRSApNKriQHY8o4CyCpmaaQyeWQEKPQ9sbXU709j1IxUR0o8cxuCEZRCxglGhD9cuV9m1Pw4NOYyn8rD/DcJcQZXYbD80ubOOyq/a08CJwclBBeTX65a+eL2gSQqQpJ0p1HTvWbkqkmcchK/USBTGhIzKAroERCUG56fSYDB8ZxseBkOZFGk/Z3x0pCZUah55xhkQP1bw2If/TuokOzt2URXGiIaKzRUHCsRZ4kgz2mQSq+dgAQiUzf8V0SCSh2uRXMiE48ycvglat6pxUa9enlbqdx1FEB+gQHSMHnaE6ukIN1EQUPaJn9IrerCfrxXq3PmbWgpX37KM/ZX3+AHsInHM=</latexit>

hW imax = kBT
�
H[Z✓

⌧ 0 ]�H[Z✓
⌧ ]
�

<latexit sha1_base64="gqAKWSBeLOO6sSWsr9O9uoCA2gA="></latexit>

Efficient Information Engines

Energy landscape control must reflect estimated probabilities

Boyd, Alexander B., James P. Crutchfield, and Mile Gu. 
"Thermodynamic machine learning through maximum work 
production." New Journal of Physics 24.8 (2022): 083040.
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Quench

Quench

A): t = ⌧
<latexit sha1_base64="3GYg64Sn7NHAEtv0EJzBvvjle8k=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XQS0lqQRGEihePFewHNKFsttt26WYTdidqif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXhALrsFxvq2l5ZXVtfXcRn5za3tn1y7sNXSUKMrqNBKRagVEM8ElqwMHwVqxYiQMBGsGw+uJ37xnSvNI3sEoZn5I+pL3OCVgpI5d8IA9Qnp1coHHcOkBSTp20Sk5U+BF4makiDLUOvaX141oEjIJVBCt264Tg58SBZwKNs57iWYxoUPSZ21DJQmZ9tPp6WN8ZJQu7kXKlAQ8VX9PpCTUehQGpjMkMNDz3kT8z2sn0Dv3Uy7jBJiks0W9RGCI8CQH3OWKURAjQwhV3NyK6YAoQsGklTchuPMvL5JGueSelsq3lWK1ksWRQwfoEB0jF52hKrpBNVRHFD2gZ/SK3qwn68V6tz5mrUtWNrOP/sD6/AGOKZN/</latexit>

B): t = ⌧+
<latexit sha1_base64="JwyHzRS75yNpN2oxg9Xp6UAQ3pY=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCIoTdGFAEIejFYwTzgOwaZiezyZDZBzO9Yljir3jxoIhXP8Sbf+Mk2YMmFjQUVd10d3mx4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb3g98VsPTCoehXcwipkbkH7IfU4JaKlrFh1gj5BeHV/gMVw6QJL7k65ZssrWFHiR2BkpoQz1rvnl9CKaBCwEKohSHduKwU2JBE4FGxecRLGY0CHps46mIQmYctPp8WN8qJUe9iOpKwQ8VX9PpCRQahR4ujMgMFDz3kT8z+sk4J+7KQ/jBFhIZ4v8RGCI8CQJ3OOSURAjTQiVXN+K6YBIQkHnVdAh2PMvL5JmpWyfliu31VKtmsWRR/voAB0hG52hGrpBddRAFI3QM3pFb8aT8WK8Gx+z1pyRzRTRHxifP7Z6lB0=</latexit> C): ⌧+ < t < ⌧ 0�

<latexit sha1_base64="waVxiMYquY2wVArRru2hy/Ijig8=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQFTHsxoAiKQJpLCOYC2STMDuZJENmL8ycFcOS1sZXsbFQxNY3sPNtnCRbaOIPAx//OYcz53dDwRVY1reRWlpeWV1Lr2c2Nre2d8zdvZoKIklZlQYikA2XKCa4z6rAQbBGKBnxXMHq7rA8qdfvmVQ88O9gFLKWR/o+73FKQFsdEzvAHiAun17jsQMkap8VMeAinvBxOz4fd8yslbOmwotgJ5BFiSod88vpBjTymA9UEKWathVCKyYSOBVsnHEixUJCh6TPmhp94jHViqeXjPGRdrq4F0j9fMBT9/dETDylRp6rOz0CAzVfm5j/1ZoR9K5aMffDCJhPZ4t6kcAQ4EksuMsloyBGGgiVXP8V0wGRhIIOL6NDsOdPXoRaPmdf5PK3hWypkMSRRgfoEJ0gG12iErpBFVRFFD2iZ/SK3own48V4Nz5mrSkjmdlHf2R8/gD3Y5iL</latexit>

D): t = ⌧ 0�
<latexit sha1_base64="8tvVmovnfU2qwysFXWfEcT0Gn38=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB1INhNwYUQQjowWME84AkhtnJJBkyO7vM9IphWS/+ihcPinj1L7z5N04eB00saCiquunu8kLBNTjOt5Wam19YXEovZ1ZW19Y37M2tig4iRVmZBiJQNY9oJrhkZeAgWC1UjPieYFWvfzn0q/dMaR7IWxiErOmTruQdTgkYqWXvNIA9QHx1dI4TwBe4ASQ6uIuPk5addXLOCHiWuBOSRROUWvZXox3QyGcSqCBa110nhGZMFHAqWJJpRJqFhPZJl9UNlcRnuhmPPkjwvlHauBMoUxLwSP09ERNf64HvmU6fQE9Pe0PxP68eQeesGXMZRsAkHS/qRAJDgIdx4DZXjIIYGEKo4uZWTHtEEQomtIwJwZ1+eZZU8jn3JJe/KWSLhUkcabSL9tAhctEpKqJrVEJlRNEjekav6M16sl6sd+tj3JqyJjPb6A+szx+rJ5Wy</latexit>

E): t = ⌧ 0
<latexit sha1_base64="Q+VLH/VP+gOYW9HT0q7p44/HCB8=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZRL2EmBhRBCIjgMYJZIDOEnk5P0qRnobtGjEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4XC67Asr6N3MLi0vJKfrWwtr6xuWVu7zRUlEjK6jQSkWx5RDHBQ1YHDoK1YslI4AnW9AZXY795z6TiUXgHw5i5AemF3OeUgJY65p4D7AHS65MLPAJ8iR0gyVHHLFolawI8T+yMFFGGWsf8croRTQIWAhVEqbZtxeCmRAKngo0KTqJYTOiA9Fhb05AETLnp5PoRPtRKF/uR1BUCnqi/J1ISKDUMPN0ZEOirWW8s/ue1E/DP3ZSHcQIspNNFfiIwRHgcBe5yySiIoSaESq5vxbRPJKGgAyvoEOzZl+dJo1yyT0vl20qxWsniyKN9dICOkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AsJqUCA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit> 0.8

<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

0.8
<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

�kBT ln(0.8)
<latexit sha1_base64="CrLoQvzfxSH+iOij8038Wes0WO4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCvZY9OKxQr+gDWGz3bZLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBTFnSjvOt5Xb2Nza3snvFvb2Dw6P7OOTlooSSWiTRDySnQArypmgTc00p51YUhwGnLaD8cPcb0+oVCwSDT2NqRfioWADRrA2km/b12P/HjVQj4sScsrVS98uOmVnAbRO3IwUIUPdt796/YgkIRWacKxU13Vi7aVYakY4nRV6iaIxJmM8pF1DBQ6p8tLF5TN0YZQ+GkTSlNBoof6eSHGo1DQMTGeI9UitenPxP6+b6EHVS5mIE00FWS4aJBzpCM1jQH0mKdF8aggmkplbERlhiYk2YRVMCO7qy+ukVSm7N+XK022xdpXFkYczOIcSuHAHNXiEOjSBwASe4RXerNR6sd6tj2VrzspmTuEPrM8fDb6RQw==</latexit>

�kBT ln(0.2)
<latexit sha1_base64="5n7uD3GrCilldvANmGGBycmgtmI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCnosevFYoV/QhrDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20OWn0w8Hhvhpl5QcKZ0o7zZRXW1jc2t4rbpZ3dvf0D+/CoreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD/3OxMqFYtFU08T6kV4KFjICNZG8m37cuzfoSbqc1FBTrV27ttlp+osgP4SNydlyNHw7c/+ICZpRIUmHCvVc51EexmWmhFOZ6V+qmiCyRgPac9QgSOqvGxx+QydGWWAwliaEhot1J8TGY6UmkaB6YywHqlVby7+5/VSHd56GRNJqqkgy0VhypGO0TwGNGCSEs2nhmAimbkVkRGWmGgTVsmE4K6+/Je0a1X3qlp7vC7XL/I4inACp1ABF26gDg/QgBYQmMATvMCrlVnP1pv1vmwtWPnMMfyC9fENBKCRPQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

�kBT ln(0.4)
<latexit sha1_base64="3RG8+ks6K6NQneYEhOncCXJzvhI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFbQktaDHohePFfoFbQib7aZdutmE3Y1QS3+JFw+KePWnePPfuG1z0OqDgcd7M8zMCxLOlHacLyu3tr6xuZXfLuzs7u0X7YPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3c7zxQqVgsmnqSUC/CQ8FCRrA2km8XL8b+DWqiPhdlp1I78+2SU3EWQH+Jm5ESZGj49md/EJM0okITjpXquU6ivSmWmhFOZ4V+qmiCyRgPac9QgSOqvOni8Bk6NcoAhbE0JTRaqD8npjhSahIFpjPCeqRWvbn4n9dLdXjtTZlIUk0FWS4KU450jOYpoAGTlGg+MQQTycytiIywxESbrAomBHf15b+kXa24l5Xqfa1UP8/iyMMxnEAZXLiCOtxBA1pAIIUneIFX69F6tt6s92VrzspmjuAXrI9vrlGRFQ==</latexit>

�kBT ln(0.6)
<latexit sha1_base64="Lt8Nigfz6AtrRXPb8a2feU9IC90=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEChqSKuqy6MZlhb6gDWEynbRDJ5MwMxFq6Ze4caGIWz/FnX/j9LHQ6oELh3Pu5d57wpQzpV33y8qtrK6tb+Q3C1vbO7tFe2+/qZJMEtogCU9kO8SKciZoQzPNaTuVFMchp61weDv1Ww9UKpaIuh6l1I9xX7CIEayNFNjFs2Fwg+qoy0XZdS5PArvkOu4M6C/xFqQEC9QC+7PbS0gWU6EJx0p1PDfV/hhLzQink0I3UzTFZIj7tGOowDFV/nh2+AQdG6WHokSaEhrN1J8TYxwrNYpD0xljPVDL3lT8z+tkOrr2x0ykmaaCzBdFGUc6QdMUUI9JSjQfGYKJZOZWRAZYYqJNVgUTgrf88l/SrDjeuVO5vyhVTxdx5OEQjqAMHlxBFe6gBg0gkMETvMCr9Wg9W2/W+7w1Zy1mDuAXrI9vsVuRFw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

W prod
|" (⌧) = kBT ln(0.8)

<latexit sha1_base64="tCxnym+y9mnO5FW3Bv/rxva8m20=">AAACGHicbVA9SwNBEN3zM8avU0ubxSAkTbyLgmmEoI2lgjFCLh57m01csrd77M6p4czPsPGv2FgoYmvnv3ETU2jig4HHezPMzIsSwQ143pczMzs3v7CYW8ovr6yurbsbm5dGpZqyOlVC6auIGCa4ZHXgINhVohmJI8EaUe9k6DdumTZcyQvoJ6wVk67kHU4JWCl09xrXAbB7yBKt2oMwewjShGit7gbFAEhaOuqFx/gCB0LioleulkK34JW9EfA08cekgMY4C93PoK1oGjMJVBBjmr6XQCsjGjgVbJAPUsMSQnuky5qWShIz08pGjw3wrlXauKO0LQl4pP6eyEhsTD+ObGdM4MZMekPxP6+ZQqfayrhMUmCS/izqpAKDwsOUcJtrRkH0LSFUc3srpjdEEwo2y7wNwZ98eZpcVsr+frlyflCoeeM4cmgb7aAi8tEhqqFTdIbqiKJH9Ixe0Zvz5Lw4787HT+uMM57ZQn/gfH4Dg5yfRg==</latexit>

W prod
|# (⌧) = kBT ln(0.2)

<latexit sha1_base64="xf7ar9wiqWt+UxDNRrLAATGMN8g=">AAACGnicbVDLSgMxFM34rPVVdekmWIR2U2aqoBuh6Malgm2FTh0yadqGZpIhuWMtY7/Djb/ixoUi7sSNf2P6WGj1wIXDOfcm954wFtyA6345c/MLi0vLmZXs6tr6xmZua7tmVKIpq1IllL4OiWGCS1YFDoJdx5qRKBSsHvbORn79lmnDlbyCQcyaEelI3uaUgJWCnFe/8YHdQRpr1RoG6b3fUn1JtFb9YcEHkhRPesEpvsK+kLjglsrFIJd3S+4Y+C/xpiSPprgIch/2TZpETAIVxJiG58bQTIkGTgUbZv3EsJjQHumwhqWSRMw00/FpQ7xvlRZuK21LAh6rPydSEhkziELbGRHomllvJP7nNRJoHzdTLuMEmKSTj9qJwKDwKCfc4ppREANLCNXc7oppl2hCwaaZtSF4syf/JbVyyTsolS8P8xV3GkcG7aI9VEAeOkIVdI4uUBVR9ICe0At6dR6dZ+fNeZ+0zjnTmR30C87nNyyyoCc=</latexit>

W prod
|# (⌧ 0) = �kBT ln(0.6)

<latexit sha1_base64="mk1c1n2MpOVCYaKzP3xQVOJ7ZrQ="></latexit>

W prod
|" (⌧ 0) = �kBT ln(0.4)

<latexit sha1_base64="VTp3BvE9T+SekrDYd3mxWC6iKMQ="></latexit>

W prod
equasistatic = 0

<latexit sha1_base64="kbj49lpZc1XCkqf22uSkYuxDB2c=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVZIq6EYouHFZwT6gjWUyuWmHTjJxZiKWkA9w46+4caGIWz/AnX/jtM1CWy8MHM459965x4s5U9q2v63C0vLK6lpxvbSxubW9U97daymRSApNKriQHY8o4CyCpmaaQyeWQEKPQ9sbXU709j1IxUR0o8cxuCEZRCxglGhD9cuV9m1Pw4NOYyn8rD/DcJcQZXYbD80ubOOyq/a08CJwclBBeTX65a+eL2gSQqQpJ0p1HTvWbkqkmcchK/USBTGhIzKAroERCUG56fSYDB8ZxseBkOZFGk/Z3x0pCZUah55xhkQP1bw2If/TuokOzt2URXGiIaKzRUHCsRZ4kgz2mQSq+dgAQiUzf8V0SCSh2uRXMiE48ycvglat6pxUa9enlbqdx1FEB+gQHSMHnaE6ukIN1EQUPaJn9IrerCfrxXq3PmbWgpX37KM/ZX3+AHsInHM=</latexit>

Quench

Quench

A): t = ⌧
<latexit sha1_base64="3GYg64Sn7NHAEtv0EJzBvvjle8k=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XQS0lqQRGEihePFewHNKFsttt26WYTdidqif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXhALrsFxvq2l5ZXVtfXcRn5za3tn1y7sNXSUKMrqNBKRagVEM8ElqwMHwVqxYiQMBGsGw+uJ37xnSvNI3sEoZn5I+pL3OCVgpI5d8IA9Qnp1coHHcOkBSTp20Sk5U+BF4makiDLUOvaX141oEjIJVBCt264Tg58SBZwKNs57iWYxoUPSZ21DJQmZ9tPp6WN8ZJQu7kXKlAQ8VX9PpCTUehQGpjMkMNDz3kT8z2sn0Dv3Uy7jBJiks0W9RGCI8CQH3OWKURAjQwhV3NyK6YAoQsGklTchuPMvL5JGueSelsq3lWK1ksWRQwfoEB0jF52hKrpBNVRHFD2gZ/SK3qwn68V6tz5mrUtWNrOP/sD6/AGOKZN/</latexit>

B): t = ⌧+
<latexit sha1_base64="JwyHzRS75yNpN2oxg9Xp6UAQ3pY=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCIoTdGFAEIejFYwTzgOwaZiezyZDZBzO9Yljir3jxoIhXP8Sbf+Mk2YMmFjQUVd10d3mx4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb3g98VsPTCoehXcwipkbkH7IfU4JaKlrFh1gj5BeHV/gMVw6QJL7k65ZssrWFHiR2BkpoQz1rvnl9CKaBCwEKohSHduKwU2JBE4FGxecRLGY0CHps46mIQmYctPp8WN8qJUe9iOpKwQ8VX9PpCRQahR4ujMgMFDz3kT8z+sk4J+7KQ/jBFhIZ4v8RGCI8CQJ3OOSURAjTQiVXN+K6YBIQkHnVdAh2PMvL5JmpWyfliu31VKtmsWRR/voAB0hG52hGrpBddRAFI3QM3pFb8aT8WK8Gx+z1pyRzRTRHxifP7Z6lB0=</latexit> C): ⌧+ < t < ⌧ 0�

<latexit sha1_base64="waVxiMYquY2wVArRru2hy/Ijig8=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQFTHsxoAiKQJpLCOYC2STMDuZJENmL8ycFcOS1sZXsbFQxNY3sPNtnCRbaOIPAx//OYcz53dDwRVY1reRWlpeWV1Lr2c2Nre2d8zdvZoKIklZlQYikA2XKCa4z6rAQbBGKBnxXMHq7rA8qdfvmVQ88O9gFLKWR/o+73FKQFsdEzvAHiAun17jsQMkap8VMeAinvBxOz4fd8yslbOmwotgJ5BFiSod88vpBjTymA9UEKWathVCKyYSOBVsnHEixUJCh6TPmhp94jHViqeXjPGRdrq4F0j9fMBT9/dETDylRp6rOz0CAzVfm5j/1ZoR9K5aMffDCJhPZ4t6kcAQ4EksuMsloyBGGgiVXP8V0wGRhIIOL6NDsOdPXoRaPmdf5PK3hWypkMSRRgfoEJ0gG12iErpBFVRFFD2iZ/SK3own48V4Nz5mrSkjmdlHf2R8/gD3Y5iL</latexit>

D): t = ⌧ 0�
<latexit sha1_base64="8tvVmovnfU2qwysFXWfEcT0Gn38=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB1INhNwYUQQjowWME84AkhtnJJBkyO7vM9IphWS/+ihcPinj1L7z5N04eB00saCiquunu8kLBNTjOt5Wam19YXEovZ1ZW19Y37M2tig4iRVmZBiJQNY9oJrhkZeAgWC1UjPieYFWvfzn0q/dMaR7IWxiErOmTruQdTgkYqWXvNIA9QHx1dI4TwBe4ASQ6uIuPk5addXLOCHiWuBOSRROUWvZXox3QyGcSqCBa110nhGZMFHAqWJJpRJqFhPZJl9UNlcRnuhmPPkjwvlHauBMoUxLwSP09ERNf64HvmU6fQE9Pe0PxP68eQeesGXMZRsAkHS/qRAJDgIdx4DZXjIIYGEKo4uZWTHtEEQomtIwJwZ1+eZZU8jn3JJe/KWSLhUkcabSL9tAhctEpKqJrVEJlRNEjekav6M16sl6sd+tj3JqyJjPb6A+szx+rJ5Wy</latexit>

E): t = ⌧ 0
<latexit sha1_base64="Q+VLH/VP+gOYW9HT0q7p44/HCB8=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZRL2EmBhRBCIjgMYJZIDOEnk5P0qRnobtGjEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4XC67Asr6N3MLi0vJKfrWwtr6xuWVu7zRUlEjK6jQSkWx5RDHBQ1YHDoK1YslI4AnW9AZXY795z6TiUXgHw5i5AemF3OeUgJY65p4D7AHS65MLPAJ8iR0gyVHHLFolawI8T+yMFFGGWsf8croRTQIWAhVEqbZtxeCmRAKngo0KTqJYTOiA9Fhb05AETLnp5PoRPtRKF/uR1BUCnqi/J1ISKDUMPN0ZEOirWW8s/ue1E/DP3ZSHcQIspNNFfiIwRHgcBe5yySiIoSaESq5vxbRPJKGgAyvoEOzZl+dJo1yyT0vl20qxWsniyKN9dICOkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AsJqUCA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit> 0.8

<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

0.8
<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

�kBT ln(0.8)
<latexit sha1_base64="CrLoQvzfxSH+iOij8038Wes0WO4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCvZY9OKxQr+gDWGz3bZLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBTFnSjvOt5Xb2Nza3snvFvb2Dw6P7OOTlooSSWiTRDySnQArypmgTc00p51YUhwGnLaD8cPcb0+oVCwSDT2NqRfioWADRrA2km/b12P/HjVQj4sScsrVS98uOmVnAbRO3IwUIUPdt796/YgkIRWacKxU13Vi7aVYakY4nRV6iaIxJmM8pF1DBQ6p8tLF5TN0YZQ+GkTSlNBoof6eSHGo1DQMTGeI9UitenPxP6+b6EHVS5mIE00FWS4aJBzpCM1jQH0mKdF8aggmkplbERlhiYk2YRVMCO7qy+ukVSm7N+XK022xdpXFkYczOIcSuHAHNXiEOjSBwASe4RXerNR6sd6tj2VrzspmTuEPrM8fDb6RQw==</latexit>

�kBT ln(0.2)
<latexit sha1_base64="5n7uD3GrCilldvANmGGBycmgtmI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCnosevFYoV/QhrDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20OWn0w8Hhvhpl5QcKZ0o7zZRXW1jc2t4rbpZ3dvf0D+/CoreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD/3OxMqFYtFU08T6kV4KFjICNZG8m37cuzfoSbqc1FBTrV27ttlp+osgP4SNydlyNHw7c/+ICZpRIUmHCvVc51EexmWmhFOZ6V+qmiCyRgPac9QgSOqvGxx+QydGWWAwliaEhot1J8TGY6UmkaB6YywHqlVby7+5/VSHd56GRNJqqkgy0VhypGO0TwGNGCSEs2nhmAimbkVkRGWmGgTVsmE4K6+/Je0a1X3qlp7vC7XL/I4inACp1ABF26gDg/QgBYQmMATvMCrlVnP1pv1vmwtWPnMMfyC9fENBKCRPQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

�kBT ln(0.4)
<latexit sha1_base64="3RG8+ks6K6NQneYEhOncCXJzvhI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFbQktaDHohePFfoFbQib7aZdutmE3Y1QS3+JFw+KePWnePPfuG1z0OqDgcd7M8zMCxLOlHacLyu3tr6xuZXfLuzs7u0X7YPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3c7zxQqVgsmnqSUC/CQ8FCRrA2km8XL8b+DWqiPhdlp1I78+2SU3EWQH+Jm5ESZGj49md/EJM0okITjpXquU6ivSmWmhFOZ4V+qmiCyRgPac9QgSOqvOni8Bk6NcoAhbE0JTRaqD8npjhSahIFpjPCeqRWvbn4n9dLdXjtTZlIUk0FWS4KU450jOYpoAGTlGg+MQQTycytiIywxESbrAomBHf15b+kXa24l5Xqfa1UP8/iyMMxnEAZXLiCOtxBA1pAIIUneIFX69F6tt6s92VrzspmjuAXrI9vrlGRFQ==</latexit>

�kBT ln(0.6)
<latexit sha1_base64="Lt8Nigfz6AtrRXPb8a2feU9IC90=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEChqSKuqy6MZlhb6gDWEynbRDJ5MwMxFq6Ze4caGIWz/FnX/j9LHQ6oELh3Pu5d57wpQzpV33y8qtrK6tb+Q3C1vbO7tFe2+/qZJMEtogCU9kO8SKciZoQzPNaTuVFMchp61weDv1Ww9UKpaIuh6l1I9xX7CIEayNFNjFs2Fwg+qoy0XZdS5PArvkOu4M6C/xFqQEC9QC+7PbS0gWU6EJx0p1PDfV/hhLzQink0I3UzTFZIj7tGOowDFV/nh2+AQdG6WHokSaEhrN1J8TYxwrNYpD0xljPVDL3lT8z+tkOrr2x0ykmaaCzBdFGUc6QdMUUI9JSjQfGYKJZOZWRAZYYqJNVgUTgrf88l/SrDjeuVO5vyhVTxdx5OEQjqAMHlxBFe6gBg0gkMETvMCr9Wg9W2/W+7w1Zy1mDuAXrI9vsVuRFw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

Quasistatic
<latexit sha1_base64="kWLD/KIWnQYjQqPAV1AvWdcaseM=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclaQKuiy6cdmCfUAbymR60w6dTMLMRFpCf8WNC0Xc+iPu/BunbRbaemDgcM59zQkSzpR23W9rY3Nre2e3sFfcPzg8OrZPSi0Vp5Jik8Y8lp2AKORMYFMzzbGTSCRRwLEdjO/nfvsJpWKxeNTTBP2IDAULGSXaSH271NM40VkjJcosMyKd9e2yW3EXcNaJl5My5Kj37a/eIKZphEJTTpTqem6i/YxIM43jrNhLFSaEjskQu4YKEqHys8XtM+fCKAMnjKV5QjsL9XdHRiKlplFgKiOiR2rVm4v/ed1Uh7d+xkSSahR0uShMuaNjZx6EM2ASqeZTQwiVzNzq0BGRhGoTV9GE4K1+eZ20qhXvqlJtXJdrd3kcBTiDc7gED26gBg9QhyZQmMAzvMKbNbNerHfrY1m6YeU9p/AH1ucP88aVBw==</latexit>

W prod
|" (⌧) = kBT ln(0.8)

<latexit sha1_base64="tCxnym+y9mnO5FW3Bv/rxva8m20=">AAACGHicbVA9SwNBEN3zM8avU0ubxSAkTbyLgmmEoI2lgjFCLh57m01csrd77M6p4czPsPGv2FgoYmvnv3ETU2jig4HHezPMzIsSwQ143pczMzs3v7CYW8ovr6yurbsbm5dGpZqyOlVC6auIGCa4ZHXgINhVohmJI8EaUe9k6DdumTZcyQvoJ6wVk67kHU4JWCl09xrXAbB7yBKt2oMwewjShGit7gbFAEhaOuqFx/gCB0LioleulkK34JW9EfA08cekgMY4C93PoK1oGjMJVBBjmr6XQCsjGjgVbJAPUsMSQnuky5qWShIz08pGjw3wrlXauKO0LQl4pP6eyEhsTD+ObGdM4MZMekPxP6+ZQqfayrhMUmCS/izqpAKDwsOUcJtrRkH0LSFUc3srpjdEEwo2y7wNwZ98eZpcVsr+frlyflCoeeM4cmgb7aAi8tEhqqFTdIbqiKJH9Ixe0Zvz5Lw4787HT+uMM57ZQn/gfH4Dg5yfRg==</latexit>

W prod
|# (⌧) = kBT ln(0.2)

<latexit sha1_base64="xf7ar9wiqWt+UxDNRrLAATGMN8g=">AAACGnicbVDLSgMxFM34rPVVdekmWIR2U2aqoBuh6Malgm2FTh0yadqGZpIhuWMtY7/Djb/ixoUi7sSNf2P6WGj1wIXDOfcm954wFtyA6345c/MLi0vLmZXs6tr6xmZua7tmVKIpq1IllL4OiWGCS1YFDoJdx5qRKBSsHvbORn79lmnDlbyCQcyaEelI3uaUgJWCnFe/8YHdQRpr1RoG6b3fUn1JtFb9YcEHkhRPesEpvsK+kLjglsrFIJd3S+4Y+C/xpiSPprgIch/2TZpETAIVxJiG58bQTIkGTgUbZv3EsJjQHumwhqWSRMw00/FpQ7xvlRZuK21LAh6rPydSEhkziELbGRHomllvJP7nNRJoHzdTLuMEmKSTj9qJwKDwKCfc4ppREANLCNXc7oppl2hCwaaZtSF4syf/JbVyyTsolS8P8xV3GkcG7aI9VEAeOkIVdI4uUBVR9ICe0At6dR6dZ+fNeZ+0zjnTmR30C87nNyyyoCc=</latexit>

W prod
|# (⌧ 0) = �kBT ln(0.6)

<latexit sha1_base64="mk1c1n2MpOVCYaKzP3xQVOJ7ZrQ="></latexit>

W prod
|" (⌧ 0) = �kBT ln(0.4)

<latexit sha1_base64="VTp3BvE9T+SekrDYd3mxWC6iKMQ="></latexit>

W prod
|"," (⌧ 0) = kBT ln

0.8

0.4
<latexit sha1_base64="3AtEOycTl8vw1Q6gh63N1wtuhOI="></latexit>

W prod
|",# (⌧ 0) = kBT ln

0.8

0.6
<latexit sha1_base64="sLQk4dgwo2/kphLkJe1iHgJQZy4="></latexit>

W prod
|#,# (⌧ 0) = kBT ln

0.2

0.6
<latexit sha1_base64="qjm1YNSu/NmJqsVksi9hdi/R4Ak="></latexit>

W prod
|#," (⌧ 0) = kBT ln

0.2

0.4
<latexit sha1_base64="lPaj2ayo/cUxS2sFieXLgsokLbc="></latexit>

W prod
equasistatic = 0

<latexit sha1_base64="kbj49lpZc1XCkqf22uSkYuxDB2c=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVZIq6EYouHFZwT6gjWUyuWmHTjJxZiKWkA9w46+4caGIWz/AnX/jtM1CWy8MHM459965x4s5U9q2v63C0vLK6lpxvbSxubW9U97daymRSApNKriQHY8o4CyCpmaaQyeWQEKPQ9sbXU709j1IxUR0o8cxuCEZRCxglGhD9cuV9m1Pw4NOYyn8rD/DcJcQZXYbD80ubOOyq/a08CJwclBBeTX65a+eL2gSQqQpJ0p1HTvWbkqkmcchK/USBTGhIzKAroERCUG56fSYDB8ZxseBkOZFGk/Z3x0pCZUah55xhkQP1bw2If/TuokOzt2URXGiIaKzRUHCsRZ4kgz2mQSq+dgAQiUzf8V0SCSh2uRXMiE48ycvglat6pxUa9enlbqdx1FEB+gQHSMHnaE6ukIN1EQUPaJn9IrerCfrxXq3PmbWgpX37KM/ZX3+AHsInHM=</latexit>

Quench

Quench

A): t = ⌧
<latexit sha1_base64="3GYg64Sn7NHAEtv0EJzBvvjle8k=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XQS0lqQRGEihePFewHNKFsttt26WYTdidqif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXhALrsFxvq2l5ZXVtfXcRn5za3tn1y7sNXSUKMrqNBKRagVEM8ElqwMHwVqxYiQMBGsGw+uJ37xnSvNI3sEoZn5I+pL3OCVgpI5d8IA9Qnp1coHHcOkBSTp20Sk5U+BF4makiDLUOvaX141oEjIJVBCt264Tg58SBZwKNs57iWYxoUPSZ21DJQmZ9tPp6WN8ZJQu7kXKlAQ8VX9PpCTUehQGpjMkMNDz3kT8z2sn0Dv3Uy7jBJiks0W9RGCI8CQH3OWKURAjQwhV3NyK6YAoQsGklTchuPMvL5JGueSelsq3lWK1ksWRQwfoEB0jF52hKrpBNVRHFD2gZ/SK3qwn68V6tz5mrUtWNrOP/sD6/AGOKZN/</latexit>

B): t = ⌧+
<latexit sha1_base64="JwyHzRS75yNpN2oxg9Xp6UAQ3pY=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCIoTdGFAEIejFYwTzgOwaZiezyZDZBzO9Yljir3jxoIhXP8Sbf+Mk2YMmFjQUVd10d3mx4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb3g98VsPTCoehXcwipkbkH7IfU4JaKlrFh1gj5BeHV/gMVw6QJL7k65ZssrWFHiR2BkpoQz1rvnl9CKaBCwEKohSHduKwU2JBE4FGxecRLGY0CHps46mIQmYctPp8WN8qJUe9iOpKwQ8VX9PpCRQahR4ujMgMFDz3kT8z+sk4J+7KQ/jBFhIZ4v8RGCI8CQJ3OOSURAjTQiVXN+K6YBIQkHnVdAh2PMvL5JmpWyfliu31VKtmsWRR/voAB0hG52hGrpBddRAFI3QM3pFb8aT8WK8Gx+z1pyRzRTRHxifP7Z6lB0=</latexit> C): ⌧+ < t < ⌧ 0�

<latexit sha1_base64="waVxiMYquY2wVArRru2hy/Ijig8=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQFTHsxoAiKQJpLCOYC2STMDuZJENmL8ycFcOS1sZXsbFQxNY3sPNtnCRbaOIPAx//OYcz53dDwRVY1reRWlpeWV1Lr2c2Nre2d8zdvZoKIklZlQYikA2XKCa4z6rAQbBGKBnxXMHq7rA8qdfvmVQ88O9gFLKWR/o+73FKQFsdEzvAHiAun17jsQMkap8VMeAinvBxOz4fd8yslbOmwotgJ5BFiSod88vpBjTymA9UEKWathVCKyYSOBVsnHEixUJCh6TPmhp94jHViqeXjPGRdrq4F0j9fMBT9/dETDylRp6rOz0CAzVfm5j/1ZoR9K5aMffDCJhPZ4t6kcAQ4EksuMsloyBGGgiVXP8V0wGRhIIOL6NDsOdPXoRaPmdf5PK3hWypkMSRRgfoEJ0gG12iErpBFVRFFD2iZ/SK3own48V4Nz5mrSkjmdlHf2R8/gD3Y5iL</latexit>

D): t = ⌧ 0�
<latexit sha1_base64="8tvVmovnfU2qwysFXWfEcT0Gn38=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB1INhNwYUQQjowWME84AkhtnJJBkyO7vM9IphWS/+ihcPinj1L7z5N04eB00saCiquunu8kLBNTjOt5Wam19YXEovZ1ZW19Y37M2tig4iRVmZBiJQNY9oJrhkZeAgWC1UjPieYFWvfzn0q/dMaR7IWxiErOmTruQdTgkYqWXvNIA9QHx1dI4TwBe4ASQ6uIuPk5addXLOCHiWuBOSRROUWvZXox3QyGcSqCBa110nhGZMFHAqWJJpRJqFhPZJl9UNlcRnuhmPPkjwvlHauBMoUxLwSP09ERNf64HvmU6fQE9Pe0PxP68eQeesGXMZRsAkHS/qRAJDgIdx4DZXjIIYGEKo4uZWTHtEEQomtIwJwZ1+eZZU8jn3JJe/KWSLhUkcabSL9tAhctEpKqJrVEJlRNEjekav6M16sl6sd+tj3JqyJjPb6A+szx+rJ5Wy</latexit>

E): t = ⌧ 0
<latexit sha1_base64="Q+VLH/VP+gOYW9HT0q7p44/HCB8=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZRL2EmBhRBCIjgMYJZIDOEnk5P0qRnobtGjEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4XC67Asr6N3MLi0vJKfrWwtr6xuWVu7zRUlEjK6jQSkWx5RDHBQ1YHDoK1YslI4AnW9AZXY795z6TiUXgHw5i5AemF3OeUgJY65p4D7AHS65MLPAJ8iR0gyVHHLFolawI8T+yMFFGGWsf8croRTQIWAhVEqbZtxeCmRAKngo0KTqJYTOiA9Fhb05AETLnp5PoRPtRKF/uR1BUCnqi/J1ISKDUMPN0ZEOirWW8s/ue1E/DP3ZSHcQIspNNFfiIwRHgcBe5yySiIoSaESq5vxbRPJKGgAyvoEOzZl+dJo1yyT0vl20qxWsniyKN9dICOkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AsJqUCA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit> 0.8

<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

0.8
<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

�kBT ln(0.8)
<latexit sha1_base64="CrLoQvzfxSH+iOij8038Wes0WO4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCvZY9OKxQr+gDWGz3bZLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBTFnSjvOt5Xb2Nza3snvFvb2Dw6P7OOTlooSSWiTRDySnQArypmgTc00p51YUhwGnLaD8cPcb0+oVCwSDT2NqRfioWADRrA2km/b12P/HjVQj4sScsrVS98uOmVnAbRO3IwUIUPdt796/YgkIRWacKxU13Vi7aVYakY4nRV6iaIxJmM8pF1DBQ6p8tLF5TN0YZQ+GkTSlNBoof6eSHGo1DQMTGeI9UitenPxP6+b6EHVS5mIE00FWS4aJBzpCM1jQH0mKdF8aggmkplbERlhiYk2YRVMCO7qy+ukVSm7N+XK022xdpXFkYczOIcSuHAHNXiEOjSBwASe4RXerNR6sd6tj2VrzspmTuEPrM8fDb6RQw==</latexit>

�kBT ln(0.2)
<latexit sha1_base64="5n7uD3GrCilldvANmGGBycmgtmI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCnosevFYoV/QhrDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20OWn0w8Hhvhpl5QcKZ0o7zZRXW1jc2t4rbpZ3dvf0D+/CoreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD/3OxMqFYtFU08T6kV4KFjICNZG8m37cuzfoSbqc1FBTrV27ttlp+osgP4SNydlyNHw7c/+ICZpRIUmHCvVc51EexmWmhFOZ6V+qmiCyRgPac9QgSOqvGxx+QydGWWAwliaEhot1J8TGY6UmkaB6YywHqlVby7+5/VSHd56GRNJqqkgy0VhypGO0TwGNGCSEs2nhmAimbkVkRGWmGgTVsmE4K6+/Je0a1X3qlp7vC7XL/I4inACp1ABF26gDg/QgBYQmMATvMCrlVnP1pv1vmwtWPnMMfyC9fENBKCRPQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

�kBT ln(0.4)
<latexit sha1_base64="3RG8+ks6K6NQneYEhOncCXJzvhI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFbQktaDHohePFfoFbQib7aZdutmE3Y1QS3+JFw+KePWnePPfuG1z0OqDgcd7M8zMCxLOlHacLyu3tr6xuZXfLuzs7u0X7YPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3c7zxQqVgsmnqSUC/CQ8FCRrA2km8XL8b+DWqiPhdlp1I78+2SU3EWQH+Jm5ESZGj49md/EJM0okITjpXquU6ivSmWmhFOZ4V+qmiCyRgPac9QgSOqvOni8Bk6NcoAhbE0JTRaqD8npjhSahIFpjPCeqRWvbn4n9dLdXjtTZlIUk0FWS4KU450jOYpoAGTlGg+MQQTycytiIywxESbrAomBHf15b+kXa24l5Xqfa1UP8/iyMMxnEAZXLiCOtxBA1pAIIUneIFX69F6tt6s92VrzspmjuAXrI9vrlGRFQ==</latexit>

�kBT ln(0.6)
<latexit sha1_base64="Lt8Nigfz6AtrRXPb8a2feU9IC90=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEChqSKuqy6MZlhb6gDWEynbRDJ5MwMxFq6Ze4caGIWz/FnX/j9LHQ6oELh3Pu5d57wpQzpV33y8qtrK6tb+Q3C1vbO7tFe2+/qZJMEtogCU9kO8SKciZoQzPNaTuVFMchp61weDv1Ww9UKpaIuh6l1I9xX7CIEayNFNjFs2Fwg+qoy0XZdS5PArvkOu4M6C/xFqQEC9QC+7PbS0gWU6EJx0p1PDfV/hhLzQink0I3UzTFZIj7tGOowDFV/nh2+AQdG6WHokSaEhrN1J8TYxwrNYpD0xljPVDL3lT8z+tkOrr2x0ykmaaCzBdFGUc6QdMUUI9JSjQfGYKJZOZWRAZYYqJNVgUTgrf88l/SrDjeuVO5vyhVTxdx5OEQjqAMHlxBFe6gBg0gkMETvMCr9Wg9W2/W+7w1Zy1mDuAXrI9vsVuRFw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

Quasistatic
<latexit sha1_base64="kWLD/KIWnQYjQqPAV1AvWdcaseM=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclaQKuiy6cdmCfUAbymR60w6dTMLMRFpCf8WNC0Xc+iPu/BunbRbaemDgcM59zQkSzpR23W9rY3Nre2e3sFfcPzg8OrZPSi0Vp5Jik8Y8lp2AKORMYFMzzbGTSCRRwLEdjO/nfvsJpWKxeNTTBP2IDAULGSXaSH271NM40VkjJcosMyKd9e2yW3EXcNaJl5My5Kj37a/eIKZphEJTTpTqem6i/YxIM43jrNhLFSaEjskQu4YKEqHys8XtM+fCKAMnjKV5QjsL9XdHRiKlplFgKiOiR2rVm4v/ed1Uh7d+xkSSahR0uShMuaNjZx6EM2ASqeZTQwiVzNzq0BGRhGoTV9GE4K1+eZ20qhXvqlJtXJdrd3kcBTiDc7gED26gBg9QhyZQmMAzvMKbNbNerHfrY1m6YeU9p/AH1ucP88aVBw==</latexit>

W prod
|" (⌧) = kBT ln(0.8)

<latexit sha1_base64="tCxnym+y9mnO5FW3Bv/rxva8m20=">AAACGHicbVA9SwNBEN3zM8avU0ubxSAkTbyLgmmEoI2lgjFCLh57m01csrd77M6p4czPsPGv2FgoYmvnv3ETU2jig4HHezPMzIsSwQ143pczMzs3v7CYW8ovr6yurbsbm5dGpZqyOlVC6auIGCa4ZHXgINhVohmJI8EaUe9k6DdumTZcyQvoJ6wVk67kHU4JWCl09xrXAbB7yBKt2oMwewjShGit7gbFAEhaOuqFx/gCB0LioleulkK34JW9EfA08cekgMY4C93PoK1oGjMJVBBjmr6XQCsjGjgVbJAPUsMSQnuky5qWShIz08pGjw3wrlXauKO0LQl4pP6eyEhsTD+ObGdM4MZMekPxP6+ZQqfayrhMUmCS/izqpAKDwsOUcJtrRkH0LSFUc3srpjdEEwo2y7wNwZ98eZpcVsr+frlyflCoeeM4cmgb7aAi8tEhqqFTdIbqiKJH9Ixe0Zvz5Lw4787HT+uMM57ZQn/gfH4Dg5yfRg==</latexit>

W prod
|# (⌧) = kBT ln(0.2)

<latexit sha1_base64="xf7ar9wiqWt+UxDNRrLAATGMN8g=">AAACGnicbVDLSgMxFM34rPVVdekmWIR2U2aqoBuh6Malgm2FTh0yadqGZpIhuWMtY7/Djb/ixoUi7sSNf2P6WGj1wIXDOfcm954wFtyA6345c/MLi0vLmZXs6tr6xmZua7tmVKIpq1IllL4OiWGCS1YFDoJdx5qRKBSsHvbORn79lmnDlbyCQcyaEelI3uaUgJWCnFe/8YHdQRpr1RoG6b3fUn1JtFb9YcEHkhRPesEpvsK+kLjglsrFIJd3S+4Y+C/xpiSPprgIch/2TZpETAIVxJiG58bQTIkGTgUbZv3EsJjQHumwhqWSRMw00/FpQ7xvlRZuK21LAh6rPydSEhkziELbGRHomllvJP7nNRJoHzdTLuMEmKSTj9qJwKDwKCfc4ppREANLCNXc7oppl2hCwaaZtSF4syf/JbVyyTsolS8P8xV3GkcG7aI9VEAeOkIVdI4uUBVR9ICe0At6dR6dZ+fNeZ+0zjnTmR30C87nNyyyoCc=</latexit>

W prod
|# (⌧ 0) = �kBT ln(0.6)

<latexit sha1_base64="mk1c1n2MpOVCYaKzP3xQVOJ7ZrQ="></latexit>

W prod
|" (⌧ 0) = �kBT ln(0.4)

<latexit sha1_base64="VTp3BvE9T+SekrDYd3mxWC6iKMQ="></latexit>

W prod
|"," (⌧ 0) = kBT ln

0.8

0.4
<latexit sha1_base64="3AtEOycTl8vw1Q6gh63N1wtuhOI="></latexit>

W prod
|",# (⌧ 0) = kBT ln

0.8

0.6
<latexit sha1_base64="sLQk4dgwo2/kphLkJe1iHgJQZy4="></latexit>

W prod
|#,# (⌧ 0) = kBT ln

0.2

0.6
<latexit sha1_base64="qjm1YNSu/NmJqsVksi9hdi/R4Ak="></latexit>

W prod
|#," (⌧ 0) = kBT ln

0.2

0.4
<latexit sha1_base64="lPaj2ayo/cUxS2sFieXLgsokLbc="></latexit>

W prod
equasistatic = 0

<latexit sha1_base64="kbj49lpZc1XCkqf22uSkYuxDB2c=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVZIq6EYouHFZwT6gjWUyuWmHTjJxZiKWkA9w46+4caGIWz/AnX/jtM1CWy8MHM459965x4s5U9q2v63C0vLK6lpxvbSxubW9U97daymRSApNKriQHY8o4CyCpmaaQyeWQEKPQ9sbXU709j1IxUR0o8cxuCEZRCxglGhD9cuV9m1Pw4NOYyn8rD/DcJcQZXYbD80ubOOyq/a08CJwclBBeTX65a+eL2gSQqQpJ0p1HTvWbkqkmcchK/USBTGhIzKAroERCUG56fSYDB8ZxseBkOZFGk/Z3x0pCZUah55xhkQP1bw2If/TuokOzt2URXGiIaKzRUHCsRZ4kgz2mQSq+dgAQiUzf8V0SCSh2uRXMiE48ycvglat6pxUa9enlbqdx1FEB+gQHSMHnaE6ukIN1EQUPaJn9IrerCfrxXq3PmbWgpX37KM/ZX3+AHsInHM=</latexit>

Efficient Information Engines

Energy landscape control must reflect estimated probabilities

Boyd, Alexander B., James P. Crutchfield, and Mile Gu. 
"Thermodynamic machine learning through maximum work 
production." New Journal of Physics 24.8 (2022): 083040.



Efficient engines:
63

Quench

Quench

A): t = ⌧
<latexit sha1_base64="3GYg64Sn7NHAEtv0EJzBvvjle8k=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XQS0lqQRGEihePFewHNKFsttt26WYTdidqif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXhALrsFxvq2l5ZXVtfXcRn5za3tn1y7sNXSUKMrqNBKRagVEM8ElqwMHwVqxYiQMBGsGw+uJ37xnSvNI3sEoZn5I+pL3OCVgpI5d8IA9Qnp1coHHcOkBSTp20Sk5U+BF4makiDLUOvaX141oEjIJVBCt264Tg58SBZwKNs57iWYxoUPSZ21DJQmZ9tPp6WN8ZJQu7kXKlAQ8VX9PpCTUehQGpjMkMNDz3kT8z2sn0Dv3Uy7jBJiks0W9RGCI8CQH3OWKURAjQwhV3NyK6YAoQsGklTchuPMvL5JGueSelsq3lWK1ksWRQwfoEB0jF52hKrpBNVRHFD2gZ/SK3qwn68V6tz5mrUtWNrOP/sD6/AGOKZN/</latexit>

B): t = ⌧+
<latexit sha1_base64="JwyHzRS75yNpN2oxg9Xp6UAQ3pY=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCIoTdGFAEIejFYwTzgOwaZiezyZDZBzO9Yljir3jxoIhXP8Sbf+Mk2YMmFjQUVd10d3mx4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb3g98VsPTCoehXcwipkbkH7IfU4JaKlrFh1gj5BeHV/gMVw6QJL7k65ZssrWFHiR2BkpoQz1rvnl9CKaBCwEKohSHduKwU2JBE4FGxecRLGY0CHps46mIQmYctPp8WN8qJUe9iOpKwQ8VX9PpCRQahR4ujMgMFDz3kT8z+sk4J+7KQ/jBFhIZ4v8RGCI8CQJ3OOSURAjTQiVXN+K6YBIQkHnVdAh2PMvL5JmpWyfliu31VKtmsWRR/voAB0hG52hGrpBddRAFI3QM3pFb8aT8WK8Gx+z1pyRzRTRHxifP7Z6lB0=</latexit> C): ⌧+ < t < ⌧ 0�

<latexit sha1_base64="waVxiMYquY2wVArRru2hy/Ijig8=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQFTHsxoAiKQJpLCOYC2STMDuZJENmL8ycFcOS1sZXsbFQxNY3sPNtnCRbaOIPAx//OYcz53dDwRVY1reRWlpeWV1Lr2c2Nre2d8zdvZoKIklZlQYikA2XKCa4z6rAQbBGKBnxXMHq7rA8qdfvmVQ88O9gFLKWR/o+73FKQFsdEzvAHiAun17jsQMkap8VMeAinvBxOz4fd8yslbOmwotgJ5BFiSod88vpBjTymA9UEKWathVCKyYSOBVsnHEixUJCh6TPmhp94jHViqeXjPGRdrq4F0j9fMBT9/dETDylRp6rOz0CAzVfm5j/1ZoR9K5aMffDCJhPZ4t6kcAQ4EksuMsloyBGGgiVXP8V0wGRhIIOL6NDsOdPXoRaPmdf5PK3hWypkMSRRgfoEJ0gG12iErpBFVRFFD2iZ/SK3own48V4Nz5mrSkjmdlHf2R8/gD3Y5iL</latexit>

D): t = ⌧ 0�
<latexit sha1_base64="8tvVmovnfU2qwysFXWfEcT0Gn38=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB1INhNwYUQQjowWME84AkhtnJJBkyO7vM9IphWS/+ihcPinj1L7z5N04eB00saCiquunu8kLBNTjOt5Wam19YXEovZ1ZW19Y37M2tig4iRVmZBiJQNY9oJrhkZeAgWC1UjPieYFWvfzn0q/dMaR7IWxiErOmTruQdTgkYqWXvNIA9QHx1dI4TwBe4ASQ6uIuPk5addXLOCHiWuBOSRROUWvZXox3QyGcSqCBa110nhGZMFHAqWJJpRJqFhPZJl9UNlcRnuhmPPkjwvlHauBMoUxLwSP09ERNf64HvmU6fQE9Pe0PxP68eQeesGXMZRsAkHS/qRAJDgIdx4DZXjIIYGEKo4uZWTHtEEQomtIwJwZ1+eZZU8jn3JJe/KWSLhUkcabSL9tAhctEpKqJrVEJlRNEjekav6M16sl6sd+tj3JqyJjPb6A+szx+rJ5Wy</latexit>

E): t = ⌧ 0
<latexit sha1_base64="Q+VLH/VP+gOYW9HT0q7p44/HCB8=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZRL2EmBhRBCIjgMYJZIDOEnk5P0qRnobtGjEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4XC67Asr6N3MLi0vJKfrWwtr6xuWVu7zRUlEjK6jQSkWx5RDHBQ1YHDoK1YslI4AnW9AZXY795z6TiUXgHw5i5AemF3OeUgJY65p4D7AHS65MLPAJ8iR0gyVHHLFolawI8T+yMFFGGWsf8croRTQIWAhVEqbZtxeCmRAKngo0KTqJYTOiA9Fhb05AETLnp5PoRPtRKF/uR1BUCnqi/J1ISKDUMPN0ZEOirWW8s/ue1E/DP3ZSHcQIspNNFfiIwRHgcBe5yySiIoSaESq5vxbRPJKGgAyvoEOzZl+dJo1yyT0vl20qxWsniyKN9dICOkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AsJqUCA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit> 0.8

<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

0.8
<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

�kBT ln(0.8)
<latexit sha1_base64="CrLoQvzfxSH+iOij8038Wes0WO4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCvZY9OKxQr+gDWGz3bZLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBTFnSjvOt5Xb2Nza3snvFvb2Dw6P7OOTlooSSWiTRDySnQArypmgTc00p51YUhwGnLaD8cPcb0+oVCwSDT2NqRfioWADRrA2km/b12P/HjVQj4sScsrVS98uOmVnAbRO3IwUIUPdt796/YgkIRWacKxU13Vi7aVYakY4nRV6iaIxJmM8pF1DBQ6p8tLF5TN0YZQ+GkTSlNBoof6eSHGo1DQMTGeI9UitenPxP6+b6EHVS5mIE00FWS4aJBzpCM1jQH0mKdF8aggmkplbERlhiYk2YRVMCO7qy+ukVSm7N+XK022xdpXFkYczOIcSuHAHNXiEOjSBwASe4RXerNR6sd6tj2VrzspmTuEPrM8fDb6RQw==</latexit>

�kBT ln(0.2)
<latexit sha1_base64="5n7uD3GrCilldvANmGGBycmgtmI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCnosevFYoV/QhrDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20OWn0w8Hhvhpl5QcKZ0o7zZRXW1jc2t4rbpZ3dvf0D+/CoreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD/3OxMqFYtFU08T6kV4KFjICNZG8m37cuzfoSbqc1FBTrV27ttlp+osgP4SNydlyNHw7c/+ICZpRIUmHCvVc51EexmWmhFOZ6V+qmiCyRgPac9QgSOqvGxx+QydGWWAwliaEhot1J8TGY6UmkaB6YywHqlVby7+5/VSHd56GRNJqqkgy0VhypGO0TwGNGCSEs2nhmAimbkVkRGWmGgTVsmE4K6+/Je0a1X3qlp7vC7XL/I4inACp1ABF26gDg/QgBYQmMATvMCrlVnP1pv1vmwtWPnMMfyC9fENBKCRPQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

�kBT ln(0.4)
<latexit sha1_base64="3RG8+ks6K6NQneYEhOncCXJzvhI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFbQktaDHohePFfoFbQib7aZdutmE3Y1QS3+JFw+KePWnePPfuG1z0OqDgcd7M8zMCxLOlHacLyu3tr6xuZXfLuzs7u0X7YPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3c7zxQqVgsmnqSUC/CQ8FCRrA2km8XL8b+DWqiPhdlp1I78+2SU3EWQH+Jm5ESZGj49md/EJM0okITjpXquU6ivSmWmhFOZ4V+qmiCyRgPac9QgSOqvOni8Bk6NcoAhbE0JTRaqD8npjhSahIFpjPCeqRWvbn4n9dLdXjtTZlIUk0FWS4KU450jOYpoAGTlGg+MQQTycytiIywxESbrAomBHf15b+kXa24l5Xqfa1UP8/iyMMxnEAZXLiCOtxBA1pAIIUneIFX69F6tt6s92VrzspmjuAXrI9vrlGRFQ==</latexit>

�kBT ln(0.6)
<latexit sha1_base64="Lt8Nigfz6AtrRXPb8a2feU9IC90=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEChqSKuqy6MZlhb6gDWEynbRDJ5MwMxFq6Ze4caGIWz/FnX/j9LHQ6oELh3Pu5d57wpQzpV33y8qtrK6tb+Q3C1vbO7tFe2+/qZJMEtogCU9kO8SKciZoQzPNaTuVFMchp61weDv1Ww9UKpaIuh6l1I9xX7CIEayNFNjFs2Fwg+qoy0XZdS5PArvkOu4M6C/xFqQEC9QC+7PbS0gWU6EJx0p1PDfV/hhLzQink0I3UzTFZIj7tGOowDFV/nh2+AQdG6WHokSaEhrN1J8TYxwrNYpD0xljPVDL3lT8z+tkOrr2x0ykmaaCzBdFGUc6QdMUUI9JSjQfGYKJZOZWRAZYYqJNVgUTgrf88l/SrDjeuVO5vyhVTxdx5OEQjqAMHlxBFe6gBg0gkMETvMCr9Wg9W2/W+7w1Zy1mDuAXrI9vsVuRFw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

W prod
|" (⌧) = kBT ln(0.8)

<latexit sha1_base64="tCxnym+y9mnO5FW3Bv/rxva8m20=">AAACGHicbVA9SwNBEN3zM8avU0ubxSAkTbyLgmmEoI2lgjFCLh57m01csrd77M6p4czPsPGv2FgoYmvnv3ETU2jig4HHezPMzIsSwQ143pczMzs3v7CYW8ovr6yurbsbm5dGpZqyOlVC6auIGCa4ZHXgINhVohmJI8EaUe9k6DdumTZcyQvoJ6wVk67kHU4JWCl09xrXAbB7yBKt2oMwewjShGit7gbFAEhaOuqFx/gCB0LioleulkK34JW9EfA08cekgMY4C93PoK1oGjMJVBBjmr6XQCsjGjgVbJAPUsMSQnuky5qWShIz08pGjw3wrlXauKO0LQl4pP6eyEhsTD+ObGdM4MZMekPxP6+ZQqfayrhMUmCS/izqpAKDwsOUcJtrRkH0LSFUc3srpjdEEwo2y7wNwZ98eZpcVsr+frlyflCoeeM4cmgb7aAi8tEhqqFTdIbqiKJH9Ixe0Zvz5Lw4787HT+uMM57ZQn/gfH4Dg5yfRg==</latexit>

W prod
|# (⌧) = kBT ln(0.2)

<latexit sha1_base64="xf7ar9wiqWt+UxDNRrLAATGMN8g=">AAACGnicbVDLSgMxFM34rPVVdekmWIR2U2aqoBuh6Malgm2FTh0yadqGZpIhuWMtY7/Djb/ixoUi7sSNf2P6WGj1wIXDOfcm954wFtyA6345c/MLi0vLmZXs6tr6xmZua7tmVKIpq1IllL4OiWGCS1YFDoJdx5qRKBSsHvbORn79lmnDlbyCQcyaEelI3uaUgJWCnFe/8YHdQRpr1RoG6b3fUn1JtFb9YcEHkhRPesEpvsK+kLjglsrFIJd3S+4Y+C/xpiSPprgIch/2TZpETAIVxJiG58bQTIkGTgUbZv3EsJjQHumwhqWSRMw00/FpQ7xvlRZuK21LAh6rPydSEhkziELbGRHomllvJP7nNRJoHzdTLuMEmKSTj9qJwKDwKCfc4ppREANLCNXc7oppl2hCwaaZtSF4syf/JbVyyTsolS8P8xV3GkcG7aI9VEAeOkIVdI4uUBVR9ICe0At6dR6dZ+fNeZ+0zjnTmR30C87nNyyyoCc=</latexit>

W prod
|# (⌧ 0) = �kBT ln(0.6)

<latexit sha1_base64="mk1c1n2MpOVCYaKzP3xQVOJ7ZrQ="></latexit>

W prod
|" (⌧ 0) = �kBT ln(0.4)

<latexit sha1_base64="VTp3BvE9T+SekrDYd3mxWC6iKMQ="></latexit>

W prod
equasistatic = 0

<latexit sha1_base64="kbj49lpZc1XCkqf22uSkYuxDB2c=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVZIq6EYouHFZwT6gjWUyuWmHTjJxZiKWkA9w46+4caGIWz/AnX/jtM1CWy8MHM459965x4s5U9q2v63C0vLK6lpxvbSxubW9U97daymRSApNKriQHY8o4CyCpmaaQyeWQEKPQ9sbXU709j1IxUR0o8cxuCEZRCxglGhD9cuV9m1Pw4NOYyn8rD/DcJcQZXYbD80ubOOyq/a08CJwclBBeTX65a+eL2gSQqQpJ0p1HTvWbkqkmcchK/USBTGhIzKAroERCUG56fSYDB8ZxseBkOZFGk/Z3x0pCZUah55xhkQP1bw2If/TuokOzt2URXGiIaKzRUHCsRZ4kgz2mQSq+dgAQiUzf8V0SCSh2uRXMiE48ycvglat6pxUa9enlbqdx1FEB+gQHSMHnaE6ukIN1EQUPaJn9IrerCfrxXq3PmbWgpX37KM/ZX3+AHsInHM=</latexit>

Quench

Quench

A): t = ⌧
<latexit sha1_base64="3GYg64Sn7NHAEtv0EJzBvvjle8k=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XQS0lqQRGEihePFewHNKFsttt26WYTdidqif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXhALrsFxvq2l5ZXVtfXcRn5za3tn1y7sNXSUKMrqNBKRagVEM8ElqwMHwVqxYiQMBGsGw+uJ37xnSvNI3sEoZn5I+pL3OCVgpI5d8IA9Qnp1coHHcOkBSTp20Sk5U+BF4makiDLUOvaX141oEjIJVBCt264Tg58SBZwKNs57iWYxoUPSZ21DJQmZ9tPp6WN8ZJQu7kXKlAQ8VX9PpCTUehQGpjMkMNDz3kT8z2sn0Dv3Uy7jBJiks0W9RGCI8CQH3OWKURAjQwhV3NyK6YAoQsGklTchuPMvL5JGueSelsq3lWK1ksWRQwfoEB0jF52hKrpBNVRHFD2gZ/SK3qwn68V6tz5mrUtWNrOP/sD6/AGOKZN/</latexit>

B): t = ⌧+
<latexit sha1_base64="JwyHzRS75yNpN2oxg9Xp6UAQ3pY=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCIoTdGFAEIejFYwTzgOwaZiezyZDZBzO9Yljir3jxoIhXP8Sbf+Mk2YMmFjQUVd10d3mx4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb3g98VsPTCoehXcwipkbkH7IfU4JaKlrFh1gj5BeHV/gMVw6QJL7k65ZssrWFHiR2BkpoQz1rvnl9CKaBCwEKohSHduKwU2JBE4FGxecRLGY0CHps46mIQmYctPp8WN8qJUe9iOpKwQ8VX9PpCRQahR4ujMgMFDz3kT8z+sk4J+7KQ/jBFhIZ4v8RGCI8CQJ3OOSURAjTQiVXN+K6YBIQkHnVdAh2PMvL5JmpWyfliu31VKtmsWRR/voAB0hG52hGrpBddRAFI3QM3pFb8aT8WK8Gx+z1pyRzRTRHxifP7Z6lB0=</latexit> C): ⌧+ < t < ⌧ 0�

<latexit sha1_base64="waVxiMYquY2wVArRru2hy/Ijig8=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQFTHsxoAiKQJpLCOYC2STMDuZJENmL8ycFcOS1sZXsbFQxNY3sPNtnCRbaOIPAx//OYcz53dDwRVY1reRWlpeWV1Lr2c2Nre2d8zdvZoKIklZlQYikA2XKCa4z6rAQbBGKBnxXMHq7rA8qdfvmVQ88O9gFLKWR/o+73FKQFsdEzvAHiAun17jsQMkap8VMeAinvBxOz4fd8yslbOmwotgJ5BFiSod88vpBjTymA9UEKWathVCKyYSOBVsnHEixUJCh6TPmhp94jHViqeXjPGRdrq4F0j9fMBT9/dETDylRp6rOz0CAzVfm5j/1ZoR9K5aMffDCJhPZ4t6kcAQ4EksuMsloyBGGgiVXP8V0wGRhIIOL6NDsOdPXoRaPmdf5PK3hWypkMSRRgfoEJ0gG12iErpBFVRFFD2iZ/SK3own48V4Nz5mrSkjmdlHf2R8/gD3Y5iL</latexit>

D): t = ⌧ 0�
<latexit sha1_base64="8tvVmovnfU2qwysFXWfEcT0Gn38=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB1INhNwYUQQjowWME84AkhtnJJBkyO7vM9IphWS/+ihcPinj1L7z5N04eB00saCiquunu8kLBNTjOt5Wam19YXEovZ1ZW19Y37M2tig4iRVmZBiJQNY9oJrhkZeAgWC1UjPieYFWvfzn0q/dMaR7IWxiErOmTruQdTgkYqWXvNIA9QHx1dI4TwBe4ASQ6uIuPk5addXLOCHiWuBOSRROUWvZXox3QyGcSqCBa110nhGZMFHAqWJJpRJqFhPZJl9UNlcRnuhmPPkjwvlHauBMoUxLwSP09ERNf64HvmU6fQE9Pe0PxP68eQeesGXMZRsAkHS/qRAJDgIdx4DZXjIIYGEKo4uZWTHtEEQomtIwJwZ1+eZZU8jn3JJe/KWSLhUkcabSL9tAhctEpKqJrVEJlRNEjekav6M16sl6sd+tj3JqyJjPb6A+szx+rJ5Wy</latexit>

E): t = ⌧ 0
<latexit sha1_base64="Q+VLH/VP+gOYW9HT0q7p44/HCB8=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZRL2EmBhRBCIjgMYJZIDOEnk5P0qRnobtGjEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4XC67Asr6N3MLi0vJKfrWwtr6xuWVu7zRUlEjK6jQSkWx5RDHBQ1YHDoK1YslI4AnW9AZXY795z6TiUXgHw5i5AemF3OeUgJY65p4D7AHS65MLPAJ8iR0gyVHHLFolawI8T+yMFFGGWsf8croRTQIWAhVEqbZtxeCmRAKngo0KTqJYTOiA9Fhb05AETLnp5PoRPtRKF/uR1BUCnqi/J1ISKDUMPN0ZEOirWW8s/ue1E/DP3ZSHcQIspNNFfiIwRHgcBe5yySiIoSaESq5vxbRPJKGgAyvoEOzZl+dJo1yyT0vl20qxWsniyKN9dICOkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AsJqUCA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit> 0.8

<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

0.8
<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

�kBT ln(0.8)
<latexit sha1_base64="CrLoQvzfxSH+iOij8038Wes0WO4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCvZY9OKxQr+gDWGz3bZLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBTFnSjvOt5Xb2Nza3snvFvb2Dw6P7OOTlooSSWiTRDySnQArypmgTc00p51YUhwGnLaD8cPcb0+oVCwSDT2NqRfioWADRrA2km/b12P/HjVQj4sScsrVS98uOmVnAbRO3IwUIUPdt796/YgkIRWacKxU13Vi7aVYakY4nRV6iaIxJmM8pF1DBQ6p8tLF5TN0YZQ+GkTSlNBoof6eSHGo1DQMTGeI9UitenPxP6+b6EHVS5mIE00FWS4aJBzpCM1jQH0mKdF8aggmkplbERlhiYk2YRVMCO7qy+ukVSm7N+XK022xdpXFkYczOIcSuHAHNXiEOjSBwASe4RXerNR6sd6tj2VrzspmTuEPrM8fDb6RQw==</latexit>

�kBT ln(0.2)
<latexit sha1_base64="5n7uD3GrCilldvANmGGBycmgtmI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCnosevFYoV/QhrDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20OWn0w8Hhvhpl5QcKZ0o7zZRXW1jc2t4rbpZ3dvf0D+/CoreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD/3OxMqFYtFU08T6kV4KFjICNZG8m37cuzfoSbqc1FBTrV27ttlp+osgP4SNydlyNHw7c/+ICZpRIUmHCvVc51EexmWmhFOZ6V+qmiCyRgPac9QgSOqvGxx+QydGWWAwliaEhot1J8TGY6UmkaB6YywHqlVby7+5/VSHd56GRNJqqkgy0VhypGO0TwGNGCSEs2nhmAimbkVkRGWmGgTVsmE4K6+/Je0a1X3qlp7vC7XL/I4inACp1ABF26gDg/QgBYQmMATvMCrlVnP1pv1vmwtWPnMMfyC9fENBKCRPQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

�kBT ln(0.4)
<latexit sha1_base64="3RG8+ks6K6NQneYEhOncCXJzvhI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFbQktaDHohePFfoFbQib7aZdutmE3Y1QS3+JFw+KePWnePPfuG1z0OqDgcd7M8zMCxLOlHacLyu3tr6xuZXfLuzs7u0X7YPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3c7zxQqVgsmnqSUC/CQ8FCRrA2km8XL8b+DWqiPhdlp1I78+2SU3EWQH+Jm5ESZGj49md/EJM0okITjpXquU6ivSmWmhFOZ4V+qmiCyRgPac9QgSOqvOni8Bk6NcoAhbE0JTRaqD8npjhSahIFpjPCeqRWvbn4n9dLdXjtTZlIUk0FWS4KU450jOYpoAGTlGg+MQQTycytiIywxESbrAomBHf15b+kXa24l5Xqfa1UP8/iyMMxnEAZXLiCOtxBA1pAIIUneIFX69F6tt6s92VrzspmjuAXrI9vrlGRFQ==</latexit>

�kBT ln(0.6)
<latexit sha1_base64="Lt8Nigfz6AtrRXPb8a2feU9IC90=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEChqSKuqy6MZlhb6gDWEynbRDJ5MwMxFq6Ze4caGIWz/FnX/j9LHQ6oELh3Pu5d57wpQzpV33y8qtrK6tb+Q3C1vbO7tFe2+/qZJMEtogCU9kO8SKciZoQzPNaTuVFMchp61weDv1Ww9UKpaIuh6l1I9xX7CIEayNFNjFs2Fwg+qoy0XZdS5PArvkOu4M6C/xFqQEC9QC+7PbS0gWU6EJx0p1PDfV/hhLzQink0I3UzTFZIj7tGOowDFV/nh2+AQdG6WHokSaEhrN1J8TYxwrNYpD0xljPVDL3lT8z+tkOrr2x0ykmaaCzBdFGUc6QdMUUI9JSjQfGYKJZOZWRAZYYqJNVgUTgrf88l/SrDjeuVO5vyhVTxdx5OEQjqAMHlxBFe6gBg0gkMETvMCr9Wg9W2/W+7w1Zy1mDuAXrI9vsVuRFw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

Quasistatic
<latexit sha1_base64="kWLD/KIWnQYjQqPAV1AvWdcaseM=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclaQKuiy6cdmCfUAbymR60w6dTMLMRFpCf8WNC0Xc+iPu/BunbRbaemDgcM59zQkSzpR23W9rY3Nre2e3sFfcPzg8OrZPSi0Vp5Jik8Y8lp2AKORMYFMzzbGTSCRRwLEdjO/nfvsJpWKxeNTTBP2IDAULGSXaSH271NM40VkjJcosMyKd9e2yW3EXcNaJl5My5Kj37a/eIKZphEJTTpTqem6i/YxIM43jrNhLFSaEjskQu4YKEqHys8XtM+fCKAMnjKV5QjsL9XdHRiKlplFgKiOiR2rVm4v/ed1Uh7d+xkSSahR0uShMuaNjZx6EM2ASqeZTQwiVzNzq0BGRhGoTV9GE4K1+eZ20qhXvqlJtXJdrd3kcBTiDc7gED26gBg9QhyZQmMAzvMKbNbNerHfrY1m6YeU9p/AH1ucP88aVBw==</latexit>

W prod
|" (⌧) = kBT ln(0.8)

<latexit sha1_base64="tCxnym+y9mnO5FW3Bv/rxva8m20=">AAACGHicbVA9SwNBEN3zM8avU0ubxSAkTbyLgmmEoI2lgjFCLh57m01csrd77M6p4czPsPGv2FgoYmvnv3ETU2jig4HHezPMzIsSwQ143pczMzs3v7CYW8ovr6yurbsbm5dGpZqyOlVC6auIGCa4ZHXgINhVohmJI8EaUe9k6DdumTZcyQvoJ6wVk67kHU4JWCl09xrXAbB7yBKt2oMwewjShGit7gbFAEhaOuqFx/gCB0LioleulkK34JW9EfA08cekgMY4C93PoK1oGjMJVBBjmr6XQCsjGjgVbJAPUsMSQnuky5qWShIz08pGjw3wrlXauKO0LQl4pP6eyEhsTD+ObGdM4MZMekPxP6+ZQqfayrhMUmCS/izqpAKDwsOUcJtrRkH0LSFUc3srpjdEEwo2y7wNwZ98eZpcVsr+frlyflCoeeM4cmgb7aAi8tEhqqFTdIbqiKJH9Ixe0Zvz5Lw4787HT+uMM57ZQn/gfH4Dg5yfRg==</latexit>

W prod
|# (⌧) = kBT ln(0.2)

<latexit sha1_base64="xf7ar9wiqWt+UxDNRrLAATGMN8g=">AAACGnicbVDLSgMxFM34rPVVdekmWIR2U2aqoBuh6Malgm2FTh0yadqGZpIhuWMtY7/Djb/ixoUi7sSNf2P6WGj1wIXDOfcm954wFtyA6345c/MLi0vLmZXs6tr6xmZua7tmVKIpq1IllL4OiWGCS1YFDoJdx5qRKBSsHvbORn79lmnDlbyCQcyaEelI3uaUgJWCnFe/8YHdQRpr1RoG6b3fUn1JtFb9YcEHkhRPesEpvsK+kLjglsrFIJd3S+4Y+C/xpiSPprgIch/2TZpETAIVxJiG58bQTIkGTgUbZv3EsJjQHumwhqWSRMw00/FpQ7xvlRZuK21LAh6rPydSEhkziELbGRHomllvJP7nNRJoHzdTLuMEmKSTj9qJwKDwKCfc4ppREANLCNXc7oppl2hCwaaZtSF4syf/JbVyyTsolS8P8xV3GkcG7aI9VEAeOkIVdI4uUBVR9ICe0At6dR6dZ+fNeZ+0zjnTmR30C87nNyyyoCc=</latexit>

W prod
|# (⌧ 0) = �kBT ln(0.6)

<latexit sha1_base64="mk1c1n2MpOVCYaKzP3xQVOJ7ZrQ="></latexit>

W prod
|" (⌧ 0) = �kBT ln(0.4)

<latexit sha1_base64="VTp3BvE9T+SekrDYd3mxWC6iKMQ="></latexit>

W prod
|"," (⌧ 0) = kBT ln

0.8

0.4
<latexit sha1_base64="3AtEOycTl8vw1Q6gh63N1wtuhOI="></latexit>

W prod
|",# (⌧ 0) = kBT ln

0.8

0.6
<latexit sha1_base64="sLQk4dgwo2/kphLkJe1iHgJQZy4="></latexit>

W prod
|#,# (⌧ 0) = kBT ln

0.2

0.6
<latexit sha1_base64="qjm1YNSu/NmJqsVksi9hdi/R4Ak="></latexit>

W prod
|#," (⌧ 0) = kBT ln

0.2

0.4
<latexit sha1_base64="lPaj2ayo/cUxS2sFieXLgsokLbc="></latexit>

W prod
equasistatic = 0

<latexit sha1_base64="kbj49lpZc1XCkqf22uSkYuxDB2c=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVZIq6EYouHFZwT6gjWUyuWmHTjJxZiKWkA9w46+4caGIWz/AnX/jtM1CWy8MHM459965x4s5U9q2v63C0vLK6lpxvbSxubW9U97daymRSApNKriQHY8o4CyCpmaaQyeWQEKPQ9sbXU709j1IxUR0o8cxuCEZRCxglGhD9cuV9m1Pw4NOYyn8rD/DcJcQZXYbD80ubOOyq/a08CJwclBBeTX65a+eL2gSQqQpJ0p1HTvWbkqkmcchK/USBTGhIzKAroERCUG56fSYDB8ZxseBkOZFGk/Z3x0pCZUah55xhkQP1bw2If/TuokOzt2URXGiIaKzRUHCsRZ4kgz2mQSq+dgAQiUzf8V0SCSh2uRXMiE48ycvglat6pxUa9enlbqdx1FEB+gQHSMHnaE6ukIN1EQUPaJn9IrerCfrxXq3PmbWgpX37KM/ZX3+AHsInHM=</latexit>

Quench

Quench

A): t = ⌧
<latexit sha1_base64="3GYg64Sn7NHAEtv0EJzBvvjle8k=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XQS0lqQRGEihePFewHNKFsttt26WYTdidqif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXhALrsFxvq2l5ZXVtfXcRn5za3tn1y7sNXSUKMrqNBKRagVEM8ElqwMHwVqxYiQMBGsGw+uJ37xnSvNI3sEoZn5I+pL3OCVgpI5d8IA9Qnp1coHHcOkBSTp20Sk5U+BF4makiDLUOvaX141oEjIJVBCt264Tg58SBZwKNs57iWYxoUPSZ21DJQmZ9tPp6WN8ZJQu7kXKlAQ8VX9PpCTUehQGpjMkMNDz3kT8z2sn0Dv3Uy7jBJiks0W9RGCI8CQH3OWKURAjQwhV3NyK6YAoQsGklTchuPMvL5JGueSelsq3lWK1ksWRQwfoEB0jF52hKrpBNVRHFD2gZ/SK3qwn68V6tz5mrUtWNrOP/sD6/AGOKZN/</latexit>

B): t = ⌧+
<latexit sha1_base64="JwyHzRS75yNpN2oxg9Xp6UAQ3pY=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCIoTdGFAEIejFYwTzgOwaZiezyZDZBzO9Yljir3jxoIhXP8Sbf+Mk2YMmFjQUVd10d3mx4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb3g98VsPTCoehXcwipkbkH7IfU4JaKlrFh1gj5BeHV/gMVw6QJL7k65ZssrWFHiR2BkpoQz1rvnl9CKaBCwEKohSHduKwU2JBE4FGxecRLGY0CHps46mIQmYctPp8WN8qJUe9iOpKwQ8VX9PpCRQahR4ujMgMFDz3kT8z+sk4J+7KQ/jBFhIZ4v8RGCI8CQJ3OOSURAjTQiVXN+K6YBIQkHnVdAh2PMvL5JmpWyfliu31VKtmsWRR/voAB0hG52hGrpBddRAFI3QM3pFb8aT8WK8Gx+z1pyRzRTRHxifP7Z6lB0=</latexit> C): ⌧+ < t < ⌧ 0�

<latexit sha1_base64="waVxiMYquY2wVArRru2hy/Ijig8=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQFTHsxoAiKQJpLCOYC2STMDuZJENmL8ycFcOS1sZXsbFQxNY3sPNtnCRbaOIPAx//OYcz53dDwRVY1reRWlpeWV1Lr2c2Nre2d8zdvZoKIklZlQYikA2XKCa4z6rAQbBGKBnxXMHq7rA8qdfvmVQ88O9gFLKWR/o+73FKQFsdEzvAHiAun17jsQMkap8VMeAinvBxOz4fd8yslbOmwotgJ5BFiSod88vpBjTymA9UEKWathVCKyYSOBVsnHEixUJCh6TPmhp94jHViqeXjPGRdrq4F0j9fMBT9/dETDylRp6rOz0CAzVfm5j/1ZoR9K5aMffDCJhPZ4t6kcAQ4EksuMsloyBGGgiVXP8V0wGRhIIOL6NDsOdPXoRaPmdf5PK3hWypkMSRRgfoEJ0gG12iErpBFVRFFD2iZ/SK3own48V4Nz5mrSkjmdlHf2R8/gD3Y5iL</latexit>

D): t = ⌧ 0�
<latexit sha1_base64="8tvVmovnfU2qwysFXWfEcT0Gn38=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB1INhNwYUQQjowWME84AkhtnJJBkyO7vM9IphWS/+ihcPinj1L7z5N04eB00saCiquunu8kLBNTjOt5Wam19YXEovZ1ZW19Y37M2tig4iRVmZBiJQNY9oJrhkZeAgWC1UjPieYFWvfzn0q/dMaR7IWxiErOmTruQdTgkYqWXvNIA9QHx1dI4TwBe4ASQ6uIuPk5addXLOCHiWuBOSRROUWvZXox3QyGcSqCBa110nhGZMFHAqWJJpRJqFhPZJl9UNlcRnuhmPPkjwvlHauBMoUxLwSP09ERNf64HvmU6fQE9Pe0PxP68eQeesGXMZRsAkHS/qRAJDgIdx4DZXjIIYGEKo4uZWTHtEEQomtIwJwZ1+eZZU8jn3JJe/KWSLhUkcabSL9tAhctEpKqJrVEJlRNEjekav6M16sl6sd+tj3JqyJjPb6A+szx+rJ5Wy</latexit>

E): t = ⌧ 0
<latexit sha1_base64="Q+VLH/VP+gOYW9HT0q7p44/HCB8=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZRL2EmBhRBCIjgMYJZIDOEnk5P0qRnobtGjEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4XC67Asr6N3MLi0vJKfrWwtr6xuWVu7zRUlEjK6jQSkWx5RDHBQ1YHDoK1YslI4AnW9AZXY795z6TiUXgHw5i5AemF3OeUgJY65p4D7AHS65MLPAJ8iR0gyVHHLFolawI8T+yMFFGGWsf8croRTQIWAhVEqbZtxeCmRAKngo0KTqJYTOiA9Fhb05AETLnp5PoRPtRKF/uR1BUCnqi/J1ISKDUMPN0ZEOirWW8s/ue1E/DP3ZSHcQIspNNFfiIwRHgcBe5yySiIoSaESq5vxbRPJKGgAyvoEOzZl+dJo1yyT0vl20qxWsniyKN9dICOkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AsJqUCA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit> 0.8

<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

0.8
<latexit sha1_base64="zFW25zfkKAdIQchR7Hp11tQymWk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz04Fbqg1LZrbgLkHXi5aQMOZqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1qxbuuVO9r5UYtj6MA53ABV+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwBbMI0k</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.2
<latexit sha1_base64="aZdpXG+rIq7sYbZuzPSc91mRC2Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD261NihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSGI0e</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

�kBT ln(0.8)
<latexit sha1_base64="CrLoQvzfxSH+iOij8038Wes0WO4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCvZY9OKxQr+gDWGz3bZLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBTFnSjvOt5Xb2Nza3snvFvb2Dw6P7OOTlooSSWiTRDySnQArypmgTc00p51YUhwGnLaD8cPcb0+oVCwSDT2NqRfioWADRrA2km/b12P/HjVQj4sScsrVS98uOmVnAbRO3IwUIUPdt796/YgkIRWacKxU13Vi7aVYakY4nRV6iaIxJmM8pF1DBQ6p8tLF5TN0YZQ+GkTSlNBoof6eSHGo1DQMTGeI9UitenPxP6+b6EHVS5mIE00FWS4aJBzpCM1jQH0mKdF8aggmkplbERlhiYk2YRVMCO7qy+ukVSm7N+XK022xdpXFkYczOIcSuHAHNXiEOjSBwASe4RXerNR6sd6tj2VrzspmTuEPrM8fDb6RQw==</latexit>

�kBT ln(0.2)
<latexit sha1_base64="5n7uD3GrCilldvANmGGBycmgtmI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpakCnosevFYoV/QhrDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20OWn0w8Hhvhpl5QcKZ0o7zZRXW1jc2t4rbpZ3dvf0D+/CoreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfD/3OxMqFYtFU08T6kV4KFjICNZG8m37cuzfoSbqc1FBTrV27ttlp+osgP4SNydlyNHw7c/+ICZpRIUmHCvVc51EexmWmhFOZ6V+qmiCyRgPac9QgSOqvGxx+QydGWWAwliaEhot1J8TGY6UmkaB6YywHqlVby7+5/VSHd56GRNJqqkgy0VhypGO0TwGNGCSEs2nhmAimbkVkRGWmGgTVsmE4K6+/Je0a1X3qlp7vC7XL/I4inACp1ABF26gDg/QgBYQmMATvMCrlVnP1pv1vmwtWPnMMfyC9fENBKCRPQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

Energy
<latexit sha1_base64="22SzedFxTh+q7ObrpboiGIazfK8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8laQW9FgQwWMF+wFtKJvtpF262cTdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6Djf1tr6xubWdmGnuLu3f3BYOjpu6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkXzANAYvpEPJA84oGsnrITxhditBDdNpv1R2Ks4c9ipxc1ImORr90ldvELEkBIlMUK27rhOjl1GFnAmYFnuJhpiyMR1C11BJQ9BeNj96ap8bZWAHkTIl0Z6rvycyGmqdhr7pDCmO9LI3E//zugkG117GZZwgSLZYFCTCxsieJWAPuAKGIjWEMsXNrTYbUUUZmpyKJgR3+eVV0qpW3MtK9b5WrtfyOArklJyRC+KSK1Ind6RBmoSRR/JMXsmbNbFerHfrY9G6ZuUzJ+QPrM8fZC+SdQ==</latexit>

#
<latexit sha1_base64="FHl7K07eFNfGToH+uwjrhmjrmts=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9lFEj2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+TVq3qXVVr9/VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/CSREw==</latexit>

0.6
<latexit sha1_base64="k7SJKcJyjsir3SENApjxnWa8xE0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6rHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKI0i</latexit>

"
<latexit sha1_base64="aWVtrX3pbpog+iShCvA+uJchOu4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEmYns8mQeawzs0pY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKXlvJwkNBR5KFjOCrZM6vTTBWqunfqnsV/w50CoJclKGHI1+6as3UCQVVFrCsTHdwE9smGFtGeF0WuylhiaYjPGQdh2VWFATZvN7p+jcKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUdCEEyy+vkla1ElxWqne1cr2Wx1GAUziDCwjgCupwCw1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBrgJAs</latexit>

0.4
<latexit sha1_base64="MfQ/Uz5wTBhnBJ6Wp3CpgeIR+x8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBVII0g</latexit>

�kBT ln(0.4)
<latexit sha1_base64="3RG8+ks6K6NQneYEhOncCXJzvhI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFbQktaDHohePFfoFbQib7aZdutmE3Y1QS3+JFw+KePWnePPfuG1z0OqDgcd7M8zMCxLOlHacLyu3tr6xuZXfLuzs7u0X7YPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3c7zxQqVgsmnqSUC/CQ8FCRrA2km8XL8b+DWqiPhdlp1I78+2SU3EWQH+Jm5ESZGj49md/EJM0okITjpXquU6ivSmWmhFOZ4V+qmiCyRgPac9QgSOqvOni8Bk6NcoAhbE0JTRaqD8npjhSahIFpjPCeqRWvbn4n9dLdXjtTZlIUk0FWS4KU450jOYpoAGTlGg+MQQTycytiIywxESbrAomBHf15b+kXa24l5Xqfa1UP8/iyMMxnEAZXLiCOtxBA1pAIIUneIFX69F6tt6s92VrzspmjuAXrI9vrlGRFQ==</latexit>

�kBT ln(0.6)
<latexit sha1_base64="Lt8Nigfz6AtrRXPb8a2feU9IC90=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEChqSKuqy6MZlhb6gDWEynbRDJ5MwMxFq6Ze4caGIWz/FnX/j9LHQ6oELh3Pu5d57wpQzpV33y8qtrK6tb+Q3C1vbO7tFe2+/qZJMEtogCU9kO8SKciZoQzPNaTuVFMchp61weDv1Ww9UKpaIuh6l1I9xX7CIEayNFNjFs2Fwg+qoy0XZdS5PArvkOu4M6C/xFqQEC9QC+7PbS0gWU6EJx0p1PDfV/hhLzQink0I3UzTFZIj7tGOowDFV/nh2+AQdG6WHokSaEhrN1J8TYxwrNYpD0xljPVDL3lT8z+tkOrr2x0ykmaaCzBdFGUc6QdMUUI9JSjQfGYKJZOZWRAZYYqJNVgUTgrf88l/SrDjeuVO5vyhVTxdx5OEQjqAMHlxBFe6gBg0gkMETvMCr9Wg9W2/W+7w1Zy1mDuAXrI9vsVuRFw==</latexit>

0
<latexit sha1_base64="SszMklH8WzViGl6iGGx3TndNjCU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16reVbXWvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBdZeMqA==</latexit>

Quasistatic
<latexit sha1_base64="kWLD/KIWnQYjQqPAV1AvWdcaseM=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclaQKuiy6cdmCfUAbymR60w6dTMLMRFpCf8WNC0Xc+iPu/BunbRbaemDgcM59zQkSzpR23W9rY3Nre2e3sFfcPzg8OrZPSi0Vp5Jik8Y8lp2AKORMYFMzzbGTSCRRwLEdjO/nfvsJpWKxeNTTBP2IDAULGSXaSH271NM40VkjJcosMyKd9e2yW3EXcNaJl5My5Kj37a/eIKZphEJTTpTqem6i/YxIM43jrNhLFSaEjskQu4YKEqHys8XtM+fCKAMnjKV5QjsL9XdHRiKlplFgKiOiR2rVm4v/ed1Uh7d+xkSSahR0uShMuaNjZx6EM2ASqeZTQwiVzNzq0BGRhGoTV9GE4K1+eZ20qhXvqlJtXJdrd3kcBTiDc7gED26gBg9QhyZQmMAzvMKbNbNerHfrY1m6YeU9p/AH1ucP88aVBw==</latexit>
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Energy landscape control must reflect estimated probabilities.
Engine design and energies determined by model.
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[25], in order for an information extractor to avoid the
thermodynamic cost of modularity, the logical architec-
ture Mxy!x0y0 must be constructed such that the hidden
state variables Xi are predictive of the input. Thus, the
predictive ✏-machine generator provides a prescription for
the transitions among the joint of the input and hidden
states.

Specifically, to design the thermodynamic agent to be
predictive from the ✏-machine the hidden states of the
agent match the states of the ✏-machine at every time
step Xi = S

✓
i . To do this, the agent states and causal

states occupy the same space X = S, and the transi-
tions within the agent M are directly drawn from causal
equivalence relation

Mxy!x0y0 =
1

|Y| ⇥
(

�x0,✏(x,y) if
P

x0 ✓
(y)
x!x0 6= 0,

�x0,x else.
(51)

The factor of 1/|Y| is to maximize work production by
mapping to uniform outputs. The second term on the
right is the probability of the next agent state given
the current input and current hidden state Pr(Xi+1 =
x

0|Yi = y, Xi = x). The top case �x0,✏(x,y) gives the prob-
ability that the next causal state S

✓
i+1 is x

0 given that
the current causal state is S

✓
i = x and output of the

✏-machine is Yi = y. This is contingent on the prob-
ability of seeing y given causal state x being nonzero.
If it is, then the transitions among hidden states of the
agent match the transitions of the causal states of the
✏-machine. In this way, if y0:L is a sequence that could
be produced by the ✏-machine, we’ve designed the agent
to stay synchronrized to the causal state of the input
X

✓
i = Si, so that the ratchet is predictive of the process

Pr(Y ✓
0:1) and produces maximal work by fully random-

izing the outputs

Pr(Y 0
i = y

0
i|·) =

1

|Y| . (52)

In the case where the ✏-machine can’t produce y from
the causal state x, we arbitrarily choose the next state
to be the same �x,x0 . There are many possible choices
for this case, but it winds up being irrelevant, because
these transitions correspond zero estimated probability,
and thus infinite work dissipation, drowning out all other
details of the model. However, this particular choice for
when y cannot be generated from the causal state x pre-
serves unifilarity and allows the agent to wait in its cur-
rent state until it receives an input that it can accept.

Up to transitions that are disallowed by our model
and will correspond to infinite work dissipation, we have
a direct mapping between our estimated input process
Pr(Y ✓

0:1) and its ✏-machine ✓ to the logical architecture

a maximum work-producing agent M .
We have yet to fully specify the behavior of the agent,

because we have left out the estimated input distribution
Pr(Y ✓

i = y, X
✓
i = x). This distribution must match the

actual distribution Pr(Yi = y, Xi = x) in order for the
agent to be locally e�cient, not accounting for temporal
correlations. Fortunately, because the agent states are
designed to match the causal states of the ✏-machine, we
know that the distribution matches the distribution over
causal states states and inputs

Pr(Y ✓
i = yi, X

✓
i = si) = Pr(Y ✓

i = yi, S
✓
i = si), (53)

if the ratchet is driven by the estimated input. The joint
distribution over causal states and inputs is also deter-
mined by the ✏-machine, because part of the construction
assumes starting in the state s0 = s

⇤. To start, note that
the joint probability trajectory distribution is given by

Pr(Y ✓
0:i+1 = y0:i+1, S

✓
0:i+2 = s0:i+2) = �s0,s⇤

iY

j=0

✓
(yj)
si!si+1

.

(54)

Summing over the variables besides Y
✓
i and S

✓
i , we ob-

tain an expression for the estimated agent distribution in
terms of just the HMM of the ✏-machine

Pr(Y ✓
i = yi, X

✓
i = si) =

X

y0:i,s0:i,si+1

�s0,s⇤

iY

j=0

✓
(yj)
sj!sj+1

.

(55)

Thus, an agent {M, Pr(X✓
i , Y

✓
i )} which is globally e�-

cient can be defined in terms of the estimated input pro-
cess through its ✏-machine.

Conversely, the globally e�cient agent also specifies
the ✏-machine of the estimated distribution

T
(y)
s!s0 = Pr(Y ✓

i = y|S✓
i = s)�s0,✏(s,y) (56)

= Pr(Y ✓
i = y|X✓

i = s)|Y|Msy!s0y0 . (57)

Through the ✏-machine, the agent also specifies its esti-
mated input.

To summarize, as shown in Fig. 6, there is a bijec-
tion between the 1) guessed input distribution, 2) the
✏-machine, which is our model, and 3) the globally e�-
cient agent that is designed to harness that input. This
means that the e↵ectiveness of our agent at harnessing
work from finite data can be directly associated with the
model that underlies that agent’s architecture. And so,
for the the remainder of this work, when we discuss an
estimated process, or an ✏-machine that generates that
guess, we are also describing the unique thermodynamic
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In the case where the ✏-machine can’t produce y from
the causal state x, we arbitrarily choose the next state
to be the same �x,x0 . There are many possible choices
for this case, but it winds up being irrelevant, because
these transitions correspond zero estimated probability,
and thus infinite work dissipation, drowning out all other
details of the model. However, this particular choice for
when y cannot be generated from the causal state x pre-
serves unifilarity and allows the agent to wait in its cur-
rent state until it receives an input that it can accept.

Up to transitions that are disallowed by our model
and will correspond to infinite work dissipation, we have
a direct mapping between our estimated input process
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Summing over the variables besides Y
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i and S
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tain an expression for the estimated agent distribution in
terms of just the HMM of the ✏-machine
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Thus, an agent {M, Pr(X✓
i , Y

✓
i )} which is globally e�-

cient can be defined in terms of the estimated input pro-
cess through its ✏-machine.

Conversely, the globally e�cient agent also specifies
the ✏-machine of the estimated distribution
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Through the ✏-machine, the agent also specifies its esti-
mated input.

To summarize, as shown in Fig. 6, there is a bijec-
tion between the 1) guessed input distribution, 2) the
✏-machine, which is our model, and 3) the globally e�-
cient agent that is designed to harness that input. This
means that the e↵ectiveness of our agent at harnessing
work from finite data can be directly associated with the
model that underlies that agent’s architecture. And so,
for the the remainder of this work, when we discuss an
estimated process, or an ✏-machine that generates that
guess, we are also describing the unique thermodynamic
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i = s)|Y|Msy!s0y0 . (57)

Through the ✏-machine, the agent also specifies its esti-
mated input.

To summarize, as shown in Fig. 6, there is a bijec-
tion between the 1) guessed input distribution, 2) the
✏-machine, which is our model, and 3) the globally e�-
cient agent that is designed to harness that input. This
means that the e↵ectiveness of our agent at harnessing
work from finite data can be directly associated with the
model that underlies that agent’s architecture. And so,
for the the remainder of this work, when we discuss an
estimated process, or an ✏-machine that generates that
guess, we are also describing the unique thermodynamic
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[25], in order for an information extractor to avoid the
thermodynamic cost of modularity, the logical architec-
ture Mxy!x0y0 must be constructed such that the hidden
state variables Xi are predictive of the input. Thus, the
predictive ✏-machine generator provides a prescription for
the transitions among the joint of the input and hidden
states.

Specifically, to design the thermodynamic agent to be
predictive from the ✏-machine the hidden states of the
agent match the states of the ✏-machine at every time
step Xi = S

✓
i . To do this, the agent states and causal

states occupy the same space X = S, and the transi-
tions within the agent M are directly drawn from causal
equivalence relation

Mxy!x0y0 =
1

|Y| ⇥
(

�x0,✏(x,y) if
P

x0 ✓
(y)
x!x0 6= 0,

�x0,x else.
(51)

The factor of 1/|Y| is to maximize work production by
mapping to uniform outputs. The second term on the
right is the probability of the next agent state given
the current input and current hidden state Pr(Xi+1 =
x

0|Yi = y, Xi = x). The top case �x0,✏(x,y) gives the prob-
ability that the next causal state S

✓
i+1 is x

0 given that
the current causal state is S

✓
i = x and output of the

✏-machine is Yi = y. This is contingent on the prob-
ability of seeing y given causal state x being nonzero.
If it is, then the transitions among hidden states of the
agent match the transitions of the causal states of the
✏-machine. In this way, if y0:L is a sequence that could
be produced by the ✏-machine, we’ve designed the agent
to stay synchronrized to the causal state of the input
X

✓
i = Si, so that the ratchet is predictive of the process

Pr(Y ✓
0:1) and produces maximal work by fully random-

izing the outputs

Pr(Y 0
i = y

0
i|·) =

1

|Y| . (52)

In the case where the ✏-machine can’t produce y from
the causal state x, we arbitrarily choose the next state
to be the same �x,x0 . There are many possible choices
for this case, but it winds up being irrelevant, because
these transitions correspond zero estimated probability,
and thus infinite work dissipation, drowning out all other
details of the model. However, this particular choice for
when y cannot be generated from the causal state x pre-
serves unifilarity and allows the agent to wait in its cur-
rent state until it receives an input that it can accept.

Up to transitions that are disallowed by our model
and will correspond to infinite work dissipation, we have
a direct mapping between our estimated input process
Pr(Y ✓

0:1) and its ✏-machine ✓ to the logical architecture

a maximum work-producing agent M .
We have yet to fully specify the behavior of the agent,

because we have left out the estimated input distribution
Pr(Y ✓

i = y, X
✓
i = x). This distribution must match the

actual distribution Pr(Yi = y, Xi = x) in order for the
agent to be locally e�cient, not accounting for temporal
correlations. Fortunately, because the agent states are
designed to match the causal states of the ✏-machine, we
know that the distribution matches the distribution over
causal states states and inputs

Pr(Y ✓
i = yi, X

✓
i = si) = Pr(Y ✓

i = yi, S
✓
i = si), (53)

if the ratchet is driven by the estimated input. The joint
distribution over causal states and inputs is also deter-
mined by the ✏-machine, because part of the construction
assumes starting in the state s0 = s

⇤. To start, note that
the joint probability trajectory distribution is given by

Pr(Y ✓
0:i+1 = y0:i+1, S

✓
0:i+2 = s0:i+2) = �s0,s⇤

iY

j=0

✓
(yj)
si!si+1

.

(54)

Summing over the variables besides Y
✓
i and S

✓
i , we ob-

tain an expression for the estimated agent distribution in
terms of just the HMM of the ✏-machine

Pr(Y ✓
i = yi, X

✓
i = si) =

X

y0:i,s0:i,si+1

�s0,s⇤

iY

j=0

✓
(yj)
sj!sj+1

.

(55)

Thus, an agent {M, Pr(X✓
i , Y

✓
i )} which is globally e�-

cient can be defined in terms of the estimated input pro-
cess through its ✏-machine.

Conversely, the globally e�cient agent also specifies
the ✏-machine of the estimated distribution

T
(y)
s!s0 = Pr(Y ✓

i = y|S✓
i = s)�s0,✏(s,y) (56)

= Pr(Y ✓
i = y|X✓

i = s)|Y|Msy!s0y0 . (57)

Through the ✏-machine, the agent also specifies its esti-
mated input.

To summarize, as shown in Fig. 6, there is a bijec-
tion between the 1) guessed input distribution, 2) the
✏-machine, which is our model, and 3) the globally e�-
cient agent that is designed to harness that input. This
means that the e↵ectiveness of our agent at harnessing
work from finite data can be directly associated with the
model that underlies that agent’s architecture. And so,
for the the remainder of this work, when we discuss an
estimated process, or an ✏-machine that generates that
guess, we are also describing the unique thermodynamic

FIG. 6. The estimated input process Pr(Y ✓
0:1 = y0:1), the ✏-machine ✓, and the agent that e�ciently harnesses that input

process asymptotically, using logical architecture Mxy!x0y0 = Pr(Xi+1 = x0, Yi+1 = y0|Xi = x, Yi = y) and estimated input
distribution Pr(X✓

i = x, Y ✓
i = y), are equivalent. Determining one determines the others.

free energy from the input

��|Y0:L=y0:L
= kBT (� ln Pr(Y0:L = y0:L) + L ln |Y|).

(64)

Note that this change depends strictly on the actual in-
put Y0:L, rather than the estimated input Y

✓
0:L. Thus, the

dissipated work is proportional to the log-ratio of the ac-
tual likelihood of the input and the estimated likelihood

hW diss
|Y ✓

0:L=y0:L
i = �hW prod

|Y ✓
0:L=y0:L

i � ��|Y0:L=y0:L

= kBT ln
Pr(Y0:L = y0:L)

Pr(Y ✓
0:L = y0:L)

.

(65)

This implies that the agent will dissipate work if the ac-
tual input distribution Y0:L has a high probability of a
string y0:L that is unlikely to be generated by the dis-
tribution estimated by the agent Y

✓
0:L. But, the agent

miraculously extracts more work than the change in free
energy if the agent estimated that the input y0:L is less
likely than it actually is. On average, this dissipation
is nonnegative, because it is proportional to the relative
entropy between the actual and estimated distribution

hW diss
|Y ✓

0:L
i = kBT

X

y0:L

Pr(Y0:L = y0:L) ln
Pr(Y0:L = y0:L)

Pr(Y ✓
0:L = y0:L)

(66)

= kBTDKL(Y0:L||Y ✓
0:L).

The average dissipation is zero i↵ the ✏-machine is a pre-
dictor of the actual distribution, meaning Y

✓
0:L = Y0:L.

This further confirms the thermodynamic e�ciency of
these agents, which are designed using the ✏-machine.

VIII. FITTING AND OVERFITTING TO A
PERFORMANCE MEASURE

With the thermodynamic measures of work production
and dissipated work to guide us, we now consider the
consequences of using work as a performance measure of
our model. It should be noted that, given a model class
and y0:L, while we consider the results of optimizing our
performance measure, we neglect the process by which
it’s optimized.

How to optimize a model for a given performance mea-
sure is daunting challenge on its own. Various forms of
stochastic gradient descent or backpropagation are fre-
quently used [6, 9]. Moreover, question of which models
naturally lend themselves to learning tasks, from reser-
voir computers to neural networks, is di�cult to answer.
These models are especially useful in the variety of func-
tions they can closely approximate, and there are claims
that neural networks are specially tuned to physical sys-
tems [8]. But, whatever models are used in this context,
their end result is a distribution Pr(Y ✓

0:L). So, because
there is a bijection to the class of distributions, the class
of ✏-machines and their corresponding agent is su�ciently
broad to capture any of these other model classes. And
so, in our investigation into how work as a performance
measure guides inference, we assume we are able to find
the absolute best model for the training data, according
to the measure.

Crutchfield and Feldman, Regularities unseen, randomness 
observed: Levels of entropy convergence, Chaos, (2003) Boyd, Alexander B., James P. Crutchfield, and Mile Gu. 

"Thermodynamic machine learning through maximum work 
production." New Journal of Physics 24.8 (2022): 083040.
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[25], in order for an information extractor to avoid the
thermodynamic cost of modularity, the logical architec-
ture Mxy!x0y0 must be constructed such that the hidden
state variables Xi are predictive of the input. Thus, the
predictive ✏-machine generator provides a prescription for
the transitions among the joint of the input and hidden
states.

Specifically, to design the thermodynamic agent to be
predictive from the ✏-machine the hidden states of the
agent match the states of the ✏-machine at every time
step Xi = S

✓
i . To do this, the agent states and causal

states occupy the same space X = S, and the transi-
tions within the agent M are directly drawn from causal
equivalence relation

Mxy!x0y0 =
1

|Y| ⇥
(

�x0,✏(x,y) if
P

x0 ✓
(y)
x!x0 6= 0,

�x0,x else.
(51)

The factor of 1/|Y| is to maximize work production by
mapping to uniform outputs. The second term on the
right is the probability of the next agent state given
the current input and current hidden state Pr(Xi+1 =
x

0|Yi = y, Xi = x). The top case �x0,✏(x,y) gives the prob-
ability that the next causal state S

✓
i+1 is x

0 given that
the current causal state is S

✓
i = x and output of the

✏-machine is Yi = y. This is contingent on the prob-
ability of seeing y given causal state x being nonzero.
If it is, then the transitions among hidden states of the
agent match the transitions of the causal states of the
✏-machine. In this way, if y0:L is a sequence that could
be produced by the ✏-machine, we’ve designed the agent
to stay synchronrized to the causal state of the input
X

✓
i = Si, so that the ratchet is predictive of the process

Pr(Y ✓
0:1) and produces maximal work by fully random-

izing the outputs

Pr(Y 0
i = y

0
i|·) =

1

|Y| . (52)

In the case where the ✏-machine can’t produce y from
the causal state x, we arbitrarily choose the next state
to be the same �x,x0 . There are many possible choices
for this case, but it winds up being irrelevant, because
these transitions correspond zero estimated probability,
and thus infinite work dissipation, drowning out all other
details of the model. However, this particular choice for
when y cannot be generated from the causal state x pre-
serves unifilarity and allows the agent to wait in its cur-
rent state until it receives an input that it can accept.

Up to transitions that are disallowed by our model
and will correspond to infinite work dissipation, we have
a direct mapping between our estimated input process
Pr(Y ✓

0:1) and its ✏-machine ✓ to the logical architecture

a maximum work-producing agent M .
We have yet to fully specify the behavior of the agent,

because we have left out the estimated input distribution
Pr(Y ✓

i = y, X
✓
i = x). This distribution must match the

actual distribution Pr(Yi = y, Xi = x) in order for the
agent to be locally e�cient, not accounting for temporal
correlations. Fortunately, because the agent states are
designed to match the causal states of the ✏-machine, we
know that the distribution matches the distribution over
causal states states and inputs

Pr(Y ✓
i = yi, X

✓
i = si) = Pr(Y ✓

i = yi, S
✓
i = si), (53)

if the ratchet is driven by the estimated input. The joint
distribution over causal states and inputs is also deter-
mined by the ✏-machine, because part of the construction
assumes starting in the state s0 = s

⇤. To start, note that
the joint probability trajectory distribution is given by

Pr(Y ✓
0:i+1 = y0:i+1, S

✓
0:i+2 = s0:i+2) = �s0,s⇤

iY

j=0

✓
(yj)
si!si+1

.

(54)

Summing over the variables besides Y
✓
i and S

✓
i , we ob-

tain an expression for the estimated agent distribution in
terms of just the HMM of the ✏-machine

Pr(Y ✓
i = yi, X

✓
i = si) =

X

y0:i,s0:i,si+1

�s0,s⇤

iY

j=0

✓
(yj)
sj!sj+1

.

(55)

Thus, an agent {M, Pr(X✓
i , Y

✓
i )} which is globally e�-

cient can be defined in terms of the estimated input pro-
cess through its ✏-machine.

Conversely, the globally e�cient agent also specifies
the ✏-machine of the estimated distribution

T
(y)
s!s0 = Pr(Y ✓

i = y|S✓
i = s)�s0,✏(s,y) (56)

= Pr(Y ✓
i = y|X✓

i = s)|Y|Msy!s0y0 . (57)

Through the ✏-machine, the agent also specifies its esti-
mated input.

To summarize, as shown in Fig. 6, there is a bijec-
tion between the 1) guessed input distribution, 2) the
✏-machine, which is our model, and 3) the globally e�-
cient agent that is designed to harness that input. This
means that the e↵ectiveness of our agent at harnessing
work from finite data can be directly associated with the
model that underlies that agent’s architecture. And so,
for the the remainder of this work, when we discuss an
estimated process, or an ✏-machine that generates that
guess, we are also describing the unique thermodynamic
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ture Mxy!x0y0 must be constructed such that the hidden
state variables Xi are predictive of the input. Thus, the
predictive ✏-machine generator provides a prescription for
the transitions among the joint of the input and hidden
states.

Specifically, to design the thermodynamic agent to be
predictive from the ✏-machine the hidden states of the
agent match the states of the ✏-machine at every time
step Xi = S
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i . To do this, the agent states and causal

states occupy the same space X = S, and the transi-
tions within the agent M are directly drawn from causal
equivalence relation

Mxy!x0y0 =
1

|Y| ⇥
(

�x0,✏(x,y) if
P

x0 ✓
(y)
x!x0 6= 0,

�x0,x else.
(51)

The factor of 1/|Y| is to maximize work production by
mapping to uniform outputs. The second term on the
right is the probability of the next agent state given
the current input and current hidden state Pr(Xi+1 =
x

0|Yi = y, Xi = x). The top case �x0,✏(x,y) gives the prob-
ability that the next causal state S

✓
i+1 is x

0 given that
the current causal state is S

✓
i = x and output of the

✏-machine is Yi = y. This is contingent on the prob-
ability of seeing y given causal state x being nonzero.
If it is, then the transitions among hidden states of the
agent match the transitions of the causal states of the
✏-machine. In this way, if y0:L is a sequence that could
be produced by the ✏-machine, we’ve designed the agent
to stay synchronrized to the causal state of the input
X

✓
i = Si, so that the ratchet is predictive of the process

Pr(Y ✓
0:1) and produces maximal work by fully random-

izing the outputs

Pr(Y 0
i = y

0
i|·) =

1

|Y| . (52)

In the case where the ✏-machine can’t produce y from
the causal state x, we arbitrarily choose the next state
to be the same �x,x0 . There are many possible choices
for this case, but it winds up being irrelevant, because
these transitions correspond zero estimated probability,
and thus infinite work dissipation, drowning out all other
details of the model. However, this particular choice for
when y cannot be generated from the causal state x pre-
serves unifilarity and allows the agent to wait in its cur-
rent state until it receives an input that it can accept.

Up to transitions that are disallowed by our model
and will correspond to infinite work dissipation, we have
a direct mapping between our estimated input process
Pr(Y ✓

0:1) and its ✏-machine ✓ to the logical architecture

a maximum work-producing agent M .
We have yet to fully specify the behavior of the agent,

because we have left out the estimated input distribution
Pr(Y ✓

i = y, X
✓
i = x). This distribution must match the

actual distribution Pr(Yi = y, Xi = x) in order for the
agent to be locally e�cient, not accounting for temporal
correlations. Fortunately, because the agent states are
designed to match the causal states of the ✏-machine, we
know that the distribution matches the distribution over
causal states states and inputs

Pr(Y ✓
i = yi, X

✓
i = si) = Pr(Y ✓

i = yi, S
✓
i = si), (53)

if the ratchet is driven by the estimated input. The joint
distribution over causal states and inputs is also deter-
mined by the ✏-machine, because part of the construction
assumes starting in the state s0 = s

⇤. To start, note that
the joint probability trajectory distribution is given by

Pr(Y ✓
0:i+1 = y0:i+1, S
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Summing over the variables besides Y
✓
i and S

✓
i , we ob-

tain an expression for the estimated agent distribution in
terms of just the HMM of the ✏-machine
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�s0,s⇤

iY

j=0

✓
(yj)
sj!sj+1
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(55)

Thus, an agent {M, Pr(X✓
i , Y

✓
i )} which is globally e�-

cient can be defined in terms of the estimated input pro-
cess through its ✏-machine.

Conversely, the globally e�cient agent also specifies
the ✏-machine of the estimated distribution

T
(y)
s!s0 = Pr(Y ✓

i = y|S✓
i = s)�s0,✏(s,y) (56)

= Pr(Y ✓
i = y|X✓

i = s)|Y|Msy!s0y0 . (57)

Through the ✏-machine, the agent also specifies its esti-
mated input.

To summarize, as shown in Fig. 6, there is a bijec-
tion between the 1) guessed input distribution, 2) the
✏-machine, which is our model, and 3) the globally e�-
cient agent that is designed to harness that input. This
means that the e↵ectiveness of our agent at harnessing
work from finite data can be directly associated with the
model that underlies that agent’s architecture. And so,
for the the remainder of this work, when we discuss an
estimated process, or an ✏-machine that generates that
guess, we are also describing the unique thermodynamic
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agent match the transitions of the causal states of the
✏-machine. In this way, if y0:L is a sequence that could
be produced by the ✏-machine, we’ve designed the agent
to stay synchronrized to the causal state of the input
X

✓
i = Si, so that the ratchet is predictive of the process

Pr(Y ✓
0:1) and produces maximal work by fully random-

izing the outputs

Pr(Y 0
i = y

0
i|·) =

1

|Y| . (52)

In the case where the ✏-machine can’t produce y from
the causal state x, we arbitrarily choose the next state
to be the same �x,x0 . There are many possible choices
for this case, but it winds up being irrelevant, because
these transitions correspond zero estimated probability,
and thus infinite work dissipation, drowning out all other
details of the model. However, this particular choice for
when y cannot be generated from the causal state x pre-
serves unifilarity and allows the agent to wait in its cur-
rent state until it receives an input that it can accept.

Up to transitions that are disallowed by our model
and will correspond to infinite work dissipation, we have
a direct mapping between our estimated input process
Pr(Y ✓

0:1) and its ✏-machine ✓ to the logical architecture

a maximum work-producing agent M .
We have yet to fully specify the behavior of the agent,

because we have left out the estimated input distribution
Pr(Y ✓

i = y, X
✓
i = x). This distribution must match the

actual distribution Pr(Yi = y, Xi = x) in order for the
agent to be locally e�cient, not accounting for temporal
correlations. Fortunately, because the agent states are
designed to match the causal states of the ✏-machine, we
know that the distribution matches the distribution over
causal states states and inputs

Pr(Y ✓
i = yi, X

✓
i = si) = Pr(Y ✓

i = yi, S
✓
i = si), (53)

if the ratchet is driven by the estimated input. The joint
distribution over causal states and inputs is also deter-
mined by the ✏-machine, because part of the construction
assumes starting in the state s0 = s

⇤. To start, note that
the joint probability trajectory distribution is given by

Pr(Y ✓
0:i+1 = y0:i+1, S

✓
0:i+2 = s0:i+2) = �s0,s⇤

iY

j=0

✓
(yj)
si!si+1

.

(54)

Summing over the variables besides Y
✓
i and S

✓
i , we ob-

tain an expression for the estimated agent distribution in
terms of just the HMM of the ✏-machine

Pr(Y ✓
i = yi, X

✓
i = si) =

X

y0:i,s0:i,si+1

�s0,s⇤

iY

j=0

✓
(yj)
sj!sj+1

.

(55)

Thus, an agent {M, Pr(X✓
i , Y

✓
i )} which is globally e�-

cient can be defined in terms of the estimated input pro-
cess through its ✏-machine.

Conversely, the globally e�cient agent also specifies
the ✏-machine of the estimated distribution

T
(y)
s!s0 = Pr(Y ✓

i = y|S✓
i = s)�s0,✏(s,y) (56)

= Pr(Y ✓
i = y|X✓

i = s)|Y|Msy!s0y0 . (57)

Through the ✏-machine, the agent also specifies its esti-
mated input.

To summarize, as shown in Fig. 6, there is a bijec-
tion between the 1) guessed input distribution, 2) the
✏-machine, which is our model, and 3) the globally e�-
cient agent that is designed to harness that input. This
means that the e↵ectiveness of our agent at harnessing
work from finite data can be directly associated with the
model that underlies that agent’s architecture. And so,
for the the remainder of this work, when we discuss an
estimated process, or an ✏-machine that generates that
guess, we are also describing the unique thermodynamic
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[25], in order for an information extractor to avoid the
thermodynamic cost of modularity, the logical architec-
ture Mxy!x0y0 must be constructed such that the hidden
state variables Xi are predictive of the input. Thus, the
predictive ✏-machine generator provides a prescription for
the transitions among the joint of the input and hidden
states.

Specifically, to design the thermodynamic agent to be
predictive from the ✏-machine the hidden states of the
agent match the states of the ✏-machine at every time
step Xi = S

✓
i . To do this, the agent states and causal

states occupy the same space X = S, and the transi-
tions within the agent M are directly drawn from causal
equivalence relation

Mxy!x0y0 =
1

|Y| ⇥
(

�x0,✏(x,y) if
P

x0 ✓
(y)
x!x0 6= 0,

�x0,x else.
(51)

The factor of 1/|Y| is to maximize work production by
mapping to uniform outputs. The second term on the
right is the probability of the next agent state given
the current input and current hidden state Pr(Xi+1 =
x
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ability that the next causal state S

✓
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0 given that
the current causal state is S
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i = x and output of the

✏-machine is Yi = y. This is contingent on the prob-
ability of seeing y given causal state x being nonzero.
If it is, then the transitions among hidden states of the
agent match the transitions of the causal states of the
✏-machine. In this way, if y0:L is a sequence that could
be produced by the ✏-machine, we’ve designed the agent
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In the case where the ✏-machine can’t produce y from
the causal state x, we arbitrarily choose the next state
to be the same �x,x0 . There are many possible choices
for this case, but it winds up being irrelevant, because
these transitions correspond zero estimated probability,
and thus infinite work dissipation, drowning out all other
details of the model. However, this particular choice for
when y cannot be generated from the causal state x pre-
serves unifilarity and allows the agent to wait in its cur-
rent state until it receives an input that it can accept.

Up to transitions that are disallowed by our model
and will correspond to infinite work dissipation, we have
a direct mapping between our estimated input process
Pr(Y ✓

0:1) and its ✏-machine ✓ to the logical architecture

a maximum work-producing agent M .
We have yet to fully specify the behavior of the agent,

because we have left out the estimated input distribution
Pr(Y ✓

i = y, X
✓
i = x). This distribution must match the

actual distribution Pr(Yi = y, Xi = x) in order for the
agent to be locally e�cient, not accounting for temporal
correlations. Fortunately, because the agent states are
designed to match the causal states of the ✏-machine, we
know that the distribution matches the distribution over
causal states states and inputs

Pr(Y ✓
i = yi, X
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i = si) = Pr(Y ✓

i = yi, S
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i = si), (53)

if the ratchet is driven by the estimated input. The joint
distribution over causal states and inputs is also deter-
mined by the ✏-machine, because part of the construction
assumes starting in the state s0 = s

⇤. To start, note that
the joint probability trajectory distribution is given by

Pr(Y ✓
0:i+1 = y0:i+1, S

✓
0:i+2 = s0:i+2) = �s0,s⇤

iY
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Summing over the variables besides Y
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i and S

✓
i , we ob-

tain an expression for the estimated agent distribution in
terms of just the HMM of the ✏-machine
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Thus, an agent {M, Pr(X✓
i , Y

✓
i )} which is globally e�-

cient can be defined in terms of the estimated input pro-
cess through its ✏-machine.

Conversely, the globally e�cient agent also specifies
the ✏-machine of the estimated distribution

T
(y)
s!s0 = Pr(Y ✓

i = y|S✓
i = s)�s0,✏(s,y) (56)

= Pr(Y ✓
i = y|X✓

i = s)|Y|Msy!s0y0 . (57)

Through the ✏-machine, the agent also specifies its esti-
mated input.

To summarize, as shown in Fig. 6, there is a bijec-
tion between the 1) guessed input distribution, 2) the
✏-machine, which is our model, and 3) the globally e�-
cient agent that is designed to harness that input. This
means that the e↵ectiveness of our agent at harnessing
work from finite data can be directly associated with the
model that underlies that agent’s architecture. And so,
for the the remainder of this work, when we discuss an
estimated process, or an ✏-machine that generates that
guess, we are also describing the unique thermodynamic

FIG. 6. The estimated input process Pr(Y ✓
0:1 = y0:1), the ✏-machine ✓, and the agent that e�ciently harnesses that input

process asymptotically, using logical architecture Mxy!x0y0 = Pr(Xi+1 = x0, Yi+1 = y0|Xi = x, Yi = y) and estimated input
distribution Pr(X✓

i = x, Y ✓
i = y), are equivalent. Determining one determines the others.

free energy from the input

��|Y0:L=y0:L
= kBT (� ln Pr(Y0:L = y0:L) + L ln |Y|).

(64)

Note that this change depends strictly on the actual in-
put Y0:L, rather than the estimated input Y

✓
0:L. Thus, the

dissipated work is proportional to the log-ratio of the ac-
tual likelihood of the input and the estimated likelihood

hW diss
|Y ✓

0:L=y0:L
i = �hW prod

|Y ✓
0:L=y0:L

i � ��|Y0:L=y0:L

= kBT ln
Pr(Y0:L = y0:L)

Pr(Y ✓
0:L = y0:L)

.

(65)

This implies that the agent will dissipate work if the ac-
tual input distribution Y0:L has a high probability of a
string y0:L that is unlikely to be generated by the dis-
tribution estimated by the agent Y

✓
0:L. But, the agent

miraculously extracts more work than the change in free
energy if the agent estimated that the input y0:L is less
likely than it actually is. On average, this dissipation
is nonnegative, because it is proportional to the relative
entropy between the actual and estimated distribution

hW diss
|Y ✓

0:L
i = kBT

X

y0:L

Pr(Y0:L = y0:L) ln
Pr(Y0:L = y0:L)

Pr(Y ✓
0:L = y0:L)

(66)

= kBTDKL(Y0:L||Y ✓
0:L).

The average dissipation is zero i↵ the ✏-machine is a pre-
dictor of the actual distribution, meaning Y

✓
0:L = Y0:L.

This further confirms the thermodynamic e�ciency of
these agents, which are designed using the ✏-machine.

VIII. FITTING AND OVERFITTING TO A
PERFORMANCE MEASURE

With the thermodynamic measures of work production
and dissipated work to guide us, we now consider the
consequences of using work as a performance measure of
our model. It should be noted that, given a model class
and y0:L, while we consider the results of optimizing our
performance measure, we neglect the process by which
it’s optimized.

How to optimize a model for a given performance mea-
sure is daunting challenge on its own. Various forms of
stochastic gradient descent or backpropagation are fre-
quently used [6, 9]. Moreover, question of which models
naturally lend themselves to learning tasks, from reser-
voir computers to neural networks, is di�cult to answer.
These models are especially useful in the variety of func-
tions they can closely approximate, and there are claims
that neural networks are specially tuned to physical sys-
tems [8]. But, whatever models are used in this context,
their end result is a distribution Pr(Y ✓

0:L). So, because
there is a bijection to the class of distributions, the class
of ✏-machines and their corresponding agent is su�ciently
broad to capture any of these other model classes. And
so, in our investigation into how work as a performance
measure guides inference, we assume we are able to find
the absolute best model for the training data, according
to the measure.
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For a single input string, efficient agents have a simple 
expression for work production

Maximizing log-likelihood of model from data also maximizes 
work production.

Maximum Likelihood Estimation and Maximum Work 
Production are equivalent

Thermodynamic Learning: Maximum Work Production

hW ✓
|y0:L

i = kBT (lnPr(Y
✓
0:L = y0:L) + L ln |Y|)

= kBT `(✓|y0:L) + kBTL ln |Y|
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Figure 1: A. Traditional gradient-descent based RNN training methods adapt all connec-
tion weights (bold arrows), including input-to-RNN, RNN-internal, and RNN-to-output
weights. B. In Reservoir Computing, only the RNN-to-output weights are adapted.

Modeling accuracy. RC has starkly outperformed previous methods of
nonlinear system identification, prediction and classification, for in-
stance in predicting chaotic dynamics (3 orders of magnitude improved
accuracy, [17]), nonlinear wireless channel equalization (two orders of
magnitude improvement [17]), the Japanese Vowel benchmark (zero
test error rate, previous best: 1.8% [18]), financial forecasting (winner
of the international forecasting competition NN32 ), and in isolated
spoken digits recognition (improvement of word error rate on bench-
mark from 0.6% of previous best system to 0.2% [19], and further to
0% test error in recent unpublished work).

Modeling capacity. RC is computationally universal for continuous-time,
continuous-value real-time systems modeled with bounded resources
(including time and value resolution) [20, 21].

Biological plausibility. Numerous connections of RC principles to archi-
tectural and dynamical properties of mammalian brains have been es-
tablished. RC (or closely related models) provides explanations of why
biological brains can carry out accurate computations with an “inaccu-
rate” and noisy physical substrate [22, 23], especially accurate timing
[24]; of the way in which visual information is superimposed and pro-
cessed in primary visual cortex [25, 26]; of how cortico-basal pathways
support the representation of sequential information; and RC o⇥ers a

2http://www.neural-forecasting-competition.com/NN3/index.htm
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Modeling accuracy. RC has starkly outperformed previous methods of
nonlinear system identification, prediction and classification, for in-
stance in predicting chaotic dynamics (3 orders of magnitude improved
accuracy, [17]), nonlinear wireless channel equalization (two orders of
magnitude improvement [17]), the Japanese Vowel benchmark (zero
test error rate, previous best: 1.8% [18]), financial forecasting (winner
of the international forecasting competition NN32 ), and in isolated
spoken digits recognition (improvement of word error rate on bench-
mark from 0.6% of previous best system to 0.2% [19], and further to
0% test error in recent unpublished work).

Modeling capacity. RC is computationally universal for continuous-time,
continuous-value real-time systems modeled with bounded resources
(including time and value resolution) [20, 21].

Biological plausibility. Numerous connections of RC principles to archi-
tectural and dynamical properties of mammalian brains have been es-
tablished. RC (or closely related models) provides explanations of why
biological brains can carry out accurate computations with an “inaccu-
rate” and noisy physical substrate [22, 23], especially accurate timing
[24]; of the way in which visual information is superimposed and pro-
cessed in primary visual cortex [25, 26]; of how cortico-basal pathways
support the representation of sequential information; and RC o⇥ers a
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Modeling accuracy. RC has starkly outperformed previous methods of
nonlinear system identification, prediction and classification, for in-
stance in predicting chaotic dynamics (3 orders of magnitude improved
accuracy, [17]), nonlinear wireless channel equalization (two orders of
magnitude improvement [17]), the Japanese Vowel benchmark (zero
test error rate, previous best: 1.8% [18]), financial forecasting (winner
of the international forecasting competition NN32 ), and in isolated
spoken digits recognition (improvement of word error rate on bench-
mark from 0.6% of previous best system to 0.2% [19], and further to
0% test error in recent unpublished work).

Modeling capacity. RC is computationally universal for continuous-time,
continuous-value real-time systems modeled with bounded resources
(including time and value resolution) [20, 21].

Biological plausibility. Numerous connections of RC principles to archi-
tectural and dynamical properties of mammalian brains have been es-
tablished. RC (or closely related models) provides explanations of why
biological brains can carry out accurate computations with an “inaccu-
rate” and noisy physical substrate [22, 23], especially accurate timing
[24]; of the way in which visual information is superimposed and pro-
cessed in primary visual cortex [25, 26]; of how cortico-basal pathways
support the representation of sequential information; and RC o⇥ers a
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3) Work production

Maximum work production and Maximum Likelihood Estimation are 
equivalent.
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Modeling accuracy. RC has starkly outperformed previous methods of
nonlinear system identification, prediction and classification, for in-
stance in predicting chaotic dynamics (3 orders of magnitude improved
accuracy, [17]), nonlinear wireless channel equalization (two orders of
magnitude improvement [17]), the Japanese Vowel benchmark (zero
test error rate, previous best: 1.8% [18]), financial forecasting (winner
of the international forecasting competition NN32 ), and in isolated
spoken digits recognition (improvement of word error rate on bench-
mark from 0.6% of previous best system to 0.2% [19], and further to
0% test error in recent unpublished work).

Modeling capacity. RC is computationally universal for continuous-time,
continuous-value real-time systems modeled with bounded resources
(including time and value resolution) [20, 21].

Biological plausibility. Numerous connections of RC principles to archi-
tectural and dynamical properties of mammalian brains have been es-
tablished. RC (or closely related models) provides explanations of why
biological brains can carry out accurate computations with an “inaccu-
rate” and noisy physical substrate [22, 23], especially accurate timing
[24]; of the way in which visual information is superimposed and pro-
cessed in primary visual cortex [25, 26]; of how cortico-basal pathways
support the representation of sequential information; and RC o⇥ers a
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2) Model

3) Performance measure

1) Physical system

2) Demon/Agent/Controller

3) Work production

Maximum work production and Maximum Likelihood Estimation are 
equivalent. (When using epsilon machine models.)
What happens if we maximize work production?
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tion weights (bold arrows), including input-to-RNN, RNN-internal, and RNN-to-output
weights. B. In Reservoir Computing, only the RNN-to-output weights are adapted.

Modeling accuracy. RC has starkly outperformed previous methods of
nonlinear system identification, prediction and classification, for in-
stance in predicting chaotic dynamics (3 orders of magnitude improved
accuracy, [17]), nonlinear wireless channel equalization (two orders of
magnitude improvement [17]), the Japanese Vowel benchmark (zero
test error rate, previous best: 1.8% [18]), financial forecasting (winner
of the international forecasting competition NN32 ), and in isolated
spoken digits recognition (improvement of word error rate on bench-
mark from 0.6% of previous best system to 0.2% [19], and further to
0% test error in recent unpublished work).

Modeling capacity. RC is computationally universal for continuous-time,
continuous-value real-time systems modeled with bounded resources
(including time and value resolution) [20, 21].

Biological plausibility. Numerous connections of RC principles to archi-
tectural and dynamical properties of mammalian brains have been es-
tablished. RC (or closely related models) provides explanations of why
biological brains can carry out accurate computations with an “inaccu-
rate” and noisy physical substrate [22, 23], especially accurate timing
[24]; of the way in which visual information is superimposed and pro-
cessed in primary visual cortex [25, 26]; of how cortico-basal pathways
support the representation of sequential information; and RC o⇥ers a

2http://www.neural-forecasting-competition.com/NN3/index.htm

5

Mantas and Jaeger, Comp. Sci. Rev., (2009)

`(✓|~z) =
NX

i

ln Pr(Z = zi|⇥ = ✓)
<latexit sha1_base64="hI+tqGjyG4WTCuuQMwyMMTbtWxw="></latexit>

hW ✓
|y0:L

i = kBT `(✓|y0:L) + kBTL ln |Y|
<latexit sha1_base64="dd81OALklg91+DMHy2gG8kRaayM="></latexit>
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Thermodynamic Training With Different Size Memories

MassW

MassW

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

MassW

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

10101010

Training Data
<latexit sha1_base64="/sdMEkwvGlLz9tft8tM63u4pWqY=">AAAB/XicbVDLSgNBEJz1GeMrPm5eBoPgKexGwRwDevAYIS9IQuidTJIhs7PLTK8Yl+CvePGgiFf/w5t/4yTZgyYWNBRV3XR3+ZEUBl3321lZXVvf2MxsZbd3dvf2cweHdRPGmvEaC2Womz4YLoXiNRQoeTPSHAJf8oY/up76jXuujQhVFccR7wQwUKIvGKCVurnjNvIHTKoahBJqQG8AYdLN5d2COwNdJl5K8iRFpZv7avdCFgdcIZNgTMtzI+wkoFEwySfZdmx4BGwEA96yVEHATSeZXT+hZ1bp0X6obSmkM/X3RAKBMePAt50B4NAselPxP68VY7/USYSKYuSKzRf1Y0kxpNMoaE9ozlCOLQGmhb2VsiFoYGgDy9oQvMWXl0m9WPAuCsW7y3y5lMaRISfklJwTj1yRMrklFVIjjDySZ/JK3pwn58V5dz7mrStOOnNE/sD5/AG5mpVc</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

Black Box/
Environment

10101010

10101010

10101010

Agents/Models
<latexit sha1_base64="FjRtww7NY0i2vqqnL65PFzCTI34=">AAAB/XicbVDJSgNBEO2JW4zbuNy8DAbBU5yJgjlGvHgRIpgFkiH09FSSJj0L3TViHIK/4sWDIl79D2/+jZ1kDpr4oODxXlV31fNiwRXa9reRW1peWV3Lrxc2Nre2d8zdvYaKEsmgziIRyZZHFQgeQh05CmjFEmjgCWh6w6uJ37wHqXgU3uEoBjeg/ZD3OKOopa550EF4wPSyDyGq05vIB6HGXbNol+wprEXiZKRIMtS65lfHj1gS6EeYoEq1HTtGN6USORMwLnQSBTFlQ9qHtqYhDUC56XT7sXWsFd/qRVJXiNZU/T2R0kCpUeDpzoDiQM17E/E/r51gr+KmPIwThJDNPuolwsLImkRh+VwCQzHShDLJ9a4WG1BJGerACjoEZ/7kRdIol5yzUvn2vFitZHHkySE5IifEIRekSq5JjdQJI4/kmbySN+PJeDHejY9Za87IZvbJHxifP+fDlXs=</latexit>

Maximum Work Agent/Model
<latexit sha1_base64="Y0FlrOB8ZaZaSOnLJ8KOT+IneqQ=">AAACCHicbVC7SgNBFJ31bXytWlo4GASruBsFU0ZsbIQIxghJCLOTmzhkZmeZuSsJS0obf8XGQhFbP8HOv3HyKHwduHA4596Ze0+USGExCD69mdm5+YXFpeXcyura+oa/uXVtdWo4VLmW2txEzIIUMVRRoISbxABTkYRa1Dsb+bU7MFbo+AoHCTQV68aiIzhDJ7X83QZCH7ML1hcqVbSmTY+ediHGwwvdBjls+fmgEIxB/5JwSvJkikrL/2i0NU+Ve4JLZm09DBJsZsyg4BKGuUZqIWG8x7pQdzRmCmwzGx8ypPtOadOONq5ipGP1+0TGlLUDFblOxfDW/vZG4n9ePcVOqZmJOEkRYj75qJNKipqOUqFtYYCjHDjCuBFuV8pvmWEcXXY5F0L4++S/5LpYCI8KxcvjfLk0jWOJ7JA9ckBCckLK5JxUSJVwck8eyTN58R68J+/Ve5u0znjTmW3yA977F8L4mcQ=</latexit>

Thermodynamic Training
<latexit sha1_base64="OexrewBAv9szYFO41pJCp2O1fLY=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCp7AbBXMMePEYIS9IQpiddJIhs7PLTK8Ylpy8+CtePCji1W/w5t84eRw0saChqOqmuyuIpTDoed9OZm19Y3Mru53b2d3bP3APj+omSjSHGo9kpJsBMyCFghoKlNCMNbAwkNAIRjdTv3EP2ohIVXEcQydkAyX6gjO0Utc9bSM8YFodgg6j3lixUHBa1UwooQaTrpv3Ct4MdJX4C5InC1S67le7F/EkBIVcMmNavhdjJ2UaBZcwybUTAzHjIzaAlqV2HZhOOntjQs+t0qP9SNtSSGfq74mUhcaMw8B2hgyHZtmbiv95rQT7pU4qVJwgKD5f1E8kxYhOM6E9oYGjHFvCuBb2VsqHTDOONrmcDcFffnmV1IsF/7JQvLvKl0uLOLLkhJyRC+KTa1Imt6RCaoSTR/JMXsmb8+S8OO/Ox7w14yxmjskfOJ8/OG+ZkA==</latexit>

⇥ = {✓}
<latexit sha1_base64="RTH4iUPBxIR5xVDhimmTwbSTP5A=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEVyWpgm6EohuXFXqDJpTJdNIOnUzCzIkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SwTU4zre1tr6xubVd2inv7u0fHNpHxx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weRuVu8+MqV5LFuQJcyPyEjykFMCxhrYFa81ZkBuvBx7MCPsTQd21ak5c+FVcAuookLNgf3lDWOaRkwCFUTrvusk4OdEAaeCTcteqllC6ISMWN+gJBHTfj4/forPjDPEYazMk4Dn7u+JnERaZ1FgOiMCY71cm5n/1fophNd+zmWSApN0sShMBYYYz5LAQ64YBZEZIFRxcyumY6IIBZNX2YTgLn95FTr1mntRqz9cVhu3RRwldIJO0Tly0RVqoHvURG1EUYae0St6s56sF+vd+li0rlnFTAX9kfX5AwemlF4=</latexit>

y0:L
<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

hW ✓1(y0:L)i
<latexit sha1_base64="G9Mc4SXjPFEt4lYEWCIYovMYrsg=">AAACDnicbVA9SwNBEN3zM8avqKXNYghoE+5UUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCiVfMtWTQBu3mY99QBZ4w/1BkLlnV8MD6uuxGxSKbtkdg/4l3pQUyRTVoPDpd2KeRqCQS2ZMy3MTbGdMo+AShnk/NZAwfsd60LJUsQhMOxu/M6Qlq3RoN9a2FNKx+nMiY5Exgyi0nRHDvpn1RuJ/XivF7mk7EypJERSfLOqmkmJMR9nQjtDAUQ4sYVwLeyvlfaYZR5tg3obgzb78l9QPy95R+fD6uFg5n8aRI7tkj+wTj5yQCrkkVVIjnDyQJ/JCXp1H59l5c94nrXPOdGaH/ILz8Q0s1JuL</latexit>

hW ✓0(y0:L)i
<latexit sha1_base64="J53v1YJF21FVMVN9XpLCsW0JpyE=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxFQbEK2lhYKBgj5OKxt5kkS/b2jt05IRz5BTb+FRsLRWyt7fw3bmIKTXww8Hhvhpl5YSKFQdf9cubmFxaXlnMr+dW19Y3Nwtb2jYlTzaHOYxnr25AZkEJBHQVKuE00sCiU0Aj7ZyO/cQ/aiFhd4yCBVsS6SnQEZ2iloFDyJVNdCbRxl/nYA2SBOywPgsw9uRjuU1+P3aBQdCvuGHSWeBNSJBNcBoVPvx3zNAKFXDJjmp6bYCtjGgWXMMz7qYGE8T7rQtNSxSIwrWz8zpCWrNKmnVjbUkjH6u+JjEXGDKLQdkYMe2baG4n/ec0UO8etTKgkRVD8Z1EnlRRjOsqGtoUGjnJgCeNa2Fsp7zHNONoE8zYEb/rlWXJTrXgHlerVYbF2OokjR3bJHikTjxyRGjknl6ROOHkgT+SFvDqPzrPz5rz/tM45k5kd8gfOxzcrPpuK</latexit>

hW ✓2(y0:L)i
<latexit sha1_base64="03njNnkB74k3oWk3IeWjxA3D4gc=">AAACDnicbVA9SwNBEN3zM8avqKXNYhC0CXdRUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCvu+ZKongTZuMx/7gCwoDw8GQeaeXQ0Pqa/HblAouiV3DPqXeFNSJFNUg8Kn34l5GoFCLpkxLc9NsJ0xjYJLGOb91EDC+B3rQctSxSIw7Wz8zpDuW6VDu7G2pZCO1Z8TGYuMGUSh7YwY9s2sNxL/81opdk/bmVBJiqD4ZFE3lRRjOsqGdoQGjnJgCeNa2Fsp7zPNONoE8zYEb/blv6ReLnlHpfL1cbFyPo0jR3bJHjkgHjkhFXJJqqRGOHkgT+SFvDqPzrPz5rxPWuec6cwO+QXn4xsuapuM</latexit>

a)
<latexit sha1_base64="9RR2EpUXe9GyHwPVw7YLX+t5W5U=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3reK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDygjjRw=</latexit>

b)
<latexit sha1_base64="Tfd0Tp8CRxO49Qatqb9PR9su2yA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0EJz3SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPHymojR0=</latexit>

c)
<latexit sha1_base64="iIMZXI8VeklXy8ZSg669iUbih98=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3beK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDystjR4=</latexit>

d)
<latexit sha1_base64="MaxM/I+JdjiHgUc7n7sfBBAYRzs=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDabTbt0swm7E6GU/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6xFHK/Zj2lYgEo2ilh/C8Vyq7FXcGsky8nJQhR71X+uqGCctirpBJakzHc1P0x1SjYJJPit3M8JSyIe3zjqWKxtz449mlE3JqlZBEibalkMzU3xNjGhszigPbGVMcmEVvKv7ndTKMrv2xUGmGXLH5oiiTBBMyfZuEQnOGcmQJZVrYWwkbUE0Z2nCKNgRv8eVl0qxWvItK9f6yXLvJ4yjAMZzAGXhwBTW4gzo0gEEEz/AKb87QeXHenY9564qTzxzBHzifPyyyjR8=</latexit>

Memory size: n ⌘ |X |
<latexit sha1_base64="LeQO+eAhLJDn0SvZrK+IJ0+57yo=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMgFuEuCgargI2NEMF8QC6Evc1EF/f2zt25YLzkP9j4V2wsFLG1sfPfuIkp/How8Hhvhpl5QSyFQdf9cDIzs3PzC9nF3NLyyupafn2jbqJEc6jxSEa6GTADUiiooUAJzVgDCwMJjeDqeOw3+qCNiNQ5DmJoh+xCiZ7gDK3Uye/5CDeYnkIY6QE14haO6EhRH64T0adDP2R4yZlMm6NhJ19wi+4E9C/xpqRApqh28u9+N+JJCAq5ZMa0PDfGdso0Ci5hlPMTAzHjV+wCWpYqFoJpp5OfRnTHKl3ai7QthXSifp9IWWjMIAxs5/hG89sbi/95rQR75XYqVJwgKP61qJdIihEdB0S7QgNHObCEcS3srZRfMs042hhzNgTv98t/Sb1U9PaLpbODQqU8jSNLtsg22SUeOSQVckKqpEY4uSMP5Ik8O/fOo/PivH61ZpzpzCb5AeftE+FKnsI=</latexit>
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MassW

MassW

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

MassW

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

10101010

Training Data
<latexit sha1_base64="/sdMEkwvGlLz9tft8tM63u4pWqY=">AAAB/XicbVDLSgNBEJz1GeMrPm5eBoPgKexGwRwDevAYIS9IQuidTJIhs7PLTK8Yl+CvePGgiFf/w5t/4yTZgyYWNBRV3XR3+ZEUBl3321lZXVvf2MxsZbd3dvf2cweHdRPGmvEaC2Womz4YLoXiNRQoeTPSHAJf8oY/up76jXuujQhVFccR7wQwUKIvGKCVurnjNvIHTKoahBJqQG8AYdLN5d2COwNdJl5K8iRFpZv7avdCFgdcIZNgTMtzI+wkoFEwySfZdmx4BGwEA96yVEHATSeZXT+hZ1bp0X6obSmkM/X3RAKBMePAt50B4NAselPxP68VY7/USYSKYuSKzRf1Y0kxpNMoaE9ozlCOLQGmhb2VsiFoYGgDy9oQvMWXl0m9WPAuCsW7y3y5lMaRISfklJwTj1yRMrklFVIjjDySZ/JK3pwn58V5dz7mrStOOnNE/sD5/AG5mpVc</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

Black Box/
Environment

10101010

10101010

10101010

Agents/Models
<latexit sha1_base64="FjRtww7NY0i2vqqnL65PFzCTI34=">AAAB/XicbVDJSgNBEO2JW4zbuNy8DAbBU5yJgjlGvHgRIpgFkiH09FSSJj0L3TViHIK/4sWDIl79D2/+jZ1kDpr4oODxXlV31fNiwRXa9reRW1peWV3Lrxc2Nre2d8zdvYaKEsmgziIRyZZHFQgeQh05CmjFEmjgCWh6w6uJ37wHqXgU3uEoBjeg/ZD3OKOopa550EF4wPSyDyGq05vIB6HGXbNol+wprEXiZKRIMtS65lfHj1gS6EeYoEq1HTtGN6USORMwLnQSBTFlQ9qHtqYhDUC56XT7sXWsFd/qRVJXiNZU/T2R0kCpUeDpzoDiQM17E/E/r51gr+KmPIwThJDNPuolwsLImkRh+VwCQzHShDLJ9a4WG1BJGerACjoEZ/7kRdIol5yzUvn2vFitZHHkySE5IifEIRekSq5JjdQJI4/kmbySN+PJeDHejY9Za87IZvbJHxifP+fDlXs=</latexit>

Maximum Work Agent/Model
<latexit sha1_base64="Y0FlrOB8ZaZaSOnLJ8KOT+IneqQ=">AAACCHicbVC7SgNBFJ31bXytWlo4GASruBsFU0ZsbIQIxghJCLOTmzhkZmeZuSsJS0obf8XGQhFbP8HOv3HyKHwduHA4596Ze0+USGExCD69mdm5+YXFpeXcyura+oa/uXVtdWo4VLmW2txEzIIUMVRRoISbxABTkYRa1Dsb+bU7MFbo+AoHCTQV68aiIzhDJ7X83QZCH7ML1hcqVbSmTY+ediHGwwvdBjls+fmgEIxB/5JwSvJkikrL/2i0NU+Ve4JLZm09DBJsZsyg4BKGuUZqIWG8x7pQdzRmCmwzGx8ypPtOadOONq5ipGP1+0TGlLUDFblOxfDW/vZG4n9ePcVOqZmJOEkRYj75qJNKipqOUqFtYYCjHDjCuBFuV8pvmWEcXXY5F0L4++S/5LpYCI8KxcvjfLk0jWOJ7JA9ckBCckLK5JxUSJVwck8eyTN58R68J+/Ve5u0znjTmW3yA977F8L4mcQ=</latexit>

Thermodynamic Training
<latexit sha1_base64="OexrewBAv9szYFO41pJCp2O1fLY=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCp7AbBXMMePEYIS9IQpiddJIhs7PLTK8Ylpy8+CtePCji1W/w5t84eRw0saChqOqmuyuIpTDoed9OZm19Y3Mru53b2d3bP3APj+omSjSHGo9kpJsBMyCFghoKlNCMNbAwkNAIRjdTv3EP2ohIVXEcQydkAyX6gjO0Utc9bSM8YFodgg6j3lixUHBa1UwooQaTrpv3Ct4MdJX4C5InC1S67le7F/EkBIVcMmNavhdjJ2UaBZcwybUTAzHjIzaAlqV2HZhOOntjQs+t0qP9SNtSSGfq74mUhcaMw8B2hgyHZtmbiv95rQT7pU4qVJwgKD5f1E8kxYhOM6E9oYGjHFvCuBb2VsqHTDOONrmcDcFffnmV1IsF/7JQvLvKl0uLOLLkhJyRC+KTa1Imt6RCaoSTR/JMXsmb8+S8OO/Ox7w14yxmjskfOJ8/OG+ZkA==</latexit>

⇥ = {✓}
<latexit sha1_base64="RTH4iUPBxIR5xVDhimmTwbSTP5A=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEVyWpgm6EohuXFXqDJpTJdNIOnUzCzIkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SwTU4zre1tr6xubVd2inv7u0fHNpHxx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weRuVu8+MqV5LFuQJcyPyEjykFMCxhrYFa81ZkBuvBx7MCPsTQd21ak5c+FVcAuookLNgf3lDWOaRkwCFUTrvusk4OdEAaeCTcteqllC6ISMWN+gJBHTfj4/forPjDPEYazMk4Dn7u+JnERaZ1FgOiMCY71cm5n/1fophNd+zmWSApN0sShMBYYYz5LAQ64YBZEZIFRxcyumY6IIBZNX2YTgLn95FTr1mntRqz9cVhu3RRwldIJO0Tly0RVqoHvURG1EUYae0St6s56sF+vd+li0rlnFTAX9kfX5AwemlF4=</latexit>

y0:L
<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

hW ✓1(y0:L)i
<latexit sha1_base64="G9Mc4SXjPFEt4lYEWCIYovMYrsg=">AAACDnicbVA9SwNBEN3zM8avqKXNYghoE+5UUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCiVfMtWTQBu3mY99QBZ4w/1BkLlnV8MD6uuxGxSKbtkdg/4l3pQUyRTVoPDpd2KeRqCQS2ZMy3MTbGdMo+AShnk/NZAwfsd60LJUsQhMOxu/M6Qlq3RoN9a2FNKx+nMiY5Exgyi0nRHDvpn1RuJ/XivF7mk7EypJERSfLOqmkmJMR9nQjtDAUQ4sYVwLeyvlfaYZR5tg3obgzb78l9QPy95R+fD6uFg5n8aRI7tkj+wTj5yQCrkkVVIjnDyQJ/JCXp1H59l5c94nrXPOdGaH/ILz8Q0s1JuL</latexit>

hW ✓0(y0:L)i
<latexit sha1_base64="J53v1YJF21FVMVN9XpLCsW0JpyE=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxFQbEK2lhYKBgj5OKxt5kkS/b2jt05IRz5BTb+FRsLRWyt7fw3bmIKTXww8Hhvhpl5YSKFQdf9cubmFxaXlnMr+dW19Y3Nwtb2jYlTzaHOYxnr25AZkEJBHQVKuE00sCiU0Aj7ZyO/cQ/aiFhd4yCBVsS6SnQEZ2iloFDyJVNdCbRxl/nYA2SBOywPgsw9uRjuU1+P3aBQdCvuGHSWeBNSJBNcBoVPvx3zNAKFXDJjmp6bYCtjGgWXMMz7qYGE8T7rQtNSxSIwrWz8zpCWrNKmnVjbUkjH6u+JjEXGDKLQdkYMe2baG4n/ec0UO8etTKgkRVD8Z1EnlRRjOsqGtoUGjnJgCeNa2Fsp7zHNONoE8zYEb/rlWXJTrXgHlerVYbF2OokjR3bJHikTjxyRGjknl6ROOHkgT+SFvDqPzrPz5rz/tM45k5kd8gfOxzcrPpuK</latexit>

hW ✓2(y0:L)i
<latexit sha1_base64="03njNnkB74k3oWk3IeWjxA3D4gc=">AAACDnicbVA9SwNBEN3zM8avqKXNYhC0CXdRUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCvu+ZKongTZuMx/7gCwoDw8GQeaeXQ0Pqa/HblAouiV3DPqXeFNSJFNUg8Kn34l5GoFCLpkxLc9NsJ0xjYJLGOb91EDC+B3rQctSxSIw7Wz8zpDuW6VDu7G2pZCO1Z8TGYuMGUSh7YwY9s2sNxL/81opdk/bmVBJiqD4ZFE3lRRjOsqGdoQGjnJgCeNa2Fsp7zPNONoE8zYEb/blv6ReLnlHpfL1cbFyPo0jR3bJHjkgHjkhFXJJqqRGOHkgT+SFvDqPzrPz5rxPWuec6cwO+QXn4xsuapuM</latexit>

a)
<latexit sha1_base64="9RR2EpUXe9GyHwPVw7YLX+t5W5U=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3reK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDygjjRw=</latexit>

b)
<latexit sha1_base64="Tfd0Tp8CRxO49Qatqb9PR9su2yA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0EJz3SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPHymojR0=</latexit>

c)
<latexit sha1_base64="iIMZXI8VeklXy8ZSg669iUbih98=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3beK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDystjR4=</latexit>

d)
<latexit sha1_base64="MaxM/I+JdjiHgUc7n7sfBBAYRzs=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDabTbt0swm7E6GU/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6xFHK/Zj2lYgEo2ilh/C8Vyq7FXcGsky8nJQhR71X+uqGCctirpBJakzHc1P0x1SjYJJPit3M8JSyIe3zjqWKxtz449mlE3JqlZBEibalkMzU3xNjGhszigPbGVMcmEVvKv7ndTKMrv2xUGmGXLH5oiiTBBMyfZuEQnOGcmQJZVrYWwkbUE0Z2nCKNgRv8eVl0qxWvItK9f6yXLvJ4yjAMZzAGXhwBTW4gzo0gEEEz/AKb87QeXHenY9564qTzxzBHzifPyyyjR8=</latexit> 4

the agent on test data.
-The change in free energy per input asymptotically

is simply proportional to the di↵erent input and output
entropy rate

�F
neq
1 ⌘ lim

L!1

�F
neq
0:L

L
(14)

= lim
L!1

kBT
H[Y ✓0

0:L] � L ln |Y|
L

(15)

= kBT (h✓0

µ � ln |Y|). (16)

-If we know the ✏-machine of the input process, then
this is simple to evaluate. [cite Crutchfield]

-However, the entropy production/dissipated work re-
quires more analysis

⌃✓
1 ⌘ lim

L!1

⌃✓
0:L

L
(17)

= lim
L!1

kBDKL(Y ✓0

0:L||Y ✓
0:L)

L
. (18)

-We can exactly calculate this in terms of the ✏-machine
causal states, which are s for ✓ and s

0 for ✓
0.

⌃✓
1/kB =

X

s,s0,y

⇡s,s0 Pr(y|S0 = s
0) ln

Pr(y|S0 = s
0)

Pr(y|S = s)
(19)

=
X

s,s0

⇡s,s0DKL[Pr(y|S0 = s
0)|| Pr(y|S = s)],

(20)

where the steady state of the joint causal state that sat-
isfies:

⇡s1,s0
1

=
X

s0,s0
0,y

�s1,✏(s0,y)✓
0(y)
s0
0!s0

1
⇡s0,s0

0
. (21)

[Reference appendix]
-We can therefore calculate the asymptotic dissipation

as well as the asymptotic work production

hW ✓i1 = ��F
neq
1 � T⌃✓

1. (22)

C. Overfitting With Memory

-We consider how the task of maximizing work from
training data a↵ects learning.

-Start by considering the maximum production from
the set of ✏-machine models of size n

hWmax
n (y0:L)i = max

✓2{n state models}
hW ✓(y0:L)i (23)

and the corresponding maximum work model

⇥max
n (y0:L) = argmax

✓2{n state models}
hW ✓(y0:L)i, (24)

which may not be unique.
-We see that as we train on more data, the work pro-

duction per time step of the maximum-work agent re-
duces. However, this corresponds to reductions in en-
tropy production when the machine operates on test
data.

Appendix A: Regularized Inference

The work produced from model ✓, having started in
state s0 and received y0:L is

hW ✓(y0:L|s0)i = kBT
�
ln Pr(Y ✓

0:L = y0:L|S0 = s0) + L ln |Y|
�
.

(A1)

If the system doesn’t start in a unique start state, but in
a distribution of start states, then we obtain

hW ✓(y0:L)i =kBT

X

s0

Pr(s0) ln Pr(Y ✓
0:L = y0:L|S0 = s0)

(A2)

+ kBTL ln |Y|. (A3)

=kBT

X

s0

Pr(s0)
L�1X

i=0

ln ✓
(yi)
✏(s0,y0:i)!✏(s0,y0:i)

(A4)

+ kBTL ln |Y|. (A5)

Note that for each start state s0, we can count how many
times y is received as the input to causal state s: N

y
s (s0).

The resulting expression for the work production is

hW ✓(y0:L)i =kBT

X

s0

Pr(s0)
X

s,y

N
y
s (s0) ln ✓

(y)
s!✏(s,y)

(A6)

+ kBTL ln |Y|. (A7)

If we want to maximize the work production of the model
✓ from the inputs y0:L with a fixed logical architecture,
then we use the method of Lagrange multipliers

@
✓(y)

s!✏(s,y)

hW ✓(y0:L)i =
X

s0

�s0@
✓(y)

s!✏(s,y)

gs0(✓), (A8)

where gs(✓) =
P

y ✓
(y)
s!✏(s,y) = 1 is the constraint that the

sum of output probabilities from causal state s sums to

Memory size: n ⌘ |X |
<latexit sha1_base64="LeQO+eAhLJDn0SvZrK+IJ0+57yo=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMgFuEuCgargI2NEMF8QC6Evc1EF/f2zt25YLzkP9j4V2wsFLG1sfPfuIkp/How8Hhvhpl5QSyFQdf9cDIzs3PzC9nF3NLyyupafn2jbqJEc6jxSEa6GTADUiiooUAJzVgDCwMJjeDqeOw3+qCNiNQ5DmJoh+xCiZ7gDK3Uye/5CDeYnkIY6QE14haO6EhRH64T0adDP2R4yZlMm6NhJ19wi+4E9C/xpqRApqh28u9+N+JJCAq5ZMa0PDfGdso0Ci5hlPMTAzHjV+wCWpYqFoJpp5OfRnTHKl3ai7QthXSifp9IWWjMIAxs5/hG89sbi/95rQR75XYqVJwgKP61qJdIihEdB0S7QgNHObCEcS3srZRfMs042hhzNgTv98t/Sb1U9PaLpbODQqU8jSNLtsg22SUeOSQVckKqpEY4uSMP5Ik8O/fOo/PivH61ZpzpzCb5AeftE+FKnsI=</latexit>
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MassW

MassW

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

MassW

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

10101010

Training Data
<latexit sha1_base64="/sdMEkwvGlLz9tft8tM63u4pWqY=">AAAB/XicbVDLSgNBEJz1GeMrPm5eBoPgKexGwRwDevAYIS9IQuidTJIhs7PLTK8Yl+CvePGgiFf/w5t/4yTZgyYWNBRV3XR3+ZEUBl3321lZXVvf2MxsZbd3dvf2cweHdRPGmvEaC2Womz4YLoXiNRQoeTPSHAJf8oY/up76jXuujQhVFccR7wQwUKIvGKCVurnjNvIHTKoahBJqQG8AYdLN5d2COwNdJl5K8iRFpZv7avdCFgdcIZNgTMtzI+wkoFEwySfZdmx4BGwEA96yVEHATSeZXT+hZ1bp0X6obSmkM/X3RAKBMePAt50B4NAselPxP68VY7/USYSKYuSKzRf1Y0kxpNMoaE9ozlCOLQGmhb2VsiFoYGgDy9oQvMWXl0m9WPAuCsW7y3y5lMaRISfklJwTj1yRMrklFVIjjDySZ/JK3pwn58V5dz7mrStOOnNE/sD5/AG5mpVc</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

Black Box/
Environment

10101010

10101010

10101010

Agents/Models
<latexit sha1_base64="FjRtww7NY0i2vqqnL65PFzCTI34=">AAAB/XicbVDJSgNBEO2JW4zbuNy8DAbBU5yJgjlGvHgRIpgFkiH09FSSJj0L3TViHIK/4sWDIl79D2/+jZ1kDpr4oODxXlV31fNiwRXa9reRW1peWV3Lrxc2Nre2d8zdvYaKEsmgziIRyZZHFQgeQh05CmjFEmjgCWh6w6uJ37wHqXgU3uEoBjeg/ZD3OKOopa550EF4wPSyDyGq05vIB6HGXbNol+wprEXiZKRIMtS65lfHj1gS6EeYoEq1HTtGN6USORMwLnQSBTFlQ9qHtqYhDUC56XT7sXWsFd/qRVJXiNZU/T2R0kCpUeDpzoDiQM17E/E/r51gr+KmPIwThJDNPuolwsLImkRh+VwCQzHShDLJ9a4WG1BJGerACjoEZ/7kRdIol5yzUvn2vFitZHHkySE5IifEIRekSq5JjdQJI4/kmbySN+PJeDHejY9Za87IZvbJHxifP+fDlXs=</latexit>

Maximum Work Agent/Model
<latexit sha1_base64="Y0FlrOB8ZaZaSOnLJ8KOT+IneqQ=">AAACCHicbVC7SgNBFJ31bXytWlo4GASruBsFU0ZsbIQIxghJCLOTmzhkZmeZuSsJS0obf8XGQhFbP8HOv3HyKHwduHA4596Ze0+USGExCD69mdm5+YXFpeXcyura+oa/uXVtdWo4VLmW2txEzIIUMVRRoISbxABTkYRa1Dsb+bU7MFbo+AoHCTQV68aiIzhDJ7X83QZCH7ML1hcqVbSmTY+ediHGwwvdBjls+fmgEIxB/5JwSvJkikrL/2i0NU+Ve4JLZm09DBJsZsyg4BKGuUZqIWG8x7pQdzRmCmwzGx8ypPtOadOONq5ipGP1+0TGlLUDFblOxfDW/vZG4n9ePcVOqZmJOEkRYj75qJNKipqOUqFtYYCjHDjCuBFuV8pvmWEcXXY5F0L4++S/5LpYCI8KxcvjfLk0jWOJ7JA9ckBCckLK5JxUSJVwck8eyTN58R68J+/Ve5u0znjTmW3yA977F8L4mcQ=</latexit>

Thermodynamic Training
<latexit sha1_base64="OexrewBAv9szYFO41pJCp2O1fLY=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCp7AbBXMMePEYIS9IQpiddJIhs7PLTK8Ylpy8+CtePCji1W/w5t84eRw0saChqOqmuyuIpTDoed9OZm19Y3Mru53b2d3bP3APj+omSjSHGo9kpJsBMyCFghoKlNCMNbAwkNAIRjdTv3EP2ohIVXEcQydkAyX6gjO0Utc9bSM8YFodgg6j3lixUHBa1UwooQaTrpv3Ct4MdJX4C5InC1S67le7F/EkBIVcMmNavhdjJ2UaBZcwybUTAzHjIzaAlqV2HZhOOntjQs+t0qP9SNtSSGfq74mUhcaMw8B2hgyHZtmbiv95rQT7pU4qVJwgKD5f1E8kxYhOM6E9oYGjHFvCuBb2VsqHTDOONrmcDcFffnmV1IsF/7JQvLvKl0uLOLLkhJyRC+KTa1Imt6RCaoSTR/JMXsmb8+S8OO/Ox7w14yxmjskfOJ8/OG+ZkA==</latexit>

⇥ = {✓}
<latexit sha1_base64="RTH4iUPBxIR5xVDhimmTwbSTP5A=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEVyWpgm6EohuXFXqDJpTJdNIOnUzCzIkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SwTU4zre1tr6xubVd2inv7u0fHNpHxx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weRuVu8+MqV5LFuQJcyPyEjykFMCxhrYFa81ZkBuvBx7MCPsTQd21ak5c+FVcAuookLNgf3lDWOaRkwCFUTrvusk4OdEAaeCTcteqllC6ISMWN+gJBHTfj4/forPjDPEYazMk4Dn7u+JnERaZ1FgOiMCY71cm5n/1fophNd+zmWSApN0sShMBYYYz5LAQ64YBZEZIFRxcyumY6IIBZNX2YTgLn95FTr1mntRqz9cVhu3RRwldIJO0Tly0RVqoHvURG1EUYae0St6s56sF+vd+li0rlnFTAX9kfX5AwemlF4=</latexit>

y0:L
<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

hW ✓1(y0:L)i
<latexit sha1_base64="G9Mc4SXjPFEt4lYEWCIYovMYrsg=">AAACDnicbVA9SwNBEN3zM8avqKXNYghoE+5UUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCiVfMtWTQBu3mY99QBZ4w/1BkLlnV8MD6uuxGxSKbtkdg/4l3pQUyRTVoPDpd2KeRqCQS2ZMy3MTbGdMo+AShnk/NZAwfsd60LJUsQhMOxu/M6Qlq3RoN9a2FNKx+nMiY5Exgyi0nRHDvpn1RuJ/XivF7mk7EypJERSfLOqmkmJMR9nQjtDAUQ4sYVwLeyvlfaYZR5tg3obgzb78l9QPy95R+fD6uFg5n8aRI7tkj+wTj5yQCrkkVVIjnDyQJ/JCXp1H59l5c94nrXPOdGaH/ILz8Q0s1JuL</latexit>

hW ✓0(y0:L)i
<latexit sha1_base64="J53v1YJF21FVMVN9XpLCsW0JpyE=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxFQbEK2lhYKBgj5OKxt5kkS/b2jt05IRz5BTb+FRsLRWyt7fw3bmIKTXww8Hhvhpl5YSKFQdf9cubmFxaXlnMr+dW19Y3Nwtb2jYlTzaHOYxnr25AZkEJBHQVKuE00sCiU0Aj7ZyO/cQ/aiFhd4yCBVsS6SnQEZ2iloFDyJVNdCbRxl/nYA2SBOywPgsw9uRjuU1+P3aBQdCvuGHSWeBNSJBNcBoVPvx3zNAKFXDJjmp6bYCtjGgWXMMz7qYGE8T7rQtNSxSIwrWz8zpCWrNKmnVjbUkjH6u+JjEXGDKLQdkYMe2baG4n/ec0UO8etTKgkRVD8Z1EnlRRjOsqGtoUGjnJgCeNa2Fsp7zHNONoE8zYEb/rlWXJTrXgHlerVYbF2OokjR3bJHikTjxyRGjknl6ROOHkgT+SFvDqPzrPz5rz/tM45k5kd8gfOxzcrPpuK</latexit>

hW ✓2(y0:L)i
<latexit sha1_base64="03njNnkB74k3oWk3IeWjxA3D4gc=">AAACDnicbVA9SwNBEN3zM8avqKXNYhC0CXdRUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCvu+ZKongTZuMx/7gCwoDw8GQeaeXQ0Pqa/HblAouiV3DPqXeFNSJFNUg8Kn34l5GoFCLpkxLc9NsJ0xjYJLGOb91EDC+B3rQctSxSIw7Wz8zpDuW6VDu7G2pZCO1Z8TGYuMGUSh7YwY9s2sNxL/81opdk/bmVBJiqD4ZFE3lRRjOsqGdoQGjnJgCeNa2Fsp7zPNONoE8zYEb/blv6ReLnlHpfL1cbFyPo0jR3bJHjkgHjkhFXJJqqRGOHkgT+SFvDqPzrPz5rxPWuec6cwO+QXn4xsuapuM</latexit>

a)
<latexit sha1_base64="9RR2EpUXe9GyHwPVw7YLX+t5W5U=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3reK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDygjjRw=</latexit>

b)
<latexit sha1_base64="Tfd0Tp8CRxO49Qatqb9PR9su2yA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0EJz3SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPHymojR0=</latexit>

c)
<latexit sha1_base64="iIMZXI8VeklXy8ZSg669iUbih98=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3beK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDystjR4=</latexit>

d)
<latexit sha1_base64="MaxM/I+JdjiHgUc7n7sfBBAYRzs=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDabTbt0swm7E6GU/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6xFHK/Zj2lYgEo2ilh/C8Vyq7FXcGsky8nJQhR71X+uqGCctirpBJakzHc1P0x1SjYJJPit3M8JSyIe3zjqWKxtz449mlE3JqlZBEibalkMzU3xNjGhszigPbGVMcmEVvKv7ndTKMrv2xUGmGXLH5oiiTBBMyfZuEQnOGcmQJZVrYWwkbUE0Z2nCKNgRv8eVl0qxWvItK9f6yXLvJ4yjAMZzAGXhwBTW4gzo0gEEEz/AKb87QeXHenY9564qTzxzBHzifPyyyjR8=</latexit>

4

the agent on test data.
-The change in free energy per input asymptotically

is simply proportional to the di↵erent input and output
entropy rate

�F
neq
1 ⌘ lim

L!1

�F
neq
0:L

L
(14)

= lim
L!1

kBT
H[Y ✓0

0:L] � L ln |Y|
L

(15)

= kBT (h✓0

µ � ln |Y|). (16)

-If we know the ✏-machine of the input process, then
this is simple to evaluate. [cite Crutchfield]

-However, the entropy production/dissipated work re-
quires more analysis

⌃✓
1 ⌘ lim

L!1

⌃✓
0:L

L
(17)

= lim
L!1

kBDKL(Y ✓0

0:L||Y ✓
0:L)

L
. (18)

-We can exactly calculate this in terms of the ✏-machine
causal states, which are s for ✓ and s

0 for ✓
0.

⌃✓
1/kB =

X

s,s0,y

⇡s,s0 Pr(y|S0 = s
0) ln

Pr(y|S0 = s
0)

Pr(y|S = s)
(19)

=
X

s,s0

⇡s,s0DKL[Pr(y|S0 = s
0)|| Pr(y|S = s)],

(20)

where the steady state of the joint causal state that sat-
isfies:

⇡s1,s0
1

=
X

s0,s0
0,y

�s1,✏(s0,y)✓
0(y)
s0
0!s0

1
⇡s0,s0

0
. (21)

[Reference appendix]
-We can therefore calculate the asymptotic dissipation

as well as the asymptotic work production

hW ✓i1 = ��F
neq
1 � T⌃✓

1. (22)

C. Overfitting With Memory

-We consider how the task of maximizing work from
training data a↵ects learning.

-Start by considering the maximum production from
the set of ✏-machine models of size n

hWmax
n (y0:L)i = max

✓2{n state models}
hW ✓(y0:L)i (23)

and the corresponding maximum work model

✓
max
n (y0:L) = argmax

✓2{n state models}
hW ✓(y0:L)i, (24)

which may not be unique.
-We see that as we train on more data, the work pro-

duction per time step of the maximum-work agent re-
duces. However, this corresponds to reductions in en-
tropy production when the machine operates on test
data.

Appendix A: Regularized Inference

The work produced from model ✓, having started in
state s0 and received y0:L is

hW ✓(y0:L|s0)i = kBT
�
ln Pr(Y ✓

0:L = y0:L|S0 = s0) + L ln |Y|
�
.

(A1)

If the system doesn’t start in a unique start state, but in
a distribution of start states, then we obtain

hW ✓(y0:L)i =kBT

X

s0

Pr(s0) ln Pr(Y ✓
0:L = y0:L|S0 = s0)

(A2)

+ kBTL ln |Y|. (A3)

=kBT

X

s0

Pr(s0)
L�1X

i=0

ln ✓
(yi)
✏(s0,y0:i)!✏(s0,y0:i)

(A4)

+ kBTL ln |Y|. (A5)

Note that for each start state s0, we can count how many
times y is received as the input to causal state s: N

y
s (s0).

The resulting expression for the work production is

hW ✓(y0:L)i =kBT

X

s0

Pr(s0)
X

s,y

N
y
s (s0) ln ✓

(y)
s!✏(s,y)

(A6)

+ kBTL ln |Y|. (A7)

If we want to maximize the work production of the model
✓ from the inputs y0:L with a fixed logical architecture,
then we use the method of Lagrange multipliers

@
✓(y)

s!✏(s,y)

hW ✓(y0:L)i =
X

s0

�s0@
✓(y)

s!✏(s,y)

gs0(✓), (A8)

where gs(✓) =
P

y ✓
(y)
s!✏(s,y) = 1 is the constraint that the

sum of output probabilities from causal state s sums to
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the agent on test data.
-The change in free energy per input asymptotically

is simply proportional to the di↵erent input and output
entropy rate

�F
neq
1 ⌘ lim

L!1

�F
neq
0:L

L
(14)

= lim
L!1

kBT
H[Y ✓0

0:L] � L ln |Y|
L

(15)

= kBT (h✓0

µ � ln |Y|). (16)

-If we know the ✏-machine of the input process, then
this is simple to evaluate. [cite Crutchfield]

-However, the entropy production/dissipated work re-
quires more analysis

⌃✓
1 ⌘ lim

L!1

⌃✓
0:L

L
(17)

= lim
L!1

kBDKL(Y ✓0

0:L||Y ✓
0:L)

L
. (18)

-We can exactly calculate this in terms of the ✏-machine
causal states, which are s for ✓ and s

0 for ✓
0.

⌃✓
1/kB =

X

s,s0,y

⇡s,s0 Pr(y|S0 = s
0) ln

Pr(y|S0 = s
0)

Pr(y|S = s)
(19)

=
X

s,s0

⇡s,s0DKL[Pr(y|S0 = s
0)|| Pr(y|S = s)],

(20)

where the steady state of the joint causal state that sat-
isfies:

⇡s1,s0
1

=
X

s0,s0
0,y

�s1,✏(s0,y)✓
0(y)
s0
0!s0

1
⇡s0,s0

0
. (21)

[Reference appendix]
-We can therefore calculate the asymptotic dissipation

as well as the asymptotic work production

hW ✓i1 = ��F
neq
1 � T⌃✓

1. (22)

C. Overfitting With Memory

-We consider how the task of maximizing work from
training data a↵ects learning.

-Start by considering the maximum production from
the set of ✏-machine models of size n

hWmax
n (y0:L)i = max

✓2{n state models}
hW ✓(y0:L)i (23)

and the corresponding maximum work model

⇥max
n (y0:L) = argmax

✓2{n state models}
hW ✓(y0:L)i, (24)

which may not be unique.
-We see that as we train on more data, the work pro-

duction per time step of the maximum-work agent re-
duces. However, this corresponds to reductions in en-
tropy production when the machine operates on test
data.

Appendix A: Regularized Inference

The work produced from model ✓, having started in
state s0 and received y0:L is

hW ✓(y0:L|s0)i = kBT
�
ln Pr(Y ✓

0:L = y0:L|S0 = s0) + L ln |Y|
�
.

(A1)

If the system doesn’t start in a unique start state, but in
a distribution of start states, then we obtain

hW ✓(y0:L)i =kBT

X

s0

Pr(s0) ln Pr(Y ✓
0:L = y0:L|S0 = s0)

(A2)

+ kBTL ln |Y|. (A3)

=kBT

X

s0

Pr(s0)
L�1X

i=0

ln ✓
(yi)
✏(s0,y0:i)!✏(s0,y0:i)

(A4)

+ kBTL ln |Y|. (A5)

Note that for each start state s0, we can count how many
times y is received as the input to causal state s: N

y
s (s0).

The resulting expression for the work production is

hW ✓(y0:L)i =kBT

X

s0

Pr(s0)
X

s,y

N
y
s (s0) ln ✓

(y)
s!✏(s,y)

(A6)

+ kBTL ln |Y|. (A7)

If we want to maximize the work production of the model
✓ from the inputs y0:L with a fixed logical architecture,
then we use the method of Lagrange multipliers

@
✓(y)

s!✏(s,y)

hW ✓(y0:L)i =
X

s0

�s0@
✓(y)

s!✏(s,y)

gs0(✓), (A8)

where gs(✓) =
P

y ✓
(y)
s!✏(s,y) = 1 is the constraint that the

sum of output probabilities from causal state s sums to

Memory size: n ⌘ |X |
<latexit sha1_base64="LeQO+eAhLJDn0SvZrK+IJ0+57yo=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMgFuEuCgargI2NEMF8QC6Evc1EF/f2zt25YLzkP9j4V2wsFLG1sfPfuIkp/How8Hhvhpl5QSyFQdf9cDIzs3PzC9nF3NLyyupafn2jbqJEc6jxSEa6GTADUiiooUAJzVgDCwMJjeDqeOw3+qCNiNQ5DmJoh+xCiZ7gDK3Uye/5CDeYnkIY6QE14haO6EhRH64T0adDP2R4yZlMm6NhJ19wi+4E9C/xpqRApqh28u9+N+JJCAq5ZMa0PDfGdso0Ci5hlPMTAzHjV+wCWpYqFoJpp5OfRnTHKl3ai7QthXSifp9IWWjMIAxs5/hG89sbi/95rQR75XYqVJwgKP61qJdIihEdB0S7QgNHObCEcS3srZRfMs042hhzNgTv98t/Sb1U9PaLpbODQqU8jSNLtsg22SUeOSQVckKqpEY4uSMP5Ik8O/fOo/PivH61ZpzpzCb5AeftE+FKnsI=</latexit>
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What’s in the (Black) Box??

10101010

Black Box/
Environment

y0:L
<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

✓0
<latexit sha1_base64="5OXSENxrE0JzquBSE9m1rT8eFK0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbRU0mqoMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ildg9HHOl5v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/m5U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZ/U4GQnOGcmIJZVrYWwkbUU0Z2oRKNgRv+eVV0qpVvctq7eGqUr/N4yjCCZzCBXhwDXW4hwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPHwfQj10=</latexit>

Pr(Y ✓0

0:L) = Pr(Y0:L)
<latexit sha1_base64="P5vihN2utH4CN5AxhXUhT9d46jA=">AAACDHicbVDLSgMxFM34rPVVdekmWMS6KTNVUASh6MaFiwr2IZ2xZNK0Dc08SO4IZZgPcOOvuHGhiFs/wJ1/YzqdhbYeCJyccy7JPW4ouALT/Dbm5hcWl5ZzK/nVtfWNzcLWdkMFkaSsTgMRyJZLFBPcZ3XgIFgrlIx4rmBNd3g59psPTCoe+LcwCpnjkb7Pe5wS0FKnULRrsnR3H9swYEAOkk5snl0nh+epnF10yiybKfAssTJSRBlqncKX3Q1o5DEfqCBKtS0zBCcmEjgVLMnbkWIhoUPSZ21NfeIx5cTpMgne10oX9wKpjw84VX9PxMRTauS5OukRGKhpbyz+57Uj6J06MffDCJhPJw/1IoEhwONmcJdLRkGMNCFUcv1XTAdEEgq6v7wuwZpeeZY0KmXrqFy5OS5WL7I6cmgX7aESstAJqqIrVEN1RNEjekav6M14Ml6Md+NjEp0zspkd9AfG5w9Z1pnj</latexit>

Entropy rate: h
✓0

µ ⌘ lim
L!1

H[Y ✓0

0:L]

L
<latexit sha1_base64="lnCN9cKJFbpKh1Nq12h0N/rZ8qI="></latexit>

A

B

C

E

D

0 : 0.5

1 : 0.5

0 : 0.9

1 : 0.1

0 : 0.9

1 : 0.10 : 0.1

1 : 0.9

0 : 0.9

1 : 0.1
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What’s in the (Black) Box??

10101010

Black Box/
Environment

y0:L
<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

✓0
<latexit sha1_base64="5OXSENxrE0JzquBSE9m1rT8eFK0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbRU0mqoMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ildg9HHOl5v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/m5U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZ/U4GQnOGcmIJZVrYWwkbUU0Z2oRKNgRv+eVV0qpVvctq7eGqUr/N4yjCCZzCBXhwDXW4hwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPHwfQj10=</latexit>

Pr(Y ✓0

0:L) = Pr(Y0:L)
<latexit sha1_base64="P5vihN2utH4CN5AxhXUhT9d46jA=">AAACDHicbVDLSgMxFM34rPVVdekmWMS6KTNVUASh6MaFiwr2IZ2xZNK0Dc08SO4IZZgPcOOvuHGhiFs/wJ1/YzqdhbYeCJyccy7JPW4ouALT/Dbm5hcWl5ZzK/nVtfWNzcLWdkMFkaSsTgMRyJZLFBPcZ3XgIFgrlIx4rmBNd3g59psPTCoe+LcwCpnjkb7Pe5wS0FKnULRrsnR3H9swYEAOkk5snl0nh+epnF10yiybKfAssTJSRBlqncKX3Q1o5DEfqCBKtS0zBCcmEjgVLMnbkWIhoUPSZ21NfeIx5cTpMgne10oX9wKpjw84VX9PxMRTauS5OukRGKhpbyz+57Uj6J06MffDCJhPJw/1IoEhwONmcJdLRkGMNCFUcv1XTAdEEgq6v7wuwZpeeZY0KmXrqFy5OS5WL7I6cmgX7aESstAJqqIrVEN1RNEjekav6M14Ml6Md+NjEp0zspkd9AfG5w9Z1pnj</latexit>

Entropy rate:

Asymptotic limit on work rate 
production:

h
✓0

µ ⌘ lim
L!1

H[Y ✓0

0:L]

L
<latexit sha1_base64="lnCN9cKJFbpKh1Nq12h0N/rZ8qI="></latexit>

hW i1  kBT
⇣
ln 2� h✓0

µ

⌘

<latexit sha1_base64="s257MN8WBAPYNRLn33dBXNf5MUc="></latexit>

⌘ hW ✓0
i1

<latexit sha1_base64="QXdJzbu8r3TN4W5zwzFmeOVQhOo=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDFItypoGXQxjKCSYTceext5pLFvb1zd04IR/6DjX/FxkIRWxs7/42bmMKvBwOP92aYmRdlUhh03Q9nanpmdm6+tFBeXFpeWa2srbdMmmsOTZ7KVF9GzIAUCpooUMJlpoElkYR2dH068tu3oI1I1QUOMggS1lMiFpyhlcLKng83ubilvmSqJ4G2rwof+4BsZ0h9PdZCX6gYBzSsVN2aOwb9S7wJqZIJGmHl3e+mPE9AIZfMmI7nZhgUTKPgEoZlPzeQMX7NetCxVLEETFCMfxrSbat0aZxqWwrpWP0+UbDEmEES2c6EYd/89kbif14nx/g4KITKcgTFvxbFuaSY0lFAtCs0cJQDSxjXwt5KeZ9pxtHGWLYheL9f/kta+zXvoLZ/flitn0ziKJFNskV2iUeOSJ2ckQZpEk7uyAN5Is/OvfPovDivX61TzmRmg/yA8/YJ4dSeKA==</latexit>

A

B

C

E

D

0 : 0.5

1 : 0.5

0 : 0.9

1 : 0.1

0 : 0.9

1 : 0.10 : 0.1

1 : 0.9

0 : 0.9

1 : 0.1
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What’s in the (Black) Box??

10101010

Black Box/
Environment

y0:L
<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

✓0
<latexit sha1_base64="5OXSENxrE0JzquBSE9m1rT8eFK0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbRU0mqoMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ildg9HHOl5v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/m5U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZ/U4GQnOGcmIJZVrYWwkbUU0Z2oRKNgRv+eVV0qpVvctq7eGqUr/N4yjCCZzCBXhwDXW4hwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPHwfQj10=</latexit>

Pr(Y ✓0

0:L) = Pr(Y0:L)
<latexit sha1_base64="P5vihN2utH4CN5AxhXUhT9d46jA=">AAACDHicbVDLSgMxFM34rPVVdekmWMS6KTNVUASh6MaFiwr2IZ2xZNK0Dc08SO4IZZgPcOOvuHGhiFs/wJ1/YzqdhbYeCJyccy7JPW4ouALT/Dbm5hcWl5ZzK/nVtfWNzcLWdkMFkaSsTgMRyJZLFBPcZ3XgIFgrlIx4rmBNd3g59psPTCoe+LcwCpnjkb7Pe5wS0FKnULRrsnR3H9swYEAOkk5snl0nh+epnF10yiybKfAssTJSRBlqncKX3Q1o5DEfqCBKtS0zBCcmEjgVLMnbkWIhoUPSZ21NfeIx5cTpMgne10oX9wKpjw84VX9PxMRTauS5OukRGKhpbyz+57Uj6J06MffDCJhPJw/1IoEhwONmcJdLRkGMNCFUcv1XTAdEEgq6v7wuwZpeeZY0KmXrqFy5OS5WL7I6cmgX7aESstAJqqIrVEN1RNEjekav6M14Ml6Md+NjEp0zspkd9AfG5w9Z1pnj</latexit>

Entropy rate:

Asymptotic limit on work rate 
production:

Requisite Complexity:
5 causal states requires 5 
memory states in the information 
engine.

h
✓0

µ ⌘ lim
L!1

H[Y ✓0

0:L]

L
<latexit sha1_base64="lnCN9cKJFbpKh1Nq12h0N/rZ8qI="></latexit>

hW i1  kBT
⇣
ln 2� h✓0

µ

⌘

<latexit sha1_base64="s257MN8WBAPYNRLn33dBXNf5MUc="></latexit>

⌘ hW ✓0
i1

<latexit sha1_base64="QXdJzbu8r3TN4W5zwzFmeOVQhOo=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDFItypoGXQxjKCSYTceext5pLFvb1zd04IR/6DjX/FxkIRWxs7/42bmMKvBwOP92aYmRdlUhh03Q9nanpmdm6+tFBeXFpeWa2srbdMmmsOTZ7KVF9GzIAUCpooUMJlpoElkYR2dH068tu3oI1I1QUOMggS1lMiFpyhlcLKng83ubilvmSqJ4G2rwof+4BsZ0h9PdZCX6gYBzSsVN2aOwb9S7wJqZIJGmHl3e+mPE9AIZfMmI7nZhgUTKPgEoZlPzeQMX7NetCxVLEETFCMfxrSbat0aZxqWwrpWP0+UbDEmEES2c6EYd/89kbif14nx/g4KITKcgTFvxbFuaSY0lFAtCs0cJQDSxjXwt5KeZ9pxtHGWLYheL9f/kta+zXvoLZ/flitn0ziKJFNskV2iUeOSJ2ckQZpEk7uyAN5Is/OvfPovDivX61TzmRmg/yA8/YJ4dSeKA==</latexit>

A

B

C

E

D

0 : 0.5

1 : 0.5

0 : 0.9

1 : 0.1

0 : 0.9

1 : 0.10 : 0.1

1 : 0.9

0 : 0.9

1 : 0.1
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1-State Machines

10101010

Black Box/
Environment

y0:L
<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

✓0
<latexit sha1_base64="5OXSENxrE0JzquBSE9m1rT8eFK0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbRU0mqoMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ildg9HHOl5v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/m5U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZ/U4GQnOGcmIJZVrYWwkbUU0Z2oRKNgRv+eVV0qpVvctq7eGqUr/N4yjCCZzCBXhwDXW4hwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPHwfQj10=</latexit>

✓ 2
<latexit sha1_base64="ZC41vXnk08KAdOrLJ+Ip19LlC48=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH4eAjPpC9coVt+rOQVeJl5MKydHolb/8fsKzGBRyyYzpem6KwYRpFFzCtORnBlLGR2wAXUsVi8EEk/nFU3pmlT6NEm1LIZ2rvycmLDZmHIe2M2Y4NMveTPzP62YYXQcTodIMQfHFoiiTFBM6e5/2hQaOcmwJ41rYWykfMs042pBKNgRv+eVV0qpVvYtq7f6yUr/J4yiSE3JKzolHrkid3JEGaRJOFHkmr+TNMc6L8+58LFoLTj5zTP7A+fwBRkuQpw==</latexit> {

<latexit sha1_base64="7jF/axiKQ50qck453cB+aS7CDO0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5zSjWk=</latexit>

}
<latexit sha1_base64="z9I03uDaA3bS8qEriCB/zLQ+3nM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5/ajWs=</latexit>

A0 : b 1 : 1� bPossible Models:

Inverse temperature: � =
1

kBT<latexit sha1_base64="ctNgdbzKbD+0x2R8eQjorjiv8Hs=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWpgm6EUjcuK/QFTQiT6aQdOnkwMxFKzMJfceNCEbf+hjv/xmmbhbYeuHA4517uvcdPOJPKsr6NldW19Y3N0lZ5e2d3b988OOzIOBWEtknMY9HzsaScRbStmOK0lwiKQ5/Trj++nfrdByoki6OWmiTUDfEwYgEjWGnJM48dnyqMbpxAYJLZeTb2GqiVe2bFqlozoGViF6QCBZqe+eUMYpKGNFKEYyn7tpUoN8NCMcJpXnZSSRNMxnhI+5pGOKTSzWb35+hMKwMUxEJXpNBM/T2R4VDKSejrzhCrkVz0puJ/Xj9VwbWbsShJFY3IfFGQcqRiNA0DDZigRPGJJpgIpm9FZIR1EkpHVtYh2IsvL5NOrWpfVGv3l5V6o4ijBCdwCudgwxXU4Q6a0AYCj/AMr/BmPBkvxrvxMW9dMYqZI/gD4/MHC8CVeQ==</latexit>
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<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

✓0
<latexit sha1_base64="5OXSENxrE0JzquBSE9m1rT8eFK0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbRU0mqoMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ildg9HHOl5v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/m5U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZ/U4GQnOGcmIJZVrYWwkbUU0Z2oRKNgRv+eVV0qpVvctq7eGqUr/N4yjCCZzCBXhwDXW4hwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPHwfQj10=</latexit>

✓ 2
<latexit sha1_base64="ZC41vXnk08KAdOrLJ+Ip19LlC48=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH4eAjPpC9coVt+rOQVeJl5MKydHolb/8fsKzGBRyyYzpem6KwYRpFFzCtORnBlLGR2wAXUsVi8EEk/nFU3pmlT6NEm1LIZ2rvycmLDZmHIe2M2Y4NMveTPzP62YYXQcTodIMQfHFoiiTFBM6e5/2hQaOcmwJ41rYWykfMs042pBKNgRv+eVV0qpVvYtq7f6yUr/J4yiSE3JKzolHrkid3JEGaRJOFHkmr+TNMc6L8+58LFoLTj5zTP7A+fwBRkuQpw==</latexit> {

<latexit sha1_base64="7jF/axiKQ50qck453cB+aS7CDO0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5zSjWk=</latexit>

}
<latexit sha1_base64="z9I03uDaA3bS8qEriCB/zLQ+3nM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5/ajWs=</latexit>

A0 : b 1 : 1� bPossible Models:

Inverse temperature: � =
1

kBT<latexit sha1_base64="ctNgdbzKbD+0x2R8eQjorjiv8Hs=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWpgm6EUjcuK/QFTQiT6aQdOnkwMxFKzMJfceNCEbf+hjv/xmmbhbYeuHA4517uvcdPOJPKsr6NldW19Y3N0lZ5e2d3b988OOzIOBWEtknMY9HzsaScRbStmOK0lwiKQ5/Trj++nfrdByoki6OWmiTUDfEwYgEjWGnJM48dnyqMbpxAYJLZeTb2GqiVe2bFqlozoGViF6QCBZqe+eUMYpKGNFKEYyn7tpUoN8NCMcJpXnZSSRNMxnhI+5pGOKTSzWb35+hMKwMUxEJXpNBM/T2R4VDKSejrzhCrkVz0puJ/Xj9VwbWbsShJFY3IfFGQcqRiNA0DDZigRPGJJpgIpm9FZIR1EkpHVtYh2IsvL5NOrWpfVGv3l5V6o4ijBCdwCudgwxXU4Q6a0AYCj/AMr/BmPBkvxrvxMW9dMYqZI/gD4/MHC8CVeQ==</latexit>

�hW ✓(y0:L)i = L ln |Y|+ lnPr(Y ✓
0:L = y0:L)

<latexit sha1_base64="uLRJ6UTAQOsVVYNQMUXVWqlmHDo="></latexit>
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y0:L
<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

✓0
<latexit sha1_base64="5OXSENxrE0JzquBSE9m1rT8eFK0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbRU0mqoMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ildg9HHOl5v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/m5U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZ/U4GQnOGcmIJZVrYWwkbUU0Z2oRKNgRv+eVV0qpVvctq7eGqUr/N4yjCCZzCBXhwDXW4hwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPHwfQj10=</latexit>

✓ 2
<latexit sha1_base64="ZC41vXnk08KAdOrLJ+Ip19LlC48=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH4eAjPpC9coVt+rOQVeJl5MKydHolb/8fsKzGBRyyYzpem6KwYRpFFzCtORnBlLGR2wAXUsVi8EEk/nFU3pmlT6NEm1LIZ2rvycmLDZmHIe2M2Y4NMveTPzP62YYXQcTodIMQfHFoiiTFBM6e5/2hQaOcmwJ41rYWykfMs042pBKNgRv+eVV0qpVvYtq7f6yUr/J4yiSE3JKzolHrkid3JEGaRJOFHkmr+TNMc6L8+58LFoLTj5zTP7A+fwBRkuQpw==</latexit> {

<latexit sha1_base64="7jF/axiKQ50qck453cB+aS7CDO0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5zSjWk=</latexit>

}
<latexit sha1_base64="z9I03uDaA3bS8qEriCB/zLQ+3nM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5/ajWs=</latexit>

A0 : b 1 : 1� bPossible Models:

Inverse temperature: � =
1

kBT<latexit sha1_base64="ctNgdbzKbD+0x2R8eQjorjiv8Hs=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWpgm6EUjcuK/QFTQiT6aQdOnkwMxFKzMJfceNCEbf+hjv/xmmbhbYeuHA4517uvcdPOJPKsr6NldW19Y3N0lZ5e2d3b988OOzIOBWEtknMY9HzsaScRbStmOK0lwiKQ5/Trj++nfrdByoki6OWmiTUDfEwYgEjWGnJM48dnyqMbpxAYJLZeTb2GqiVe2bFqlozoGViF6QCBZqe+eUMYpKGNFKEYyn7tpUoN8NCMcJpXnZSSRNMxnhI+5pGOKTSzWb35+hMKwMUxEJXpNBM/T2R4VDKSejrzhCrkVz0puJ/Xj9VwbWbsShJFY3IfFGQcqRiNA0DDZigRPGJJpgIpm9FZIR1EkpHVtYh2IsvL5NOrWpfVGv3l5V6o4ijBCdwCudgwxXU4Q6a0AYCj/AMr/BmPBkvxrvxMW9dMYqZI/gD4/MHC8CVeQ==</latexit>

= L ln |Y|+
L�1X

i=0

ln ✓(yi)
✏(y0:i)!✏(y0:i+1)

<latexit sha1_base64="WrUrS8nqUXnNWuvvNTAZ/pE/an4="></latexit>

�hW ✓(y0:L)i = L ln |Y|+ lnPr(Y ✓
0:L = y0:L)

<latexit sha1_base64="uLRJ6UTAQOsVVYNQMUXVWqlmHDo="></latexit>
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y0:L
<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

✓0
<latexit sha1_base64="5OXSENxrE0JzquBSE9m1rT8eFK0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbRU0mqoMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ildg9HHOl5v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/m5U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZ/U4GQnOGcmIJZVrYWwkbUU0Z2oRKNgRv+eVV0qpVvctq7eGqUr/N4yjCCZzCBXhwDXW4hwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPHwfQj10=</latexit>

✓ 2
<latexit sha1_base64="ZC41vXnk08KAdOrLJ+Ip19LlC48=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH4eAjPpC9coVt+rOQVeJl5MKydHolb/8fsKzGBRyyYzpem6KwYRpFFzCtORnBlLGR2wAXUsVi8EEk/nFU3pmlT6NEm1LIZ2rvycmLDZmHIe2M2Y4NMveTPzP62YYXQcTodIMQfHFoiiTFBM6e5/2hQaOcmwJ41rYWykfMs042pBKNgRv+eVV0qpVvYtq7f6yUr/J4yiSE3JKzolHrkid3JEGaRJOFHkmr+TNMc6L8+58LFoLTj5zTP7A+fwBRkuQpw==</latexit> {

<latexit sha1_base64="7jF/axiKQ50qck453cB+aS7CDO0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5zSjWk=</latexit>

}
<latexit sha1_base64="z9I03uDaA3bS8qEriCB/zLQ+3nM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5/ajWs=</latexit>

A0 : b 1 : 1� bPossible Models:

Inverse temperature: � =
1

kBT<latexit sha1_base64="ctNgdbzKbD+0x2R8eQjorjiv8Hs=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWpgm6EUjcuK/QFTQiT6aQdOnkwMxFKzMJfceNCEbf+hjv/xmmbhbYeuHA4517uvcdPOJPKsr6NldW19Y3N0lZ5e2d3b988OOzIOBWEtknMY9HzsaScRbStmOK0lwiKQ5/Trj++nfrdByoki6OWmiTUDfEwYgEjWGnJM48dnyqMbpxAYJLZeTb2GqiVe2bFqlozoGViF6QCBZqe+eUMYpKGNFKEYyn7tpUoN8NCMcJpXnZSSRNMxnhI+5pGOKTSzWb35+hMKwMUxEJXpNBM/T2R4VDKSejrzhCrkVz0puJ/Xj9VwbWbsShJFY3IfFGQcqRiNA0DDZigRPGJJpgIpm9FZIR1EkpHVtYh2IsvL5NOrWpfVGv3l5V6o4ijBCdwCudgwxXU4Q6a0AYCj/AMr/BmPBkvxrvxMW9dMYqZI/gD4/MHC8CVeQ==</latexit>

= L ln |Y|+
L�1X

i=0

ln ✓(yi)
✏(y0:i)!✏(y0:i+1)

<latexit sha1_base64="WrUrS8nqUXnNWuvvNTAZ/pE/an4="></latexit>

�hW ✓(y0:L)i = L ln |Y|+ lnPr(Y ✓
0:L = y0:L)

<latexit sha1_base64="uLRJ6UTAQOsVVYNQMUXVWqlmHDo="></latexit>
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topologies for inference of process structure from a data series. We employ a recently developed exact enumeration
of topological ε-machines. (A sequel then removes the topological restriction.) This subset of the uHMM
topologies has the added benefit that inferred models are guaranteed to be ε-machines, irrespective of estimated
transition probabilities. Properties of ε-machines and uHMMs allow for the derivation of analytic expressions
for estimating transition probabilities, inferring start states, and comparing the posterior probability of candidate
model topologies, despite process internal structure being only indirectly present in data. We demonstrate BSI’s
effectiveness in estimating a process’s randomness, as reflected by the Shannon entropy rate, and its structure, as
quantified by the statistical complexity. We also compare using the posterior distribution over candidate models
and the single, maximum a posteriori model for point estimation and show that the former more accurately
reflects uncertainty in estimated values. We apply BSI to in-class examples of finite- and infinite-order Markov
processes, as well to an out-of-class, infinite-state hidden process.
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I. INTRODUCTION

Emergent patterns are a hallmark of complex, adaptive
behavior, whether exhibited by natural or designed systems.
Practically, discovering and quantifying the structures making
up emergent patterns from a sequence of observations lies
at the heart of our ability to understand, predict, and control
the world. But what are the statistical signatures of struc-
ture? A common modeling assumption is that observations
are independent and identically distributed (IID). This is
tantamount, though, to assuming a system is structureless.
Therefore, pattern discovery depends critically on testing
when the IID assumption is violated. Said more directly,
successful pattern discovery extracts the (typically hidden)
mechanisms that create departures from IID structurelessness.
In many applications, the search for structure is made all
the more challenging by limited available data. The very real
consequences, when pattern discovery is done incorrectly with
finite data, are that structure can be mistaken for randomness
and randomness for structure.

The search for meaningful or appropriate structure to
describe the mechanisms generating observed data is funda-
mental to all areas of science. Due to this central importance, a
wide variety of approaches to finding structure or topology
has resulted from focusing on different types of data, as
well as from varying assumptions about the appropriate type
of mathematical model for the system of interest. Before
introducing a specific type of data and our model classes,
it is helpful to point the interested reader to complementary
efforts on structural inference. Examples include employing
information-theoretic measures to infer nonlinear ordinary
differential equations (ODEs) [1] and particle filtering to infer
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ODEs and continuous-time Markov processes [2], as well as a
variety of hybrid Bayesian techniques [3,4]. Beyond specific
methods of structural inference, some have discussed why
modeling works and how it can be difficult [5,6]. Though
incomplete as a broad overview of structural inference in
different settings, the above references and citations therein
provide a useful starting point.

Here, we develop an approach to pattern discovery that
attempts to remove the confusions between randomness and
structure, focusing on data series consisting of a sequence of
symbols from a finite alphabet. That is, we wish to discover
temporal patterns, as they occur in discrete-time and discrete-
state time series. (The approach also applies to spatial data
exhibiting one-dimensional patterns.) Inferring structure from
data series of this type is integral to many fields of science rang-
ing from bioinformatics [7,8], dynamical systems [9–12], and
linguistics [13,14] to single-molecule spectroscopy [15,16],
neuroscience [17,18], and crystallography [19,20]. Inferred
structure assumes a meaning distinctive to each field. For
example, in single-molecule dynamics structure reflects stable
molecular configurations, as well as the rates and types
of transition between them. In the study of coarse-grained
dynamical systems and linguistics, structure often reflects
forbidden words and relative frequencies of symbolic strings
that make the language or dynamical system functional. Thus,
the results of successful pattern discovery teach one much more
about a process than models that are only highly predictive.

Our goal is to infer structure using a finite data sample
from some process of interest and a set of candidate ε-machine
model topologies. This choice of model class is made because
ε-machines provide optimal prediction as well as being a
minimal and unique representation [21]. In addition, given an
ε-machine, structure and randomness can be quantified using
the statistical complexity Cµ and Shannon entropy rate hµ.
Previous efforts to infer ε-machines from finite data include
subtree merging (SM) [22], ε-machine spectral reconstruction
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We introduce a Bayesian approach to discovering patterns in structurally complex processes. The proposed
method of Bayesian structural inference (BSI) relies on a set of candidate unifilar hidden Markov model (uHMM)
topologies for inference of process structure from a data series. We employ a recently developed exact enumeration
of topological ε-machines. (A sequel then removes the topological restriction.) This subset of the uHMM
topologies has the added benefit that inferred models are guaranteed to be ε-machines, irrespective of estimated
transition probabilities. Properties of ε-machines and uHMMs allow for the derivation of analytic expressions
for estimating transition probabilities, inferring start states, and comparing the posterior probability of candidate
model topologies, despite process internal structure being only indirectly present in data. We demonstrate BSI’s
effectiveness in estimating a process’s randomness, as reflected by the Shannon entropy rate, and its structure, as
quantified by the statistical complexity. We also compare using the posterior distribution over candidate models
and the single, maximum a posteriori model for point estimation and show that the former more accurately
reflects uncertainty in estimated values. We apply BSI to in-class examples of finite- and infinite-order Markov
processes, as well to an out-of-class, infinite-state hidden process.
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I. INTRODUCTION

Emergent patterns are a hallmark of complex, adaptive
behavior, whether exhibited by natural or designed systems.
Practically, discovering and quantifying the structures making
up emergent patterns from a sequence of observations lies
at the heart of our ability to understand, predict, and control
the world. But what are the statistical signatures of struc-
ture? A common modeling assumption is that observations
are independent and identically distributed (IID). This is
tantamount, though, to assuming a system is structureless.
Therefore, pattern discovery depends critically on testing
when the IID assumption is violated. Said more directly,
successful pattern discovery extracts the (typically hidden)
mechanisms that create departures from IID structurelessness.
In many applications, the search for structure is made all
the more challenging by limited available data. The very real
consequences, when pattern discovery is done incorrectly with
finite data, are that structure can be mistaken for randomness
and randomness for structure.

The search for meaningful or appropriate structure to
describe the mechanisms generating observed data is funda-
mental to all areas of science. Due to this central importance, a
wide variety of approaches to finding structure or topology
has resulted from focusing on different types of data, as
well as from varying assumptions about the appropriate type
of mathematical model for the system of interest. Before
introducing a specific type of data and our model classes,
it is helpful to point the interested reader to complementary
efforts on structural inference. Examples include employing
information-theoretic measures to infer nonlinear ordinary
differential equations (ODEs) [1] and particle filtering to infer
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ODEs and continuous-time Markov processes [2], as well as a
variety of hybrid Bayesian techniques [3,4]. Beyond specific
methods of structural inference, some have discussed why
modeling works and how it can be difficult [5,6]. Though
incomplete as a broad overview of structural inference in
different settings, the above references and citations therein
provide a useful starting point.

Here, we develop an approach to pattern discovery that
attempts to remove the confusions between randomness and
structure, focusing on data series consisting of a sequence of
symbols from a finite alphabet. That is, we wish to discover
temporal patterns, as they occur in discrete-time and discrete-
state time series. (The approach also applies to spatial data
exhibiting one-dimensional patterns.) Inferring structure from
data series of this type is integral to many fields of science rang-
ing from bioinformatics [7,8], dynamical systems [9–12], and
linguistics [13,14] to single-molecule spectroscopy [15,16],
neuroscience [17,18], and crystallography [19,20]. Inferred
structure assumes a meaning distinctive to each field. For
example, in single-molecule dynamics structure reflects stable
molecular configurations, as well as the rates and types
of transition between them. In the study of coarse-grained
dynamical systems and linguistics, structure often reflects
forbidden words and relative frequencies of symbolic strings
that make the language or dynamical system functional. Thus,
the results of successful pattern discovery teach one much more
about a process than models that are only highly predictive.

Our goal is to infer structure using a finite data sample
from some process of interest and a set of candidate ε-machine
model topologies. This choice of model class is made because
ε-machines provide optimal prediction as well as being a
minimal and unique representation [21]. In addition, given an
ε-machine, structure and randomness can be quantified using
the statistical complexity Cµ and Shannon entropy rate hµ.
Previous efforts to infer ε-machines from finite data include
subtree merging (SM) [22], ε-machine spectral reconstruction
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<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

Possible Models:

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="Eq2c5m4+mfx4EDK5M5p5MGZLFVI="></latexit>

Finite time work rate:

Inverse temperature:

hWmax
n (y0:L)i/L

<latexit sha1_base64="Zj2PP2bofUH859WjUfVBI8oW3vI=">AAACEnicbVA9SwNBEN3zM8avqKXNYhC0iXdRUKyCNhYWCiYRcvHY20zikr29Y3dOEo78Bhv/io2FIrZWdv4bNx+FXw8GHu/NMDMvTKQw6LqfztT0zOzcfG4hv7i0vLJaWFuvmTjVHKo8lrG+DpkBKRRUUaCE60QDi0IJ9bB7OvTrd6CNiNUV9hNoRqyjRFtwhlYKCru+ZKojgdZvfIQeZhHrDQK10w8y9/h8sEt9PfL3zoNC0S25I9C/xJuQIpngIih8+K2YpxEo5JIZ0/DcBJsZ0yi4hEHeTw0kjHdZBxqWKhaBaWajlwZ02yot2o61LYV0pH6fyFhkTD8KbWfE8Nb89obif14jxfZRMxMqSREUHy9qp5JiTIf50JbQwFH2LWFcC3sr5bdMM442xbwNwfv98l9SK5e8/VL58qBYOZnEkSObZIvsEI8ckgo5IxekSji5J4/kmbw4D86T8+q8jVunnMnMBvkB5/0LjwGdYA==</latexit>

� =
1

kBT<latexit sha1_base64="ctNgdbzKbD+0x2R8eQjorjiv8Hs=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWpgm6EUjcuK/QFTQiT6aQdOnkwMxFKzMJfceNCEbf+hjv/xmmbhbYeuHA4517uvcdPOJPKsr6NldW19Y3N0lZ5e2d3b988OOzIOBWEtknMY9HzsaScRbStmOK0lwiKQ5/Trj++nfrdByoki6OWmiTUDfEwYgEjWGnJM48dnyqMbpxAYJLZeTb2GqiVe2bFqlozoGViF6QCBZqe+eUMYpKGNFKEYyn7tpUoN8NCMcJpXnZSSRNMxnhI+5pGOKTSzWb35+hMKwMUxEJXpNBM/T2R4VDKSejrzhCrkVz0puJ/Xj9VwbWbsShJFY3IfFGQcqRiNA0DDZigRPGJJpgIpm9FZIR1EkpHVtYh2IsvL5NOrWpfVGv3l5V6o4ijBCdwCudgwxXU4Q6a0AYCj/AMr/BmPBkvxrvxMW9dMYqZI/gD4/MHC8CVeQ==</latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

hW i = 0
<latexit sha1_base64="Fpbsq4xNQ9onFktr29T/qUFc3gA=">AAAB/XicbZDLSgMxFIbPeK31Nl52boJFcFVmqqAboejGZQV7gU4pmfS0Dc1khiQj1FJ8FTcuFHHre7jzbUzbWWjrD4GP/5zDOfnDRHBtPO/bWVpeWV1bz23kN7e2d3bdvf2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwc3k3r9AZXmsbw3wwRbEe1J3uWMGmu13cNAUNkTSOokUDO68tpuwSt6U5FF8DMoQKZK2/0KOjFLI5SGCap10/cS0xpRZTgTOM4HqcaEsgHtYdOipBHq1mh6/ZicWKdDurGyTxoydX9PjGik9TAKbWdETV/P1ybmf7VmarqXrRGXSWpQstmibiqIickkCtLhCpkRQwuUKW5vJaxPFWXGBpa3IfjzX16EWqnonxVLd+eF8nUWRw6O4BhOwYcLKMMtVKAKDB7hGV7hzXlyXpx352PWuuRkMwfwR87nD/TOlD8=</latexit>
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2-State Machines

✓ 2
<latexit sha1_base64="ZC41vXnk08KAdOrLJ+Ip19LlC48=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH4eAjPpC9coVt+rOQVeJl5MKydHolb/8fsKzGBRyyYzpem6KwYRpFFzCtORnBlLGR2wAXUsVi8EEk/nFU3pmlT6NEm1LIZ2rvycmLDZmHIe2M2Y4NMveTPzP62YYXQcTodIMQfHFoiiTFBM6e5/2hQaOcmwJ41rYWykfMs042pBKNgRv+eVV0qpVvYtq7f6yUr/J4yiSE3JKzolHrkid3JEGaRJOFHkmr+TNMc6L8+58LFoLTj5zTP7A+fwBRkuQpw==</latexit>

{
<latexit sha1_base64="7jF/axiKQ50qck453cB+aS7CDO0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5zSjWk=</latexit>

}
<latexit sha1_base64="z9I03uDaA3bS8qEriCB/zLQ+3nM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5/ajWs=</latexit>

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

Possible Models:
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· · ·<latexit sha1_base64="9pGPaDabNijkWLtd2pluvCo4p5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1L6q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AK+ljzM=</latexit>

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="Eq2c5m4+mfx4EDK5M5p5MGZLFVI="></latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

hW i = 0
<latexit sha1_base64="Fpbsq4xNQ9onFktr29T/qUFc3gA=">AAAB/XicbZDLSgMxFIbPeK31Nl52boJFcFVmqqAboejGZQV7gU4pmfS0Dc1khiQj1FJ8FTcuFHHre7jzbUzbWWjrD4GP/5zDOfnDRHBtPO/bWVpeWV1bz23kN7e2d3bdvf2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwc3k3r9AZXmsbw3wwRbEe1J3uWMGmu13cNAUNkTSOokUDO68tpuwSt6U5FF8DMoQKZK2/0KOjFLI5SGCap10/cS0xpRZTgTOM4HqcaEsgHtYdOipBHq1mh6/ZicWKdDurGyTxoydX9PjGik9TAKbWdETV/P1ybmf7VmarqXrRGXSWpQstmibiqIickkCtLhCpkRQwuUKW5vJaxPFWXGBpa3IfjzX16EWqnonxVLd+eF8nUWRw6O4BhOwYcLKMMtVKAKDB7hGV7hzXlyXpx352PWuuRkMwfwR87nD/TOlD8=</latexit>



86

3-State Machines

✓ 2
<latexit sha1_base64="ZC41vXnk08KAdOrLJ+Ip19LlC48=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH4eAjPpC9coVt+rOQVeJl5MKydHolb/8fsKzGBRyyYzpem6KwYRpFFzCtORnBlLGR2wAXUsVi8EEk/nFU3pmlT6NEm1LIZ2rvycmLDZmHIe2M2Y4NMveTPzP62YYXQcTodIMQfHFoiiTFBM6e5/2hQaOcmwJ41rYWykfMs042pBKNgRv+eVV0qpVvYtq7f6yUr/J4yiSE3JKzolHrkid3JEGaRJOFHkmr+TNMc6L8+58LFoLTj5zTP7A+fwBRkuQpw==</latexit>

{
<latexit sha1_base64="7jF/axiKQ50qck453cB+aS7CDO0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB5zSjWk=</latexit>

}
<latexit sha1_base64="z9I03uDaA3bS8qEriCB/zLQ+3nM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5/ajWs=</latexit>

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

Possible Models:

· · ·<latexit sha1_base64="9pGPaDabNijkWLtd2pluvCo4p5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1L6q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AK+ljzM=</latexit>
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e�hW
max
n (y0:L)i/L

<latexit sha1_base64="Eq2c5m4+mfx4EDK5M5p5MGZLFVI="></latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

hW i = 0
<latexit sha1_base64="Fpbsq4xNQ9onFktr29T/qUFc3gA=">AAAB/XicbZDLSgMxFIbPeK31Nl52boJFcFVmqqAboejGZQV7gU4pmfS0Dc1khiQj1FJ8FTcuFHHre7jzbUzbWWjrD4GP/5zDOfnDRHBtPO/bWVpeWV1bz23kN7e2d3bdvf2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwc3k3r9AZXmsbw3wwRbEe1J3uWMGmu13cNAUNkTSOokUDO68tpuwSt6U5FF8DMoQKZK2/0KOjFLI5SGCap10/cS0xpRZTgTOM4HqcaEsgHtYdOipBHq1mh6/ZicWKdDurGyTxoydX9PjGik9TAKbWdETV/P1ybmf7VmarqXrRGXSWpQstmibiqIickkCtLhCpkRQwuUKW5vJaxPFWXGBpa3IfjzX16EWqnonxVLd+eF8nUWRw6O4BhOwYcLKMMtVKAKDB7hGV7hzXlyXpx352PWuuRkMwfwR87nD/TOlD8=</latexit>
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Benefit of Engine Memory

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

20 40 60 80 100

0.5

1.0

1.5

2.0

n = 2
<latexit sha1_base64="ySDP3IgYao7GlSX52id8+ex0Edo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPcibWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWrepdVGv3l5W6m8dRhBM4hXPw4ArqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx/GI41n</latexit>

n = 3
<latexit sha1_base64="9h+tFtGKlXHawNe2R1ZLUqIKOgU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQS9CwYvHirYW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etU2casZbLJax7gTUcCkUb6FAyTuJ5jQKJH8Mxjcz//GJayNi9YCThPsRHSoRCkbRSvfqut4vV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMrPxMqSZErtlgUppJgTGZ/k4HQnKGcWEKZFvZWwkZUU4Y2nZINwVt+eZW0a1WvXq3dXVQabh5HEU7gFM7Bg0towC00oQUMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8Ax6eNaA==</latexit>

n = 1
<latexit sha1_base64="biCRZOxXxWpAdHa0rhoX/n/Gqg8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6UHdeP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0mrVvUuqrX7y0rdzeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/En41m</latexit>

More complex engines can harvest more energy

How well did the engine learn the pattern?

Memory size: n ⌘ |X |
<latexit sha1_base64="LeQO+eAhLJDn0SvZrK+IJ0+57yo=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMgFuEuCgargI2NEMF8QC6Evc1EF/f2zt25YLzkP9j4V2wsFLG1sfPfuIkp/How8Hhvhpl5QSyFQdf9cDIzs3PzC9nF3NLyyupafn2jbqJEc6jxSEa6GTADUiiooUAJzVgDCwMJjeDqeOw3+qCNiNQ5DmJoh+xCiZ7gDK3Uye/5CDeYnkIY6QE14haO6EhRH64T0adDP2R4yZlMm6NhJ19wi+4E9C/xpqRApqh28u9+N+JJCAq5ZMa0PDfGdso0Ci5hlPMTAzHjV+wCWpYqFoJpp5OfRnTHKl3ai7QthXSifp9IWWjMIAxs5/hG89sbi/95rQR75XYqVJwgKP61qJdIihEdB0S7QgNHObCEcS3srZRfMs042hhzNgTv98t/Sb1U9PaLpbODQqU8jSNLtsg22SUeOSQVckKqpEY4uSMP5Ik8O/fOo/PivH61ZpzpzCb5AeftE+FKnsI=</latexit>

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="Eq2c5m4+mfx4EDK5M5p5MGZLFVI="></latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

hW i = 0
<latexit sha1_base64="Fpbsq4xNQ9onFktr29T/qUFc3gA=">AAAB/XicbZDLSgMxFIbPeK31Nl52boJFcFVmqqAboejGZQV7gU4pmfS0Dc1khiQj1FJ8FTcuFHHre7jzbUzbWWjrD4GP/5zDOfnDRHBtPO/bWVpeWV1bz23kN7e2d3bdvf2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwc3k3r9AZXmsbw3wwRbEe1J3uWMGmu13cNAUNkTSOokUDO68tpuwSt6U5FF8DMoQKZK2/0KOjFLI5SGCap10/cS0xpRZTgTOM4HqcaEsgHtYdOipBHq1mh6/ZicWKdDurGyTxoydX9PjGik9TAKbWdETV/P1ybmf7VmarqXrRGXSWpQstmibiqIickkCtLhCpkRQwuUKW5vJaxPFWXGBpa3IfjzX16EWqnonxVLd+eF8nUWRw6O4BhOwYcLKMMtVKAKDB7hGV7hzXlyXpx352PWuuRkMwfwR87nD/TOlD8=</latexit>
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Thermodynamic Validation

MassW

MassW

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

MassW

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

10101010

Training Data
<latexit sha1_base64="/sdMEkwvGlLz9tft8tM63u4pWqY=">AAAB/XicbVDLSgNBEJz1GeMrPm5eBoPgKexGwRwDevAYIS9IQuidTJIhs7PLTK8Yl+CvePGgiFf/w5t/4yTZgyYWNBRV3XR3+ZEUBl3321lZXVvf2MxsZbd3dvf2cweHdRPGmvEaC2Womz4YLoXiNRQoeTPSHAJf8oY/up76jXuujQhVFccR7wQwUKIvGKCVurnjNvIHTKoahBJqQG8AYdLN5d2COwNdJl5K8iRFpZv7avdCFgdcIZNgTMtzI+wkoFEwySfZdmx4BGwEA96yVEHATSeZXT+hZ1bp0X6obSmkM/X3RAKBMePAt50B4NAselPxP68VY7/USYSKYuSKzRf1Y0kxpNMoaE9ozlCOLQGmhb2VsiFoYGgDy9oQvMWXl0m9WPAuCsW7y3y5lMaRISfklJwTj1yRMrklFVIjjDySZ/JK3pwn58V5dz7mrStOOnNE/sD5/AG5mpVc</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

Black Box/
Environment

10101010

10101010

10101010

Agents/Models
<latexit sha1_base64="FjRtww7NY0i2vqqnL65PFzCTI34=">AAAB/XicbVDJSgNBEO2JW4zbuNy8DAbBU5yJgjlGvHgRIpgFkiH09FSSJj0L3TViHIK/4sWDIl79D2/+jZ1kDpr4oODxXlV31fNiwRXa9reRW1peWV3Lrxc2Nre2d8zdvYaKEsmgziIRyZZHFQgeQh05CmjFEmjgCWh6w6uJ37wHqXgU3uEoBjeg/ZD3OKOopa550EF4wPSyDyGq05vIB6HGXbNol+wprEXiZKRIMtS65lfHj1gS6EeYoEq1HTtGN6USORMwLnQSBTFlQ9qHtqYhDUC56XT7sXWsFd/qRVJXiNZU/T2R0kCpUeDpzoDiQM17E/E/r51gr+KmPIwThJDNPuolwsLImkRh+VwCQzHShDLJ9a4WG1BJGerACjoEZ/7kRdIol5yzUvn2vFitZHHkySE5IifEIRekSq5JjdQJI4/kmbySN+PJeDHejY9Za87IZvbJHxifP+fDlXs=</latexit>

Maximum Work Agent/Model
<latexit sha1_base64="Y0FlrOB8ZaZaSOnLJ8KOT+IneqQ=">AAACCHicbVC7SgNBFJ31bXytWlo4GASruBsFU0ZsbIQIxghJCLOTmzhkZmeZuSsJS0obf8XGQhFbP8HOv3HyKHwduHA4596Ze0+USGExCD69mdm5+YXFpeXcyura+oa/uXVtdWo4VLmW2txEzIIUMVRRoISbxABTkYRa1Dsb+bU7MFbo+AoHCTQV68aiIzhDJ7X83QZCH7ML1hcqVbSmTY+ediHGwwvdBjls+fmgEIxB/5JwSvJkikrL/2i0NU+Ve4JLZm09DBJsZsyg4BKGuUZqIWG8x7pQdzRmCmwzGx8ypPtOadOONq5ipGP1+0TGlLUDFblOxfDW/vZG4n9ePcVOqZmJOEkRYj75qJNKipqOUqFtYYCjHDjCuBFuV8pvmWEcXXY5F0L4++S/5LpYCI8KxcvjfLk0jWOJ7JA9ckBCckLK5JxUSJVwck8eyTN58R68J+/Ve5u0znjTmW3yA977F8L4mcQ=</latexit>

Thermodynamic Training
<latexit sha1_base64="OexrewBAv9szYFO41pJCp2O1fLY=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCp7AbBXMMePEYIS9IQpiddJIhs7PLTK8Ylpy8+CtePCji1W/w5t84eRw0saChqOqmuyuIpTDoed9OZm19Y3Mru53b2d3bP3APj+omSjSHGo9kpJsBMyCFghoKlNCMNbAwkNAIRjdTv3EP2ohIVXEcQydkAyX6gjO0Utc9bSM8YFodgg6j3lixUHBa1UwooQaTrpv3Ct4MdJX4C5InC1S67le7F/EkBIVcMmNavhdjJ2UaBZcwybUTAzHjIzaAlqV2HZhOOntjQs+t0qP9SNtSSGfq74mUhcaMw8B2hgyHZtmbiv95rQT7pU4qVJwgKD5f1E8kxYhOM6E9oYGjHFvCuBb2VsqHTDOONrmcDcFffnmV1IsF/7JQvLvKl0uLOLLkhJyRC+KTa1Imt6RCaoSTR/JMXsmb8+S8OO/Ox7w14yxmjskfOJ8/OG+ZkA==</latexit>

⇥ = {✓}
<latexit sha1_base64="RTH4iUPBxIR5xVDhimmTwbSTP5A=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEVyWpgm6EohuXFXqDJpTJdNIOnUzCzIkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SwTU4zre1tr6xubVd2inv7u0fHNpHxx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weRuVu8+MqV5LFuQJcyPyEjykFMCxhrYFa81ZkBuvBx7MCPsTQd21ak5c+FVcAuookLNgf3lDWOaRkwCFUTrvusk4OdEAaeCTcteqllC6ISMWN+gJBHTfj4/forPjDPEYazMk4Dn7u+JnERaZ1FgOiMCY71cm5n/1fophNd+zmWSApN0sShMBYYYz5LAQ64YBZEZIFRxcyumY6IIBZNX2YTgLn95FTr1mntRqz9cVhu3RRwldIJO0Tly0RVqoHvURG1EUYae0St6s56sF+vd+li0rlnFTAX9kfX5AwemlF4=</latexit>

y0:L
<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

⇥max(y0:L)
<latexit sha1_base64="5ivZAp1V3auJAgTctk2qn8WE0Ww=">AAACA3icbVDJSgNBEO2JW4xb1JteBoMQL2EmCoqnoBcPHiJkg0wMPZ1K0qRnobtGMgwBL/6KFw+KePUnvPk3dpaDJj4oeLxXRVU9NxRcoWV9G6ml5ZXVtfR6ZmNza3snu7tXU0EkGVRZIALZcKkCwX2oIkcBjVAC9VwBdXdwPfbrDyAVD/wKxiG0PNrzeZczilpqZw+cSh+Q3jsIQ0w8Ohzl43ZiXd6OTtrZnFWwJjAXiT0jOTJDuZ39cjoBizzwkQmqVNO2QmwlVCJnAkYZJ1IQUjagPWhq6lMPVCuZ/DAyj7XSMbuB1OWjOVF/TyTUUyr2XN3pUeyreW8s/uc1I+xetBLuhxGCz6aLupEwMTDHgZgdLoGhiDWhTHJ9q8n6VFKGOraMDsGef3mR1IoF+7RQvDvLla5mcaTJITkieWKTc1IiN6RMqoSRR/JMXsmb8WS8GO/Gx7Q1Zcxm9skfGJ8/yiCXmQ==</latexit>

hW ✓1(y0:L)i
<latexit sha1_base64="G9Mc4SXjPFEt4lYEWCIYovMYrsg=">AAACDnicbVA9SwNBEN3zM8avqKXNYghoE+5UUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCiVfMtWTQBu3mY99QBZ4w/1BkLlnV8MD6uuxGxSKbtkdg/4l3pQUyRTVoPDpd2KeRqCQS2ZMy3MTbGdMo+AShnk/NZAwfsd60LJUsQhMOxu/M6Qlq3RoN9a2FNKx+nMiY5Exgyi0nRHDvpn1RuJ/XivF7mk7EypJERSfLOqmkmJMR9nQjtDAUQ4sYVwLeyvlfaYZR5tg3obgzb78l9QPy95R+fD6uFg5n8aRI7tkj+wTj5yQCrkkVVIjnDyQJ/JCXp1H59l5c94nrXPOdGaH/ILz8Q0s1JuL</latexit>

hW ✓0(y0:L)i
<latexit sha1_base64="J53v1YJF21FVMVN9XpLCsW0JpyE=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxFQbEK2lhYKBgj5OKxt5kkS/b2jt05IRz5BTb+FRsLRWyt7fw3bmIKTXww8Hhvhpl5YSKFQdf9cubmFxaXlnMr+dW19Y3Nwtb2jYlTzaHOYxnr25AZkEJBHQVKuE00sCiU0Aj7ZyO/cQ/aiFhd4yCBVsS6SnQEZ2iloFDyJVNdCbRxl/nYA2SBOywPgsw9uRjuU1+P3aBQdCvuGHSWeBNSJBNcBoVPvx3zNAKFXDJjmp6bYCtjGgWXMMz7qYGE8T7rQtNSxSIwrWz8zpCWrNKmnVjbUkjH6u+JjEXGDKLQdkYMe2baG4n/ec0UO8etTKgkRVD8Z1EnlRRjOsqGtoUGjnJgCeNa2Fsp7zHNONoE8zYEb/rlWXJTrXgHlerVYbF2OokjR3bJHikTjxyRGjknl6ROOHkgT+SFvDqPzrPz5rz/tM45k5kd8gfOxzcrPpuK</latexit>

hW ✓2(y0:L)i
<latexit sha1_base64="03njNnkB74k3oWk3IeWjxA3D4gc=">AAACDnicbVA9SwNBEN3zM8avqKXNYhC0CXdRUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCvu+ZKongTZuMx/7gCwoDw8GQeaeXQ0Pqa/HblAouiV3DPqXeFNSJFNUg8Kn34l5GoFCLpkxLc9NsJ0xjYJLGOb91EDC+B3rQctSxSIw7Wz8zpDuW6VDu7G2pZCO1Z8TGYuMGUSh7YwY9s2sNxL/81opdk/bmVBJiqD4ZFE3lRRjOsqGdoQGjnJgCeNa2Fsp7zPNONoE8zYEb/blv6ReLnlHpfL1cbFyPo0jR3bJHjkgHjkhFXJJqqRGOHkgT+SFvDqPzrPz5rxPWuec6cwO+QXn4xsuapuM</latexit>

a)
<latexit sha1_base64="9RR2EpUXe9GyHwPVw7YLX+t5W5U=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3reK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDygjjRw=</latexit>

b)
<latexit sha1_base64="Tfd0Tp8CRxO49Qatqb9PR9su2yA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0EJz3SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPHymojR0=</latexit>

c)
<latexit sha1_base64="iIMZXI8VeklXy8ZSg669iUbih98=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3beK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDystjR4=</latexit>

d)
<latexit sha1_base64="MaxM/I+JdjiHgUc7n7sfBBAYRzs=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDabTbt0swm7E6GU/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6xFHK/Zj2lYgEo2ilh/C8Vyq7FXcGsky8nJQhR71X+uqGCctirpBJakzHc1P0x1SjYJJPit3M8JSyIe3zjqWKxtz449mlE3JqlZBEibalkMzU3xNjGhszigPbGVMcmEVvKv7ndTKMrv2xUGmGXLH5oiiTBBMyfZuEQnOGcmQJZVrYWwkbUE0Z2nCKNgRv8eVl0qxWvItK9f6yXLvJ4yjAMZzAGXhwBTW4gzo0gEEEz/AKb87QeXHenY9564qTzxzBHzifPyyyjR8=</latexit>
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Thermodynamic Validation

MassW

MassW

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

MassW

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1� bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

10101010

Training Data
<latexit sha1_base64="/sdMEkwvGlLz9tft8tM63u4pWqY=">AAAB/XicbVDLSgNBEJz1GeMrPm5eBoPgKexGwRwDevAYIS9IQuidTJIhs7PLTK8Yl+CvePGgiFf/w5t/4yTZgyYWNBRV3XR3+ZEUBl3321lZXVvf2MxsZbd3dvf2cweHdRPGmvEaC2Womz4YLoXiNRQoeTPSHAJf8oY/up76jXuujQhVFccR7wQwUKIvGKCVurnjNvIHTKoahBJqQG8AYdLN5d2COwNdJl5K8iRFpZv7avdCFgdcIZNgTMtzI+wkoFEwySfZdmx4BGwEA96yVEHATSeZXT+hZ1bp0X6obSmkM/X3RAKBMePAt50B4NAselPxP68VY7/USYSKYuSKzRf1Y0kxpNMoaE9ozlCOLQGmhb2VsiFoYGgDy9oQvMWXl0m9WPAuCsW7y3y5lMaRISfklJwTj1yRMrklFVIjjDySZ/JK3pwn58V5dz7mrStOOnNE/sD5/AG5mpVc</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

Black Box/
Environment

10101010

10101010

10101010

Validation Data
<latexit sha1_base64="uSs+bQK6W3PGsJdhUg1khIWCLso=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgeAq7UTDHgB48RjAPSJbQOztJhsw+mOkVw5qDv+LFgyJe/Q1v/o2TTQ6aWNBQVHXT3eXFUmi07W8rt7K6tr6R3yxsbe/s7hX3D5o6ShTjDRbJSLU90FyKkDdQoOTtWHEIPMlb3uhq6rfuudIiCu9wHHM3gEEo+oIBGqlXPOoif8C0CVL4mUSvAWHSK5bssp2BLhNnTkpkjnqv+NX1I5YEPEQmQeuOY8fopqBQMMknhW6ieQxsBAPeMTSEgGs3ze6f0FOj+LQfKVMh0kz9PZFCoPU48ExnADjUi95U/M/rJNivuqkI4wR5yGaL+omkGNFpGNQXijOUY0OAKWFupWwIChiayAomBGfx5WXSrJSd83Ll9qJUq87jyJNjckLOiEMuSY3ckDppEEYeyTN5JW/Wk/VivVsfs9acNZ85JH9gff4ATlyWPw==</latexit>

Agent/Model Validation
<latexit sha1_base64="+Lq1FYt43rqg0wBMvmV+vzbROPE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAbBU9yNgjlGvHgRIpgHJCHMznaSIbMPZnrFsOTkxV/x4kERr36DN//GySYHTSxoKKq6Z7rLjaTQaNvfVmZpeWV1Lbue29jc2t7J7+7VdRgrDjUeylA1XaZBigBqKFBCM1LAfFdCwx1eTfzGPSgtwuAORxF0fNYPRE9whkbq5g/bCA+YXPYhwNOb0ANJ60wKL7XH3XzBLtop6CJxZqRAZqh2819tL+Sxb17jkmndcuwIOwlTKLiEca4da4gYH7I+tAwNmA+6k6RnjOmxUTzaC5WpAGmq/p5ImK/1yHdNp89woOe9ifif14qxV+4kIohihIBPP+rFkmJIJ5lQTyjgKEeGMK6E2ZXyAVOMo0kuZ0Jw5k9eJPVS0Tkrlm7PC5XyLI4sOSBH5IQ45IJUyDWpkhrh5JE8k1fyZj1ZL9a79TFtzVizmX3yB9bnD3yJmRo=</latexit>

10001011

Black Box/
Environment

MassW
y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

10001011

Agents/Models
<latexit sha1_base64="FjRtww7NY0i2vqqnL65PFzCTI34=">AAAB/XicbVDJSgNBEO2JW4zbuNy8DAbBU5yJgjlGvHgRIpgFkiH09FSSJj0L3TViHIK/4sWDIl79D2/+jZ1kDpr4oODxXlV31fNiwRXa9reRW1peWV3Lrxc2Nre2d8zdvYaKEsmgziIRyZZHFQgeQh05CmjFEmjgCWh6w6uJ37wHqXgU3uEoBjeg/ZD3OKOopa550EF4wPSyDyGq05vIB6HGXbNol+wprEXiZKRIMtS65lfHj1gS6EeYoEq1HTtGN6USORMwLnQSBTFlQ9qHtqYhDUC56XT7sXWsFd/qRVJXiNZU/T2R0kCpUeDpzoDiQM17E/E/r51gr+KmPIwThJDNPuolwsLImkRh+VwCQzHShDLJ9a4WG1BJGerACjoEZ/7kRdIol5yzUvn2vFitZHHkySE5IifEIRekSq5JjdQJI4/kmbySN+PJeDHejY9Za87IZvbJHxifP+fDlXs=</latexit>

Maximum Work Agent/Model
<latexit sha1_base64="Y0FlrOB8ZaZaSOnLJ8KOT+IneqQ=">AAACCHicbVC7SgNBFJ31bXytWlo4GASruBsFU0ZsbIQIxghJCLOTmzhkZmeZuSsJS0obf8XGQhFbP8HOv3HyKHwduHA4596Ze0+USGExCD69mdm5+YXFpeXcyura+oa/uXVtdWo4VLmW2txEzIIUMVRRoISbxABTkYRa1Dsb+bU7MFbo+AoHCTQV68aiIzhDJ7X83QZCH7ML1hcqVbSmTY+ediHGwwvdBjls+fmgEIxB/5JwSvJkikrL/2i0NU+Ve4JLZm09DBJsZsyg4BKGuUZqIWG8x7pQdzRmCmwzGx8ypPtOadOONq5ipGP1+0TGlLUDFblOxfDW/vZG4n9ePcVOqZmJOEkRYj75qJNKipqOUqFtYYCjHDjCuBFuV8pvmWEcXXY5F0L4++S/5LpYCI8KxcvjfLk0jWOJ7JA9ckBCckLK5JxUSJVwck8eyTN58R68J+/Ve5u0znjTmW3yA977F8L4mcQ=</latexit>

Thermodynamic Training
<latexit sha1_base64="OexrewBAv9szYFO41pJCp2O1fLY=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCp7AbBXMMePEYIS9IQpiddJIhs7PLTK8Ylpy8+CtePCji1W/w5t84eRw0saChqOqmuyuIpTDoed9OZm19Y3Mru53b2d3bP3APj+omSjSHGo9kpJsBMyCFghoKlNCMNbAwkNAIRjdTv3EP2ohIVXEcQydkAyX6gjO0Utc9bSM8YFodgg6j3lixUHBa1UwooQaTrpv3Ct4MdJX4C5InC1S67le7F/EkBIVcMmNavhdjJ2UaBZcwybUTAzHjIzaAlqV2HZhOOntjQs+t0qP9SNtSSGfq74mUhcaMw8B2hgyHZtmbiv95rQT7pU4qVJwgKD5f1E8kxYhOM6E9oYGjHFvCuBb2VsqHTDOONrmcDcFffnmV1IsF/7JQvLvKl0uLOLLkhJyRC+KTa1Imt6RCaoSTR/JMXsmb8+S8OO/Ox7w14yxmjskfOJ8/OG+ZkA==</latexit>

⇥ = {✓}
<latexit sha1_base64="RTH4iUPBxIR5xVDhimmTwbSTP5A=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEVyWpgm6EohuXFXqDJpTJdNIOnUzCzIkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SwTU4zre1tr6xubVd2inv7u0fHNpHxx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weRuVu8+MqV5LFuQJcyPyEjykFMCxhrYFa81ZkBuvBx7MCPsTQd21ak5c+FVcAuookLNgf3lDWOaRkwCFUTrvusk4OdEAaeCTcteqllC6ISMWN+gJBHTfj4/forPjDPEYazMk4Dn7u+JnERaZ1FgOiMCY71cm5n/1fophNd+zmWSApN0sShMBYYYz5LAQ64YBZEZIFRxcyumY6IIBZNX2YTgLn95FTr1mntRqz9cVhu3RRwldIJO0Tly0RVqoHvURG1EUYae0St6s56sF+vd+li0rlnFTAX9kfX5AwemlF4=</latexit>

y0:L
<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

y00:L0
<latexit sha1_base64="eY7UMCNN7KiYCDdLBPEsEg63rfM=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoPEKtxFQbEK2lhYRDAfkhxhb7OXLNndO3b3hHDkV9hYKGLrz7Hz37hJrtDEBwOP92aYmRfEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR1lChCGyTikWoHWFPOJG0YZjhtx4piEXDaCkY3U7/1RJVmkXww45j6Ag8kCxnBxkqP43Ivda/uypNeseRW3BnQMvEyUoIM9V7xq9uPSCKoNIRjrTueGxs/xcowwumk0E00jTEZ4QHtWCqxoNpPZwdP0IlV+iiMlC1p0Ez9PZFiofVYBLZTYDPUi95U/M/rJCa89FMm48RQSeaLwoQjE6Hp96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFbfHmZNKsV76xSvT8v1a6zOPJwBMdwCh5cQA1uoQ4NICDgGV7hzVHOi/PufMxbc042cwh/4Hz+AK5Bj6w=</latexit>

⇥max(y0:L)
<latexit sha1_base64="5ivZAp1V3auJAgTctk2qn8WE0Ww=">AAACA3icbVDJSgNBEO2JW4xb1JteBoMQL2EmCoqnoBcPHiJkg0wMPZ1K0qRnobtGMgwBL/6KFw+KePUnvPk3dpaDJj4oeLxXRVU9NxRcoWV9G6ml5ZXVtfR6ZmNza3snu7tXU0EkGVRZIALZcKkCwX2oIkcBjVAC9VwBdXdwPfbrDyAVD/wKxiG0PNrzeZczilpqZw+cSh+Q3jsIQ0w8Ohzl43ZiXd6OTtrZnFWwJjAXiT0jOTJDuZ39cjoBizzwkQmqVNO2QmwlVCJnAkYZJ1IQUjagPWhq6lMPVCuZ/DAyj7XSMbuB1OWjOVF/TyTUUyr2XN3pUeyreW8s/uc1I+xetBLuhxGCz6aLupEwMTDHgZgdLoGhiDWhTHJ9q8n6VFKGOraMDsGef3mR1IoF+7RQvDvLla5mcaTJITkieWKTc1IiN6RMqoSRR/JMXsmb8WS8GO/Gx7Q1Zcxm9skfGJ8/yiCXmQ==</latexit>

hW⇥max(y0:L)(y00:L0)i
<latexit sha1_base64="YBMUzPIpHWnqqxsCfO0WzPgcU18="></latexit>

hW ✓1(y0:L)i
<latexit sha1_base64="G9Mc4SXjPFEt4lYEWCIYovMYrsg=">AAACDnicbVA9SwNBEN3zM8avqKXNYghoE+5UUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCiVfMtWTQBu3mY99QBZ4w/1BkLlnV8MD6uuxGxSKbtkdg/4l3pQUyRTVoPDpd2KeRqCQS2ZMy3MTbGdMo+AShnk/NZAwfsd60LJUsQhMOxu/M6Qlq3RoN9a2FNKx+nMiY5Exgyi0nRHDvpn1RuJ/XivF7mk7EypJERSfLOqmkmJMR9nQjtDAUQ4sYVwLeyvlfaYZR5tg3obgzb78l9QPy95R+fD6uFg5n8aRI7tkj+wTj5yQCrkkVVIjnDyQJ/JCXp1H59l5c94nrXPOdGaH/ILz8Q0s1JuL</latexit>

hW ✓0(y0:L)i
<latexit sha1_base64="J53v1YJF21FVMVN9XpLCsW0JpyE=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxFQbEK2lhYKBgj5OKxt5kkS/b2jt05IRz5BTb+FRsLRWyt7fw3bmIKTXww8Hhvhpl5YSKFQdf9cubmFxaXlnMr+dW19Y3Nwtb2jYlTzaHOYxnr25AZkEJBHQVKuE00sCiU0Aj7ZyO/cQ/aiFhd4yCBVsS6SnQEZ2iloFDyJVNdCbRxl/nYA2SBOywPgsw9uRjuU1+P3aBQdCvuGHSWeBNSJBNcBoVPvx3zNAKFXDJjmp6bYCtjGgWXMMz7qYGE8T7rQtNSxSIwrWz8zpCWrNKmnVjbUkjH6u+JjEXGDKLQdkYMe2baG4n/ec0UO8etTKgkRVD8Z1EnlRRjOsqGtoUGjnJgCeNa2Fsp7zHNONoE8zYEb/rlWXJTrXgHlerVYbF2OokjR3bJHikTjxyRGjknl6ROOHkgT+SFvDqPzrPz5rz/tM45k5kd8gfOxzcrPpuK</latexit>

hW ✓2(y0:L)i
<latexit sha1_base64="03njNnkB74k3oWk3IeWjxA3D4gc=">AAACDnicbVA9SwNBEN3zM8avqKXNYhC0CXdRUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCvu+ZKongTZuMx/7gCwoDw8GQeaeXQ0Pqa/HblAouiV3DPqXeFNSJFNUg8Kn34l5GoFCLpkxLc9NsJ0xjYJLGOb91EDC+B3rQctSxSIw7Wz8zpDuW6VDu7G2pZCO1Z8TGYuMGUSh7YwY9s2sNxL/81opdk/bmVBJiqD4ZFE3lRRjOsqGdoQGjnJgCeNa2Fsp7zPNONoE8zYEb/blv6ReLnlHpfL1cbFyPo0jR3bJHjkgHjkhFXJJqqRGOHkgT+SFvDqPzrPz5rxPWuec6cwO+QXn4xsuapuM</latexit>

a)
<latexit sha1_base64="9RR2EpUXe9GyHwPVw7YLX+t5W5U=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3reK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDygjjRw=</latexit>

b)
<latexit sha1_base64="Tfd0Tp8CRxO49Qatqb9PR9su2yA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0EJz3SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPHymojR0=</latexit>

c)
<latexit sha1_base64="iIMZXI8VeklXy8ZSg669iUbih98=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3beK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDystjR4=</latexit>

d)
<latexit sha1_base64="MaxM/I+JdjiHgUc7n7sfBBAYRzs=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDabTbt0swm7E6GU/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6xFHK/Zj2lYgEo2ilh/C8Vyq7FXcGsky8nJQhR71X+uqGCctirpBJakzHc1P0x1SjYJJPit3M8JSyIe3zjqWKxtz449mlE3JqlZBEibalkMzU3xNjGhszigPbGVMcmEVvKv7ndTKMrv2xUGmGXLH5oiiTBBMyfZuEQnOGcmQJZVrYWwkbUE0Z2nCKNgRv8eVl0qxWvItK9f6yXLvJ4yjAMZzAGXhwBTW4gzo0gEEEz/AKb87QeXHenY9564qTzxzBHzifPyyyjR8=</latexit>

e)
<latexit sha1_base64="qroba8n745mqm37aGNltw36sS1w=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0gOe9UtmtuDOQZeLlpAw56r3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aUTcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07RhuAtvrxMmtWKd1Gp3l+Wazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzBy43jSA=</latexit>

f)
<latexit sha1_base64="OlLBaJMWC5GS1e52tzdL80cisR4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilh/C8Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPHy+8jSE=</latexit>
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Average Work and Dissipation

Agent/Model Validation
<latexit sha1_base64="+Lq1FYt43rqg0wBMvmV+vzbROPE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAbBU9yNgjlGvHgRIpgHJCHMznaSIbMPZnrFsOTkxV/x4kERr36DN//GySYHTSxoKKq6Z7rLjaTQaNvfVmZpeWV1Lbue29jc2t7J7+7VdRgrDjUeylA1XaZBigBqKFBCM1LAfFdCwx1eTfzGPSgtwuAORxF0fNYPRE9whkbq5g/bCA+YXPYhwNOb0ANJ60wKL7XH3XzBLtop6CJxZqRAZqh2819tL+Sxb17jkmndcuwIOwlTKLiEca4da4gYH7I+tAwNmA+6k6RnjOmxUTzaC5WpAGmq/p5ImK/1yHdNp89woOe9ifif14qxV+4kIohihIBPP+rFkmJIJ5lQTyjgKEeGMK6E2ZXyAVOMo0kuZ0Jw5k9eJPVS0Tkrlm7PC5XyLI4sOSBH5IQ45IJUyDWpkhrh5JE8k1fyZj1ZL9a79TFtzVizmX3yB9bnD3yJmRo=</latexit>

MassW
y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

10001011

hW⇥max(y0:L)(y00:L0)i
<latexit sha1_base64="YBMUzPIpHWnqqxsCfO0WzPgcU18="></latexit>

f)
<latexit sha1_base64="OlLBaJMWC5GS1e52tzdL80cisR4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilh/C8Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPHy+8jSE=</latexit>

3

MassW

MassW

s
�

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

A0 : bP 1 : 1 � bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1 � bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

s
�

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

MassW

s
�

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1 � bPb✓
<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

10101010

Training Data
<latexit sha1_base64="/sdMEkwvGlLz9tft8tM63u4pWqY=">AAAB/XicbVDLSgNBEJz1GeMrPm5eBoPgKexGwRwDevAYIS9IQuidTJIhs7PLTK8Yl+CvePGgiFf/w5t/4yTZgyYWNBRV3XR3+ZEUBl3321lZXVvf2MxsZbd3dvf2cweHdRPGmvEaC2Womz4YLoXiNRQoeTPSHAJf8oY/up76jXuujQhVFccR7wQwUKIvGKCVurnjNvIHTKoahBJqQG8AYdLN5d2COwNdJl5K8iRFpZv7avdCFgdcIZNgTMtzI+wkoFEwySfZdmx4BGwEA96yVEHATSeZXT+hZ1bp0X6obSmkM/X3RAKBMePAt50B4NAselPxP68VY7/USYSKYuSKzRf1Y0kxpNMoaE9ozlCOLQGmhb2VsiFoYGgDy9oQvMWXl0m9WPAuCsW7y3y5lMaRISfklJwTj1yRMrklFVIjjDySZ/JK3pwn58V5dz7mrStOOnNE/sD5/AG5mpVc</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

Black Box/
Environment

10101010

10101010

10101010

Validation Data
<latexit sha1_base64="uSs+bQK6W3PGsJdhUg1khIWCLso=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgeAq7UTDHgB48RjAPSJbQOztJhsw+mOkVw5qDv+LFgyJe/Q1v/o2TTQ6aWNBQVHXT3eXFUmi07W8rt7K6tr6R3yxsbe/s7hX3D5o6ShTjDRbJSLU90FyKkDdQoOTtWHEIPMlb3uhq6rfuudIiCu9wHHM3gEEo+oIBGqlXPOoif8C0CVL4mUSvAWHSK5bssp2BLhNnTkpkjnqv+NX1I5YEPEQmQeuOY8fopqBQMMknhW6ieQxsBAPeMTSEgGs3ze6f0FOj+LQfKVMh0kz9PZFCoPU48ExnADjUi95U/M/rJNivuqkI4wR5yGaL+omkGNFpGNQXijOUY0OAKWFupWwIChiayAomBGfx5WXSrJSd83Ll9qJUq87jyJNjckLOiEMuSY3ckDppEEYeyTN5JW/Wk/VivVsfs9acNZ85JH9gff4ATlyWPw==</latexit>

Agent/Model Validation
<latexit sha1_base64="+Lq1FYt43rqg0wBMvmV+vzbROPE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAbBU9yNgjlGvHgRIpgHJCHMznaSIbMPZnrFsOTkxV/x4kERr36DN//GySYHTSxoKKq6Z7rLjaTQaNvfVmZpeWV1Lbue29jc2t7J7+7VdRgrDjUeylA1XaZBigBqKFBCM1LAfFdCwx1eTfzGPSgtwuAORxF0fNYPRE9whkbq5g/bCA+YXPYhwNOb0ANJ60wKL7XH3XzBLtop6CJxZqRAZqh2819tL+Sxb17jkmndcuwIOwlTKLiEca4da4gYH7I+tAwNmA+6k6RnjOmxUTzaC5WpAGmq/p5ImK/1yHdNp89woOe9ifif14qxV+4kIohihIBPP+rFkmJIJ5lQTyjgKEeGMK6E2ZXyAVOMo0kuZ0Jw5k9eJPVS0Tkrlm7PC5XyLI4sOSBH5IQ45IJUyDWpkhrh5JE8k1fyZj1ZL9a79TFtzVizmX3yB9bnD3yJmRo=</latexit>

10001011

Black Box/
Environment

MassW
y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

10001011

Agents/Models
<latexit sha1_base64="FjRtww7NY0i2vqqnL65PFzCTI34=">AAAB/XicbVDJSgNBEO2JW4zbuNy8DAbBU5yJgjlGvHgRIpgFkiH09FSSJj0L3TViHIK/4sWDIl79D2/+jZ1kDpr4oODxXlV31fNiwRXa9reRW1peWV3Lrxc2Nre2d8zdvYaKEsmgziIRyZZHFQgeQh05CmjFEmjgCWh6w6uJ37wHqXgU3uEoBjeg/ZD3OKOopa550EF4wPSyDyGq05vIB6HGXbNol+wprEXiZKRIMtS65lfHj1gS6EeYoEq1HTtGN6USORMwLnQSBTFlQ9qHtqYhDUC56XT7sXWsFd/qRVJXiNZU/T2R0kCpUeDpzoDiQM17E/E/r51gr+KmPIwThJDNPuolwsLImkRh+VwCQzHShDLJ9a4WG1BJGerACjoEZ/7kRdIol5yzUvn2vFitZHHkySE5IifEIRekSq5JjdQJI4/kmbySN+PJeDHejY9Za87IZvbJHxifP+fDlXs=</latexit>

Maximum Work Agent/Model
<latexit sha1_base64="Y0FlrOB8ZaZaSOnLJ8KOT+IneqQ=">AAACCHicbVC7SgNBFJ31bXytWlo4GASruBsFU0ZsbIQIxghJCLOTmzhkZmeZuSsJS0obf8XGQhFbP8HOv3HyKHwduHA4596Ze0+USGExCD69mdm5+YXFpeXcyura+oa/uXVtdWo4VLmW2txEzIIUMVRRoISbxABTkYRa1Dsb+bU7MFbo+AoHCTQV68aiIzhDJ7X83QZCH7ML1hcqVbSmTY+ediHGwwvdBjls+fmgEIxB/5JwSvJkikrL/2i0NU+Ve4JLZm09DBJsZsyg4BKGuUZqIWG8x7pQdzRmCmwzGx8ypPtOadOONq5ipGP1+0TGlLUDFblOxfDW/vZG4n9ePcVOqZmJOEkRYj75qJNKipqOUqFtYYCjHDjCuBFuV8pvmWEcXXY5F0L4++S/5LpYCI8KxcvjfLk0jWOJ7JA9ckBCckLK5JxUSJVwck8eyTN58R68J+/Ve5u0znjTmW3yA977F8L4mcQ=</latexit>

Thermodynamic Training
<latexit sha1_base64="OexrewBAv9szYFO41pJCp2O1fLY=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCp7AbBXMMePEYIS9IQpiddJIhs7PLTK8Ylpy8+CtePCji1W/w5t84eRw0saChqOqmuyuIpTDoed9OZm19Y3Mru53b2d3bP3APj+omSjSHGo9kpJsBMyCFghoKlNCMNbAwkNAIRjdTv3EP2ohIVXEcQydkAyX6gjO0Utc9bSM8YFodgg6j3lixUHBa1UwooQaTrpv3Ct4MdJX4C5InC1S67le7F/EkBIVcMmNavhdjJ2UaBZcwybUTAzHjIzaAlqV2HZhOOntjQs+t0qP9SNtSSGfq74mUhcaMw8B2hgyHZtmbiv95rQT7pU4qVJwgKD5f1E8kxYhOM6E9oYGjHFvCuBb2VsqHTDOONrmcDcFffnmV1IsF/7JQvLvKl0uLOLLkhJyRC+KTa1Imt6RCaoSTR/JMXsmb8+S8OO/Ox7w14yxmjskfOJ8/OG+ZkA==</latexit>

⇥ = {✓}
<latexit sha1_base64="RTH4iUPBxIR5xVDhimmTwbSTP5A=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEVyWpgm6EohuXFXqDJpTJdNIOnUzCzIkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SwTU4zre1tr6xubVd2inv7u0fHNpHxx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weRuVu8+MqV5LFuQJcyPyEjykFMCxhrYFa81ZkBuvBx7MCPsTQd21ak5c+FVcAuookLNgf3lDWOaRkwCFUTrvusk4OdEAaeCTcteqllC6ISMWN+gJBHTfj4/forPjDPEYazMk4Dn7u+JnERaZ1FgOiMCY71cm5n/1fophNd+zmWSApN0sShMBYYYz5LAQ64YBZEZIFRxcyumY6IIBZNX2YTgLn95FTr1mntRqz9cVhu3RRwldIJO0Tly0RVqoHvURG1EUYae0St6s56sF+vd+li0rlnFTAX9kfX5AwemlF4=</latexit>

y0:L
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FIG. 1. Thermodynamically training and validating agents/models: Top left, we have some training data which has been

produced from a black box, which represents the environment. Top middle, our candidate agents each have an internal model,

represented faintly by the ✏-machine within their red body. Bottom left, we search through our agents/models for the best

model by seeing how much work they produce from the training data. Bottom middle, this thermodynamic training leads us to

the maximum work producing agent/model. Top right, we take further validation data from the black box of our environment.

Bottom right, we feed the validation data into our selected agent and we track the work production to evaluate the e↵ectiveness

of the agent’s model at capturing the process generated by the black box.

device is determined by applying the learned model to
validation/test data that you didn’t train on. [Diagram]

-In harvesting energy from validation data, we denote
the model we trained with ✓, yielding the resulting distri-
bution over finite lengths Y

✓
0:L, but the actual distribution

over inputs, which we denote Y
✓0

0:L is likely di↵erent.
-We denote ✓

0 as the correct model of the input.
-We can express the average work production from val-

idation/test data

hW ✓i0:L
kBT

=
X

y0:L

Pr(Y ✓0

0:L = y0:L)
hW ✓(y0:L)i

kBT
(6)

=
X

y0:L

Pr(Y ✓0

0:L = y0:L)
�
ln Pr(Y ✓

0:L = y0:L) + L ln |Y|
�

= L ln |Y| +
X

y0:L

Pr(Y ✓0

0:L = y0:L) ln Pr(Y ✓
0:L = y0:L)

-For comparison, the change nonequilibrium free en-
ergy is the change in Shannon entropy of the string

�F
neq
0:L ⌘ �hEi � kBT�H (7)

= kBTH[Y ✓0

0:L] � kBTL ln |Y|. (8)

- The dissipated work is therefore minus sum of the
work production and the change available free energy,
which simplifies to the relative entropy of the actual dis-

tribution and the model distribution

hW ✓
dissi0:L = �hW ✓i0:L � �F

neq
0:L (9)

= kBT

X

y0:L

Pr(Y ✓0

0:L = y0:L) ln
Pr(Y ✓0

0:L = y0:L)

Pr(Y ✓
0:L = y0:L)

(10)

= kBTDKL(Y ✓0

0:L||Y ✓
0:L). (11)

-This is the additional energy you spend when you
poorly model your input, and is naturally minimized
to zero when the actual and model distribution are the
same.

-Note that this additional energy is proportional to the
entropy production of

⌃✓
0:L = hW ✓

dissi0:L/T (12)

= kBDKL(Y ✓0

0:L||Y ✓
0:L). (13)

-Poorly modeling the input distribution leads to dissi-
pation, as expected [Riechers and Kolchinsky].

B. Asymptotic Dynamics

-If our target is to harvest as much work in the long
time limit, then we address the asymptotic behavior of

Average over input probabilities:

Asymptotic work rate as a validation measure:

hW ✓i1 ⌘ lim
L!1

hW ✓i0:L
L
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10101010

Training Data
<latexit sha1_base64="/sdMEkwvGlLz9tft8tM63u4pWqY=">AAAB/XicbVDLSgNBEJz1GeMrPm5eBoPgKexGwRwDevAYIS9IQuidTJIhs7PLTK8Yl+CvePGgiFf/w5t/4yTZgyYWNBRV3XR3+ZEUBl3321lZXVvf2MxsZbd3dvf2cweHdRPGmvEaC2Womz4YLoXiNRQoeTPSHAJf8oY/up76jXuujQhVFccR7wQwUKIvGKCVurnjNvIHTKoahBJqQG8AYdLN5d2COwNdJl5K8iRFpZv7avdCFgdcIZNgTMtzI+wkoFEwySfZdmx4BGwEA96yVEHATSeZXT+hZ1bp0X6obSmkM/X3RAKBMePAt50B4NAselPxP68VY7/USYSKYuSKzRf1Y0kxpNMoaE9ozlCOLQGmhb2VsiFoYGgDy9oQvMWXl0m9WPAuCsW7y3y5lMaRISfklJwTj1yRMrklFVIjjDySZ/JK3pwn58V5dz7mrStOOnNE/sD5/AG5mpVc</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

Black Box/
Environment

10101010

10101010

10101010

Validation Data
<latexit sha1_base64="uSs+bQK6W3PGsJdhUg1khIWCLso=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgeAq7UTDHgB48RjAPSJbQOztJhsw+mOkVw5qDv+LFgyJe/Q1v/o2TTQ6aWNBQVHXT3eXFUmi07W8rt7K6tr6R3yxsbe/s7hX3D5o6ShTjDRbJSLU90FyKkDdQoOTtWHEIPMlb3uhq6rfuudIiCu9wHHM3gEEo+oIBGqlXPOoif8C0CVL4mUSvAWHSK5bssp2BLhNnTkpkjnqv+NX1I5YEPEQmQeuOY8fopqBQMMknhW6ieQxsBAPeMTSEgGs3ze6f0FOj+LQfKVMh0kz9PZFCoPU48ExnADjUi95U/M/rJNivuqkI4wR5yGaL+omkGNFpGNQXijOUY0OAKWFupWwIChiayAomBGfx5WXSrJSd83Ll9qJUq87jyJNjckLOiEMuSY3ckDppEEYeyTN5JW/Wk/VivVsfs9acNZ85JH9gff4ATlyWPw==</latexit>

Agent/Model Validation
<latexit sha1_base64="+Lq1FYt43rqg0wBMvmV+vzbROPE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAbBU9yNgjlGvHgRIpgHJCHMznaSIbMPZnrFsOTkxV/x4kERr36DN//GySYHTSxoKKq6Z7rLjaTQaNvfVmZpeWV1Lbue29jc2t7J7+7VdRgrDjUeylA1XaZBigBqKFBCM1LAfFdCwx1eTfzGPSgtwuAORxF0fNYPRE9whkbq5g/bCA+YXPYhwNOb0ANJ60wKL7XH3XzBLtop6CJxZqRAZqh2819tL+Sxb17jkmndcuwIOwlTKLiEca4da4gYH7I+tAwNmA+6k6RnjOmxUTzaC5WpAGmq/p5ImK/1yHdNp89woOe9ifif14qxV+4kIohihIBPP+rFkmJIJ5lQTyjgKEeGMK6E2ZXyAVOMo0kuZ0Jw5k9eJPVS0Tkrlm7PC5XyLI4sOSBH5IQ45IJUyDWpkhrh5JE8k1fyZj1ZL9a79TFtzVizmX3yB9bnD3yJmRo=</latexit>

10001011

Black Box/
Environment

MassW
y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

10001011

Agents/Models
<latexit sha1_base64="FjRtww7NY0i2vqqnL65PFzCTI34=">AAAB/XicbVDJSgNBEO2JW4zbuNy8DAbBU5yJgjlGvHgRIpgFkiH09FSSJj0L3TViHIK/4sWDIl79D2/+jZ1kDpr4oODxXlV31fNiwRXa9reRW1peWV3Lrxc2Nre2d8zdvYaKEsmgziIRyZZHFQgeQh05CmjFEmjgCWh6w6uJ37wHqXgU3uEoBjeg/ZD3OKOopa550EF4wPSyDyGq05vIB6HGXbNol+wprEXiZKRIMtS65lfHj1gS6EeYoEq1HTtGN6USORMwLnQSBTFlQ9qHtqYhDUC56XT7sXWsFd/qRVJXiNZU/T2R0kCpUeDpzoDiQM17E/E/r51gr+KmPIwThJDNPuolwsLImkRh+VwCQzHShDLJ9a4WG1BJGerACjoEZ/7kRdIol5yzUvn2vFitZHHkySE5IifEIRekSq5JjdQJI4/kmbySN+PJeDHejY9Za87IZvbJHxifP+fDlXs=</latexit>

Maximum Work Agent/Model
<latexit sha1_base64="Y0FlrOB8ZaZaSOnLJ8KOT+IneqQ=">AAACCHicbVC7SgNBFJ31bXytWlo4GASruBsFU0ZsbIQIxghJCLOTmzhkZmeZuSsJS0obf8XGQhFbP8HOv3HyKHwduHA4596Ze0+USGExCD69mdm5+YXFpeXcyura+oa/uXVtdWo4VLmW2txEzIIUMVRRoISbxABTkYRa1Dsb+bU7MFbo+AoHCTQV68aiIzhDJ7X83QZCH7ML1hcqVbSmTY+ediHGwwvdBjls+fmgEIxB/5JwSvJkikrL/2i0NU+Ve4JLZm09DBJsZsyg4BKGuUZqIWG8x7pQdzRmCmwzGx8ypPtOadOONq5ipGP1+0TGlLUDFblOxfDW/vZG4n9ePcVOqZmJOEkRYj75qJNKipqOUqFtYYCjHDjCuBFuV8pvmWEcXXY5F0L4++S/5LpYCI8KxcvjfLk0jWOJ7JA9ckBCckLK5JxUSJVwck8eyTN58R68J+/Ve5u0znjTmW3yA977F8L4mcQ=</latexit>

Thermodynamic Training
<latexit sha1_base64="OexrewBAv9szYFO41pJCp2O1fLY=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCp7AbBXMMePEYIS9IQpiddJIhs7PLTK8Ylpy8+CtePCji1W/w5t84eRw0saChqOqmuyuIpTDoed9OZm19Y3Mru53b2d3bP3APj+omSjSHGo9kpJsBMyCFghoKlNCMNbAwkNAIRjdTv3EP2ohIVXEcQydkAyX6gjO0Utc9bSM8YFodgg6j3lixUHBa1UwooQaTrpv3Ct4MdJX4C5InC1S67le7F/EkBIVcMmNavhdjJ2UaBZcwybUTAzHjIzaAlqV2HZhOOntjQs+t0qP9SNtSSGfq74mUhcaMw8B2hgyHZtmbiv95rQT7pU4qVJwgKD5f1E8kxYhOM6E9oYGjHFvCuBb2VsqHTDOONrmcDcFffnmV1IsF/7JQvLvKl0uLOLLkhJyRC+KTa1Imt6RCaoSTR/JMXsmb8+S8OO/Ox7w14yxmjskfOJ8/OG+ZkA==</latexit>

⇥ = {✓}
<latexit sha1_base64="RTH4iUPBxIR5xVDhimmTwbSTP5A=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEVyWpgm6EohuXFXqDJpTJdNIOnUzCzIkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SwTU4zre1tr6xubVd2inv7u0fHNpHxx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weRuVu8+MqV5LFuQJcyPyEjykFMCxhrYFa81ZkBuvBx7MCPsTQd21ak5c+FVcAuookLNgf3lDWOaRkwCFUTrvusk4OdEAaeCTcteqllC6ISMWN+gJBHTfj4/forPjDPEYazMk4Dn7u+JnERaZ1FgOiMCY71cm5n/1fophNd+zmWSApN0sShMBYYYz5LAQ64YBZEZIFRxcyumY6IIBZNX2YTgLn95FTr1mntRqz9cVhu3RRwldIJO0Tly0RVqoHvURG1EUYae0St6s56sF+vd+li0rlnFTAX9kfX5AwemlF4=</latexit>

y0:L
<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

y
0
0:L0

<latexit sha1_base64="eY7UMCNN7KiYCDdLBPEsEg63rfM=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoPEKtxFQbEK2lhYRDAfkhxhb7OXLNndO3b3hHDkV9hYKGLrz7Hz37hJrtDEBwOP92aYmRfEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR1lChCGyTikWoHWFPOJG0YZjhtx4piEXDaCkY3U7/1RJVmkXww45j6Ag8kCxnBxkqP43Ivda/uypNeseRW3BnQMvEyUoIM9V7xq9uPSCKoNIRjrTueGxs/xcowwumk0E00jTEZ4QHtWCqxoNpPZwdP0IlV+iiMlC1p0Ez9PZFiofVYBLZTYDPUi95U/M/rJCa89FMm48RQSeaLwoQjE6Hp96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFbfHmZNKsV76xSvT8v1a6zOPJwBMdwCh5cQA1uoQ4NICDgGV7hzVHOi/PufMxbc042cwh/4Hz+AK5Bj6w=</latexit>

⇥max(y0:L)
<latexit sha1_base64="5ivZAp1V3auJAgTctk2qn8WE0Ww=">AAACA3icbVDJSgNBEO2JW4xb1JteBoMQL2EmCoqnoBcPHiJkg0wMPZ1K0qRnobtGMgwBL/6KFw+KePUnvPk3dpaDJj4oeLxXRVU9NxRcoWV9G6ml5ZXVtfR6ZmNza3snu7tXU0EkGVRZIALZcKkCwX2oIkcBjVAC9VwBdXdwPfbrDyAVD/wKxiG0PNrzeZczilpqZw+cSh+Q3jsIQ0w8Ohzl43ZiXd6OTtrZnFWwJjAXiT0jOTJDuZ39cjoBizzwkQmqVNO2QmwlVCJnAkYZJ1IQUjagPWhq6lMPVCuZ/DAyj7XSMbuB1OWjOVF/TyTUUyr2XN3pUeyreW8s/uc1I+xetBLuhxGCz6aLupEwMTDHgZgdLoGhiDWhTHJ9q8n6VFKGOraMDsGef3mR1IoF+7RQvDvLla5mcaTJITkieWKTc1IiN6RMqoSRR/JMXsmb8WS8GO/Gx7Q1Zcxm9skfGJ8/yiCXmQ==</latexit>

hW⇥max(y0:L)(y0
0:L0)i

<latexit sha1_base64="YBMUzPIpHWnqqxsCfO0WzPgcU18="></latexit>

hW ✓1(y0:L)i
<latexit sha1_base64="G9Mc4SXjPFEt4lYEWCIYovMYrsg=">AAACDnicbVA9SwNBEN3zM8avqKXNYghoE+5UUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCiVfMtWTQBu3mY99QBZ4w/1BkLlnV8MD6uuxGxSKbtkdg/4l3pQUyRTVoPDpd2KeRqCQS2ZMy3MTbGdMo+AShnk/NZAwfsd60LJUsQhMOxu/M6Qlq3RoN9a2FNKx+nMiY5Exgyi0nRHDvpn1RuJ/XivF7mk7EypJERSfLOqmkmJMR9nQjtDAUQ4sYVwLeyvlfaYZR5tg3obgzb78l9QPy95R+fD6uFg5n8aRI7tkj+wTj5yQCrkkVVIjnDyQJ/JCXp1H59l5c94nrXPOdGaH/ILz8Q0s1JuL</latexit>

hW ✓0(y0:L)i
<latexit sha1_base64="J53v1YJF21FVMVN9XpLCsW0JpyE=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxFQbEK2lhYKBgj5OKxt5kkS/b2jt05IRz5BTb+FRsLRWyt7fw3bmIKTXww8Hhvhpl5YSKFQdf9cubmFxaXlnMr+dW19Y3Nwtb2jYlTzaHOYxnr25AZkEJBHQVKuE00sCiU0Aj7ZyO/cQ/aiFhd4yCBVsS6SnQEZ2iloFDyJVNdCbRxl/nYA2SBOywPgsw9uRjuU1+P3aBQdCvuGHSWeBNSJBNcBoVPvx3zNAKFXDJjmp6bYCtjGgWXMMz7qYGE8T7rQtNSxSIwrWz8zpCWrNKmnVjbUkjH6u+JjEXGDKLQdkYMe2baG4n/ec0UO8etTKgkRVD8Z1EnlRRjOsqGtoUGjnJgCeNa2Fsp7zHNONoE8zYEb/rlWXJTrXgHlerVYbF2OokjR3bJHikTjxyRGjknl6ROOHkgT+SFvDqPzrPz5rz/tM45k5kd8gfOxzcrPpuK</latexit>

hW ✓2(y0:L)i
<latexit sha1_base64="03njNnkB74k3oWk3IeWjxA3D4gc=">AAACDnicbVA9SwNBEN3zM8avqKXNYhC0CXdRUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCvu+ZKongTZuMx/7gCwoDw8GQeaeXQ0Pqa/HblAouiV3DPqXeFNSJFNUg8Kn34l5GoFCLpkxLc9NsJ0xjYJLGOb91EDC+B3rQctSxSIw7Wz8zpDuW6VDu7G2pZCO1Z8TGYuMGUSh7YwY9s2sNxL/81opdk/bmVBJiqD4ZFE3lRRjOsqGdoQGjnJgCeNa2Fsp7zPNONoE8zYEb/blv6ReLnlHpfL1cbFyPo0jR3bJHjkgHjkhFXJJqqRGOHkgT+SFvDqPzrPz5rxPWuec6cwO+QXn4xsuapuM</latexit>

a)
<latexit sha1_base64="9RR2EpUXe9GyHwPVw7YLX+t5W5U=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3reK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDygjjRw=</latexit>

b)
<latexit sha1_base64="Tfd0Tp8CRxO49Qatqb9PR9su2yA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0EJz3SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPHymojR0=</latexit>

c)
<latexit sha1_base64="iIMZXI8VeklXy8ZSg669iUbih98=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3beK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDystjR4=</latexit>

d)
<latexit sha1_base64="MaxM/I+JdjiHgUc7n7sfBBAYRzs=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDabTbt0swm7E6GU/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6xFHK/Zj2lYgEo2ilh/C8Vyq7FXcGsky8nJQhR71X+uqGCctirpBJakzHc1P0x1SjYJJPit3M8JSyIe3zjqWKxtz449mlE3JqlZBEibalkMzU3xNjGhszigPbGVMcmEVvKv7ndTKMrv2xUGmGXLH5oiiTBBMyfZuEQnOGcmQJZVrYWwkbUE0Z2nCKNgRv8eVl0qxWvItK9f6yXLvJ4yjAMZzAGXhwBTW4gzo0gEEEz/AKb87QeXHenY9564qTzxzBHzifPyyyjR8=</latexit>

e)
<latexit sha1_base64="qroba8n745mqm37aGNltw36sS1w=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0gOe9UtmtuDOQZeLlpAw56r3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aUTcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07RhuAtvrxMmtWKd1Gp3l+Wazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzBy43jSA=</latexit>

f)
<latexit sha1_base64="OlLBaJMWC5GS1e52tzdL80cisR4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilh/C8Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPHy+8jSE=</latexit>

FIG. 1. Thermodynamically training and validating agents/models: Top left, we have some training data which has been

produced from a black box, which represents the environment. Top middle, our candidate agents each have an internal model,

represented faintly by the ✏-machine within their red body. Bottom left, we search through our agents/models for the best

model by seeing how much work they produce from the training data. Bottom middle, this thermodynamic training leads us to

the maximum work producing agent/model. Top right, we take further validation data from the black box of our environment.

Bottom right, we feed the validation data into our selected agent and we track the work production to evaluate the e↵ectiveness

of the agent’s model at capturing the process generated by the black box.

device is determined by applying the learned model to
validation/test data that you didn’t train on. [Diagram]

-In harvesting energy from validation data, we denote
the model we trained with ✓, yielding the resulting distri-
bution over finite lengths Y

✓
0:L, but the actual distribution

over inputs, which we denote Y
✓0

0:L is likely di↵erent.
-We denote ✓

0 as the correct model of the input.
-We can express the average work production from val-

idation/test data

hW ✓i0:L
kBT

=
X

y0:L

Pr(Y ✓0

0:L = y0:L)
hW ✓(y0:L)i

kBT
(6)

=
X

y0:L

Pr(Y ✓0

0:L = y0:L)
�
ln Pr(Y ✓

0:L = y0:L) + L ln |Y|
�

= L ln |Y| +
X

y0:L

Pr(Y ✓0

0:L = y0:L) ln Pr(Y ✓
0:L = y0:L)

-For comparison, the change nonequilibrium free en-
ergy is the change in Shannon entropy of the string

�F
neq
0:L ⌘ �hEi � kBT�H (7)

= kBTH[Y ✓0

0:L] � kBTL ln |Y|. (8)

- The dissipated work is therefore minus sum of the
work production and the change available free energy,
which simplifies to the relative entropy of the actual dis-

tribution and the model distribution

hW ✓
dissi0:L = �hW ✓i0:L � �F

neq
0:L (9)

= kBT

X

y0:L

Pr(Y ✓0

0:L = y0:L) ln
Pr(Y ✓0

0:L = y0:L)

Pr(Y ✓
0:L = y0:L)

(10)

= kBTDKL(Y ✓0

0:L||Y ✓
0:L). (11)

-This is the additional energy you spend when you
poorly model your input, and is naturally minimized
to zero when the actual and model distribution are the
same.

-Note that this additional energy is proportional to the
entropy production of

⌃✓
0:L = hW ✓

dissi0:L/T (12)

= kBDKL(Y ✓0

0:L||Y ✓
0:L). (13)

-Poorly modeling the input distribution leads to dissi-
pation, as expected [Riechers and Kolchinsky].

B. Asymptotic Dynamics

-If our target is to harvest as much work in the long
time limit, then we address the asymptotic behavior of

Average over input probabilities:

Asymptotic work rate as a validation measure:

Determines long-term effectiveness of engine on input

hW ✓i1 ⌘ lim
L!1

hW ✓i0:L
L

<latexit sha1_base64="b1eiXEGrvOd22s06rA9kHbj16IU="></latexit>

A

B C

0 : p

1 : 1� p

1 : q

0 : 1� q

0 : 1� r

0 : r

✓
<latexit sha1_base64="a9g4R2QJN0NpFcnDn3suEQSQSYM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePFYwX5AG8pmu2nXbjZhdyKU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWavVwxJH2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m187JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xw2s+ESlLkii0WhakkGJPZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5A6QRjyg=</latexit>

✓0
<latexit sha1_base64="5OXSENxrE0JzquBSE9m1rT8eFK0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbRU0mqoMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ildg9HHOl5v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/m5U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZ/U4GQnOGcmIJZVrYWwkbUU0Z2oRKNgRv+eVV0qpVvctq7eGqUr/N4yjCCZzCBXhwDXW4hwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPHwfQj10=</latexit>

A

B

C

E

D

0 : 0.5

1 : 0.5

0 : 0.9

1 : 0.1

0 : 0.9

1 : 0.10 : 0.1

1 : 0.9

0 : 0.9

1 : 0.1

Information Energy
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1-State Validation

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

Validation Work Rate
<latexit sha1_base64="ulbgIT1boRQqszZx/lJAvXF2gA0=">AAACBHicbVA9SwNBEN2LXzF+nVqmWQyCVbiLgpZBG8so5gOSI+xtJsmSvQ9258RwpLDxr9hYKGLrj7Dz37hJrtDEBwOP92aYmefHUmh0nG8rt7K6tr6R3yxsbe/s7tn7Bw0dJYpDnUcyUi2faZAihDoKlNCKFbDAl9D0R1dTv3kPSosovMNxDF7ABqHoC87QSF272EF4wLTBpOjNJNqM1IjeMoRJ1y45ZWcGukzcjJRIhlrX/ur0Ip4EECKXTOu268TopUyh4BImhU6iIWZ8xAbQNjRkAWgvnT0xocdG6dF+pEyFSGfq74mUBVqPA990BgyHetGbiv957QT7F14qwjhBCPl8UT+RFCM6TYT2hAKOcmwI40qYWykfMsU4mtwKJgR38eVl0qiU3dNy5easVL3M4siTIjkiJ8Ql56RKrkmN1Aknj+SZvJI368l6sd6tj3lrzspmDskfWJ8/AUmYUA==</latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="Eq2c5m4+mfx4EDK5M5p5MGZLFVI="></latexit>

e�hW
⇥max

n (y0:L)i1
<latexit sha1_base64="zah+Gx1b0RiVfk7wV+BijnhP0Vc="></latexit>
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1.5

2.0

Excessively high training work rates lead to divergent in validation.  
This is thermodynamic overfitting! 
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2-State Validation

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

Validation Work Rate
<latexit sha1_base64="ulbgIT1boRQqszZx/lJAvXF2gA0=">AAACBHicbVA9SwNBEN2LXzF+nVqmWQyCVbiLgpZBG8so5gOSI+xtJsmSvQ9258RwpLDxr9hYKGLrj7Dz37hJrtDEBwOP92aYmefHUmh0nG8rt7K6tr6R3yxsbe/s7tn7Bw0dJYpDnUcyUi2faZAihDoKlNCKFbDAl9D0R1dTv3kPSosovMNxDF7ABqHoC87QSF272EF4wLTBpOjNJNqM1IjeMoRJ1y45ZWcGukzcjJRIhlrX/ur0Ip4EECKXTOu268TopUyh4BImhU6iIWZ8xAbQNjRkAWgvnT0xocdG6dF+pEyFSGfq74mUBVqPA990BgyHetGbiv957QT7F14qwjhBCPl8UT+RFCM6TYT2hAKOcmwI40qYWykfMsU4mtwKJgR38eVl0qiU3dNy5easVL3M4siTIjkiJ8Ql56RKrkmN1Aknj+SZvJI368l6sd6tj3lrzspmDskfWJ8/AUmYUA==</latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="Eq2c5m4+mfx4EDK5M5p5MGZLFVI="></latexit>

e�hW
⇥max

n (y0:L)i1
<latexit sha1_base64="zah+Gx1b0RiVfk7wV+BijnhP0Vc="></latexit>

0 20 40 60 80 100
0.0
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More frequent overfitting.
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3-State Validation

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

Validation Work Rate
<latexit sha1_base64="ulbgIT1boRQqszZx/lJAvXF2gA0=">AAACBHicbVA9SwNBEN2LXzF+nVqmWQyCVbiLgpZBG8so5gOSI+xtJsmSvQ9258RwpLDxr9hYKGLrj7Dz37hJrtDEBwOP92aYmefHUmh0nG8rt7K6tr6R3yxsbe/s7tn7Bw0dJYpDnUcyUi2faZAihDoKlNCKFbDAl9D0R1dTv3kPSosovMNxDF7ABqHoC87QSF272EF4wLTBpOjNJNqM1IjeMoRJ1y45ZWcGukzcjJRIhlrX/ur0Ip4EECKXTOu268TopUyh4BImhU6iIWZ8xAbQNjRkAWgvnT0xocdG6dF+pEyFSGfq74mUBVqPA990BgyHetGbiv957QT7F14qwjhBCPl8UT+RFCM6TYT2hAKOcmwI40qYWykfMsU4mtwKJgR38eVl0qiU3dNy5easVL3M4siTIjkiJ8Ql56RKrkmN1Aknj+SZvJI368l6sd6tj3lrzspmDskfWJ8/AUmYUA==</latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="Eq2c5m4+mfx4EDK5M5p5MGZLFVI="></latexit>

e�hW
⇥max

n (y0:L)i1
<latexit sha1_base64="zah+Gx1b0RiVfk7wV+BijnhP0Vc="></latexit>

0 20 40 60 80 100
0.0

0.5

1.0

1.5

2.0

0 20 40 60 80 100
0.0

0.5

1.0

1.5

2.0

Even more frequent overfitting.
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3-State Validation

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

Validation Work Rate
<latexit sha1_base64="ulbgIT1boRQqszZx/lJAvXF2gA0=">AAACBHicbVA9SwNBEN2LXzF+nVqmWQyCVbiLgpZBG8so5gOSI+xtJsmSvQ9258RwpLDxr9hYKGLrj7Dz37hJrtDEBwOP92aYmefHUmh0nG8rt7K6tr6R3yxsbe/s7tn7Bw0dJYpDnUcyUi2faZAihDoKlNCKFbDAl9D0R1dTv3kPSosovMNxDF7ABqHoC87QSF272EF4wLTBpOjNJNqM1IjeMoRJ1y45ZWcGukzcjJRIhlrX/ur0Ip4EECKXTOu268TopUyh4BImhU6iIWZ8xAbQNjRkAWgvnT0xocdG6dF+pEyFSGfq74mUBVqPA990BgyHetGbiv957QT7F14qwjhBCPl8UT+RFCM6TYT2hAKOcmwI40qYWykfMsU4mtwKJgR38eVl0qiU3dNy5easVL3M4siTIjkiJ8Ql56RKrkmN1Aknj+SZvJI368l6sd6tj3lrzspmDskfWJ8/AUmYUA==</latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="Eq2c5m4+mfx4EDK5M5p5MGZLFVI="></latexit>

e�hW
⇥max

n (y0:L)i1
<latexit sha1_base64="zah+Gx1b0RiVfk7wV+BijnhP0Vc="></latexit>

0 20 40 60 80 100
0.0

0.5

1.0

1.5

2.0

0 20 40 60 80 100
0.0

0.5

1.0

1.5

2.0

Even more frequent overfitting.

Effective learning
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L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

Validation Work Rate
<latexit sha1_base64="ulbgIT1boRQqszZx/lJAvXF2gA0=">AAACBHicbVA9SwNBEN2LXzF+nVqmWQyCVbiLgpZBG8so5gOSI+xtJsmSvQ9258RwpLDxr9hYKGLrj7Dz37hJrtDEBwOP92aYmefHUmh0nG8rt7K6tr6R3yxsbe/s7tn7Bw0dJYpDnUcyUi2faZAihDoKlNCKFbDAl9D0R1dTv3kPSosovMNxDF7ABqHoC87QSF272EF4wLTBpOjNJNqM1IjeMoRJ1y45ZWcGukzcjJRIhlrX/ur0Ip4EECKXTOu268TopUyh4BImhU6iIWZ8xAbQNjRkAWgvnT0xocdG6dF+pEyFSGfq74mUBVqPA990BgyHetGbiv957QT7F14qwjhBCPl8UT+RFCM6TYT2hAKOcmwI40qYWykfMsU4mtwKJgR38eVl0qiU3dNy5easVL3M4siTIjkiJ8Ql56RKrkmN1Aknj+SZvJI368l6sd6tj3lrzspmDskfWJ8/AUmYUA==</latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="Eq2c5m4+mfx4EDK5M5p5MGZLFVI="></latexit>
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n = 2
<latexit sha1_base64="ySDP3IgYao7GlSX52id8+ex0Edo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPcibWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWrepdVGv3l5W6m8dRhBM4hXPw4ArqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx/GI41n</latexit>

n = 3
<latexit sha1_base64="9h+tFtGKlXHawNe2R1ZLUqIKOgU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQS9CwYvHirYW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etU2casZbLJax7gTUcCkUb6FAyTuJ5jQKJH8Mxjcz//GJayNi9YCThPsRHSoRCkbRSvfqut4vV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMrPxMqSZErtlgUppJgTGZ/k4HQnKGcWEKZFvZWwkZUU4Y2nZINwVt+eZW0a1WvXq3dXVQabh5HEU7gFM7Bg0towC00oQUMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8Ax6eNaA==</latexit>

n = 1
<latexit sha1_base64="biCRZOxXxWpAdHa0rhoX/n/Gqg8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6UHdeP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0mrVvUuqrX7y0rdzeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/En41m</latexit>

Memory offers a universal benefit in training, but often leads to divergent dissipation in validation.

Benefit of memory can only be found for large training sets. 

e�hW
⇥max

n (y0:L)i1
<latexit sha1_base64="zah+Gx1b0RiVfk7wV+BijnhP0Vc="></latexit>
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L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

Validation Work Rate
<latexit sha1_base64="ulbgIT1boRQqszZx/lJAvXF2gA0=">AAACBHicbVA9SwNBEN2LXzF+nVqmWQyCVbiLgpZBG8so5gOSI+xtJsmSvQ9258RwpLDxr9hYKGLrj7Dz37hJrtDEBwOP92aYmefHUmh0nG8rt7K6tr6R3yxsbe/s7tn7Bw0dJYpDnUcyUi2faZAihDoKlNCKFbDAl9D0R1dTv3kPSosovMNxDF7ABqHoC87QSF272EF4wLTBpOjNJNqM1IjeMoRJ1y45ZWcGukzcjJRIhlrX/ur0Ip4EECKXTOu268TopUyh4BImhU6iIWZ8xAbQNjRkAWgvnT0xocdG6dF+pEyFSGfq74mUBVqPA990BgyHetGbiv957QT7F14qwjhBCPl8UT+RFCM6TYT2hAKOcmwI40qYWykfMsU4mtwKJgR38eVl0qiU3dNy5easVL3M4siTIjkiJ8Ql56RKrkmN1Aknj+SZvJI368l6sd6tj3lrzspmDskfWJ8/AUmYUA==</latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="Eq2c5m4+mfx4EDK5M5p5MGZLFVI="></latexit> e�hW
⇥max

n (y0:L)i1
<latexit sha1_base64="zah+Gx1b0RiVfk7wV+BijnhP0Vc="></latexit>

n = 2
<latexit sha1_base64="ySDP3IgYao7GlSX52id8+ex0Edo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPcibWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWrepdVGv3l5W6m8dRhBM4hXPw4ArqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx/GI41n</latexit>

n = 3
<latexit sha1_base64="9h+tFtGKlXHawNe2R1ZLUqIKOgU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQS9CwYvHirYW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etU2casZbLJax7gTUcCkUb6FAyTuJ5jQKJH8Mxjcz//GJayNi9YCThPsRHSoRCkbRSvfqut4vV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMrPxMqSZErtlgUppJgTGZ/k4HQnKGcWEKZFvZWwkZUU4Y2nZINwVt+eZW0a1WvXq3dXVQabh5HEU7gFM7Bg0towC00oQUMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8Ax6eNaA==</latexit>

n = 1
<latexit sha1_base64="biCRZOxXxWpAdHa0rhoX/n/Gqg8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6UHdeP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0mrVvUuqrX7y0rdzeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/En41m</latexit>

Memory offers a universal benefit in training, but often leads to divergent dissipation in validation.

Benefit of memory can only be found for large training sets. 
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FIG. 3. Period-2 process hidden Markov model with a
transient start state D and two recurrent causal states E and
F . Starting from D, the process makes a transition either
to E or to F with equal probabilities while emitting y = 0
or y = 1, respectively. This is indicated by the transition
labels from D: y : p says generate symbol y when taking the
transition with probability p. On arriving at states E or F ,
the process alternates between two states, emitting y = 0 for
transitions E ! F and y = 1 for transitions F ! E. In
e↵ect, we get either of two infinite sequences, y0:1 = 0101 . . .
and y0:1 = 1010 . . ., with equal probabilities.

troduce and analyze the performance of a ratchet design
that extracts work out of such perfectly correlated, un-
biased input sequences. The following section then con-
siders the more general case in which input correlations
are corrupted by environmental fluctuations.

Let’s explain the information-theoretic reasoning that
motivates this. For a period-2 process, the single-symbol
entropy H1 is maximal: H[YN ] = 1. However, its entropy
rate hµ = 0 due to its perfect predictability as soon as any
symbol is known. This, on the one hand, implies � H1 ⌘
H[Y 0

N ]�H[YN ]  0. Equation (5), in turn, says that work
cannot be extracted regardless of the realizations of the
output string; no matter the design of the information
engine. For the period-2 input, though, �hµ = h0

µ � 0.
And, Eq. (6) indicates that work can be extracted as long
as the output string has nonzero entropy rate h0

µ. This
is achievable with appropriate thermal ratchet design.
In other words, Eq. (5) suggests that it is impossible
to extract work from input correlations beyond single-
symbol bias, while Eq. (6) suggests it is possible. We
resolve this disagreement in favor of Eq. (6) by explicit
construction and exact analysis.

B. Memoryful Ratchet Design

Figure 4 gives a ratchet design that can extract work
out of a period-2 process. As explained above in Sec. III,
the ratchet interacts with one incoming symbol at a time.
As a result, the ratchet’s transducer specifies both ratchet
internal states and the states of the input tape cell being
read. In the figure, A, B, and C denote the ratchet’s in-
ternal states and x⌦y denotes the joint transducer state

A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1

C ⌦ 0

C ⌦ 1
(1 � �)/e

1 � �

1 � �

(1 � �)/e

1 � (1 � �)/e

1 � (1 � �)/e

�

�

�

�

1 � �

1 � �

FIG. 4. State transition diagram of a ratchet that ex-
tracts work out of environment correlations: A, B,
and C denote the ratchet’s internal states and 0 and 1 de-
note the values of the interacting cell. The joint dynamics of
the Demon and interacting cell take place over the space of
six internal joint states: {A⌦0, . . . , C⌦1}. Arrows indicate
the allowed transitions and their probabilities in terms of the
ratchet control parameters � and �.

of the ratchet state and interacting cell value, with the
ratchet being in state x 2 {A, B, C} and the interacting
cell with value y 2 {0, 1}. Arrows denote the allowed
transitions and their labels the transition probabilities in
terms of ratchet control parameters, that we now intro-
duce. For example, if the Demon is in state A and the
input symbol has value 0, they make a transition to the
joint state B ⌦ 0 with probability (1 � �) or to the joint
state C ⌦ 0 with probability �. Due to conservation of
probability, the sum of transition probabilities out of any
joint state is unity. After the transition, the old symbol
value in the tape cell is replaced by a new value. If the
joint state made a transition to B ⌦ 0 and the incoming
symbol had value 1, the joint state is switched to B ⌦ 1.
Then, a transition from joint state B ⌦ 1 takes place ac-
cording to the rule described above.

The parameters � and � satisfy the following con-
straint: 0  �, �  1. The Markov chain matrix M corre-
sponding to the transition dynamics depicted in Fig. 4 is
given in App. B. Due to the repetitive nature of the
dynamics, the transducer reaches an asymptotic state
(App. A) such that its probability distribution does not
change from one interaction interval to another.

Now, consider the transducer’s response when driven
by a period-2 input process. Appendix B calculates the
work and entropy changes in the asymptotic limit, find-
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The work expression follows from the definition in
Eq. (1). The single-symbol entropy di↵erence � H1 van-
ishes since the output tape consists of random, but still
equal, mixtures of 0’s and 1’s, as did the input tape.
The entropy rate change �hµ, though, is generally posi-
tive since, although the input entropy rate vanishes, the
ratchet adds some randomness to the output.

From Eq. (9), we have a clear violation of Eq. (5).
Whereas, Eq. (6) still holds:

0 = �H1 <
hW i

kBT ln 2
 �hµ . (10)

Since Ref. [59] established Eq. (6) for all finite ratchets,
this di↵erence in the bounds is expected. Nonetheless,
it worth calling out in light of recent discussions in the
literature [73]. In any case, these results confirm the
conclusion that to properly bound all finite information
ratchets, including memoryful ratchets driven by memo-
ryful inputs, we must use Eq. (6) rather than Eq. (5).

C. Dynamical Ergodicity and Synchronization

To provide intuition behind the work expression of
Eq. (7), let’s now analyze the ratchet’s operation. This
reveals a novel synchronization mechanism that’s respon-
sible for nonzero work production. First, consider the
case in which the engine parameters � and � are zero;
that is, the state C is disconnected from A and B. This
e↵ectively deletes C from the joint dynamic, as shown in
Fig. 5. This restricted model has the topology considered
in our previous work [59].

It turns out that the ratchet has two equally likely
dynamical modes, let’s call them clockwise and counter-
clockwise. When in each mode, the ratchet behavior is
periodic in time. The modes are depicted in Fig. 6, with
the counterclockwise mode on the left and the clockwise
mode on the right. The dashed (red) arrows show the
paths taken through the joint state space due to an inter-
action transition followed by a switching transition when
the switching transition is driven by input 0. And, the
solid (blue) arrows show the paths taken when the switch-
ing transition is driven by input 1. The labels on the ar-
rows indicate the amount of work done in the associated
transitions. The clockwise mode extracts kBT/e amount

A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1
1/e

1

1

1/e

1 � 1/e

1 � 1/e

FIG. 5. Ratchet dynamics absent the synchronizing
state: Assuming system parameters � and � are set to zero,
state C becomes inaccessible and the ratchet’s joint state-
symbol dynamics become restricted to that shown here—a
truncated form of the dynamics of Fig. 4.
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hW iclockwise = kBT/e

A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1 A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1

: input 0 transition
: input 1 transition

hW icounterclockwise = �kBT

FIG. 6. Two dynamical modes of the ratchet while
driven by a period-2 input process: (a) Counterclock-
wise (left panel): ratchet is out of synchronization with the
input tape and makes a steady counterclockwise rotation in
the composite space of the Demon and the interacting cell.
Work is steadily dissipated at the rate �kBT per pair of in-
put symbols and no information is exchanged between the
ratchet and the information reservoir. (b) Clockwise (right
panel): ratchet is synchronized with the input correlated sym-
bols on the tape, information exchange is nonzero, and work
is continually accumulated at the rate kBT/e per pair of input
symbols.

of work per bit, while the counterclockwise mode expends
kBT amount of work per bit.

There is a simple way to understand the existence and
work performance of the two modes. Consider the coun-
terclockwise mode first. The left state-transition dia-
gram in Fig. 6 shows this mode arises when A ⌦ 0 or
B ⌦ 1 happens to be the initial joint state. First, there
is a horizontal interaction transition to a lower energy
state. The energy di↵erence kBT is fully dissipated in
the thermal reservoir with no exchange of energy with
the work reservoir. Then, there is a vertical switching
transition to a higher-energy state. The required energy

Candidate Ratchet
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FIG. 3. Period-2 process hidden Markov model with a
transient start state D and two recurrent causal states E and
F . Starting from D, the process makes a transition either
to E or to F with equal probabilities while emitting y = 0
or y = 1, respectively. This is indicated by the transition
labels from D: y : p says generate symbol y when taking the
transition with probability p. On arriving at states E or F ,
the process alternates between two states, emitting y = 0 for
transitions E ! F and y = 1 for transitions F ! E. In
e↵ect, we get either of two infinite sequences, y0:1 = 0101 . . .
and y0:1 = 1010 . . ., with equal probabilities.

troduce and analyze the performance of a ratchet design
that extracts work out of such perfectly correlated, un-
biased input sequences. The following section then con-
siders the more general case in which input correlations
are corrupted by environmental fluctuations.

Let’s explain the information-theoretic reasoning that
motivates this. For a period-2 process, the single-symbol
entropy H1 is maximal: H[YN ] = 1. However, its entropy
rate hµ = 0 due to its perfect predictability as soon as any
symbol is known. This, on the one hand, implies � H1 ⌘
H[Y 0

N ]�H[YN ]  0. Equation (5), in turn, says that work
cannot be extracted regardless of the realizations of the
output string; no matter the design of the information
engine. For the period-2 input, though, �hµ = h0

µ � 0.
And, Eq. (6) indicates that work can be extracted as long
as the output string has nonzero entropy rate h0

µ. This
is achievable with appropriate thermal ratchet design.
In other words, Eq. (5) suggests that it is impossible
to extract work from input correlations beyond single-
symbol bias, while Eq. (6) suggests it is possible. We
resolve this disagreement in favor of Eq. (6) by explicit
construction and exact analysis.

B. Memoryful Ratchet Design

Figure 4 gives a ratchet design that can extract work
out of a period-2 process. As explained above in Sec. III,
the ratchet interacts with one incoming symbol at a time.
As a result, the ratchet’s transducer specifies both ratchet
internal states and the states of the input tape cell being
read. In the figure, A, B, and C denote the ratchet’s in-
ternal states and x⌦y denotes the joint transducer state

A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1

C ⌦ 0

C ⌦ 1
(1 � �)/e

1 � �

1 � �

(1 � �)/e

1 � (1 � �)/e

1 � (1 � �)/e

�

�

�

�

1 � �

1 � �

FIG. 4. State transition diagram of a ratchet that ex-
tracts work out of environment correlations: A, B,
and C denote the ratchet’s internal states and 0 and 1 de-
note the values of the interacting cell. The joint dynamics of
the Demon and interacting cell take place over the space of
six internal joint states: {A⌦0, . . . , C⌦1}. Arrows indicate
the allowed transitions and their probabilities in terms of the
ratchet control parameters � and �.

of the ratchet state and interacting cell value, with the
ratchet being in state x 2 {A, B, C} and the interacting
cell with value y 2 {0, 1}. Arrows denote the allowed
transitions and their labels the transition probabilities in
terms of ratchet control parameters, that we now intro-
duce. For example, if the Demon is in state A and the
input symbol has value 0, they make a transition to the
joint state B ⌦ 0 with probability (1 � �) or to the joint
state C ⌦ 0 with probability �. Due to conservation of
probability, the sum of transition probabilities out of any
joint state is unity. After the transition, the old symbol
value in the tape cell is replaced by a new value. If the
joint state made a transition to B ⌦ 0 and the incoming
symbol had value 1, the joint state is switched to B ⌦ 1.
Then, a transition from joint state B ⌦ 1 takes place ac-
cording to the rule described above.

The parameters � and � satisfy the following con-
straint: 0  �, �  1. The Markov chain matrix M corre-
sponding to the transition dynamics depicted in Fig. 4 is
given in App. B. Due to the repetitive nature of the
dynamics, the transducer reaches an asymptotic state
(App. A) such that its probability distribution does not
change from one interaction interval to another.

Now, consider the transducer’s response when driven
by a period-2 input process. Appendix B calculates the
work and entropy changes in the asymptotic limit, find-
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The work expression follows from the definition in
Eq. (1). The single-symbol entropy di↵erence � H1 van-
ishes since the output tape consists of random, but still
equal, mixtures of 0’s and 1’s, as did the input tape.
The entropy rate change �hµ, though, is generally posi-
tive since, although the input entropy rate vanishes, the
ratchet adds some randomness to the output.

From Eq. (9), we have a clear violation of Eq. (5).
Whereas, Eq. (6) still holds:

0 = �H1 <
hW i

kBT ln 2
 �hµ . (10)

Since Ref. [59] established Eq. (6) for all finite ratchets,
this di↵erence in the bounds is expected. Nonetheless,
it worth calling out in light of recent discussions in the
literature [73]. In any case, these results confirm the
conclusion that to properly bound all finite information
ratchets, including memoryful ratchets driven by memo-
ryful inputs, we must use Eq. (6) rather than Eq. (5).

C. Dynamical Ergodicity and Synchronization

To provide intuition behind the work expression of
Eq. (7), let’s now analyze the ratchet’s operation. This
reveals a novel synchronization mechanism that’s respon-
sible for nonzero work production. First, consider the
case in which the engine parameters � and � are zero;
that is, the state C is disconnected from A and B. This
e↵ectively deletes C from the joint dynamic, as shown in
Fig. 5. This restricted model has the topology considered
in our previous work [59].

It turns out that the ratchet has two equally likely
dynamical modes, let’s call them clockwise and counter-
clockwise. When in each mode, the ratchet behavior is
periodic in time. The modes are depicted in Fig. 6, with
the counterclockwise mode on the left and the clockwise
mode on the right. The dashed (red) arrows show the
paths taken through the joint state space due to an inter-
action transition followed by a switching transition when
the switching transition is driven by input 0. And, the
solid (blue) arrows show the paths taken when the switch-
ing transition is driven by input 1. The labels on the ar-
rows indicate the amount of work done in the associated
transitions. The clockwise mode extracts kBT/e amount

A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1
1/e

1

1

1/e

1 � 1/e

1 � 1/e

FIG. 5. Ratchet dynamics absent the synchronizing
state: Assuming system parameters � and � are set to zero,
state C becomes inaccessible and the ratchet’s joint state-
symbol dynamics become restricted to that shown here—a
truncated form of the dynamics of Fig. 4.
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hW iclockwise = kBT/e

A ⌦ 1
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B ⌦ 1 A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1

: input 0 transition
: input 1 transition

hW icounterclockwise = �kBT

FIG. 6. Two dynamical modes of the ratchet while
driven by a period-2 input process: (a) Counterclock-
wise (left panel): ratchet is out of synchronization with the
input tape and makes a steady counterclockwise rotation in
the composite space of the Demon and the interacting cell.
Work is steadily dissipated at the rate �kBT per pair of in-
put symbols and no information is exchanged between the
ratchet and the information reservoir. (b) Clockwise (right
panel): ratchet is synchronized with the input correlated sym-
bols on the tape, information exchange is nonzero, and work
is continually accumulated at the rate kBT/e per pair of input
symbols.

of work per bit, while the counterclockwise mode expends
kBT amount of work per bit.

There is a simple way to understand the existence and
work performance of the two modes. Consider the coun-
terclockwise mode first. The left state-transition dia-
gram in Fig. 6 shows this mode arises when A ⌦ 0 or
B ⌦ 1 happens to be the initial joint state. First, there
is a horizontal interaction transition to a lower energy
state. The energy di↵erence kBT is fully dissipated in
the thermal reservoir with no exchange of energy with
the work reservoir. Then, there is a vertical switching
transition to a higher-energy state. The required energy
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The work expression follows from the definition in
Eq. (1). The single-symbol entropy di↵erence � H1 van-
ishes since the output tape consists of random, but still
equal, mixtures of 0’s and 1’s, as did the input tape.
The entropy rate change �hµ, though, is generally posi-
tive since, although the input entropy rate vanishes, the
ratchet adds some randomness to the output.

From Eq. (9), we have a clear violation of Eq. (5).
Whereas, Eq. (6) still holds:

0 = �H1 <
hW i

kBT ln 2
 �hµ . (10)

Since Ref. [59] established Eq. (6) for all finite ratchets,
this di↵erence in the bounds is expected. Nonetheless,
it worth calling out in light of recent discussions in the
literature [73]. In any case, these results confirm the
conclusion that to properly bound all finite information
ratchets, including memoryful ratchets driven by memo-
ryful inputs, we must use Eq. (6) rather than Eq. (5).

C. Dynamical Ergodicity and Synchronization

To provide intuition behind the work expression of
Eq. (7), let’s now analyze the ratchet’s operation. This
reveals a novel synchronization mechanism that’s respon-
sible for nonzero work production. First, consider the
case in which the engine parameters � and � are zero;
that is, the state C is disconnected from A and B. This
e↵ectively deletes C from the joint dynamic, as shown in
Fig. 5. This restricted model has the topology considered
in our previous work [59].

It turns out that the ratchet has two equally likely
dynamical modes, let’s call them clockwise and counter-
clockwise. When in each mode, the ratchet behavior is
periodic in time. The modes are depicted in Fig. 6, with
the counterclockwise mode on the left and the clockwise
mode on the right. The dashed (red) arrows show the
paths taken through the joint state space due to an inter-
action transition followed by a switching transition when
the switching transition is driven by input 0. And, the
solid (blue) arrows show the paths taken when the switch-
ing transition is driven by input 1. The labels on the ar-
rows indicate the amount of work done in the associated
transitions. The clockwise mode extracts kBT/e amount
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A ⌦ 0 B ⌦ 0

B ⌦ 1
1/e

1

1

1/e

1 � 1/e

1 � 1/e

FIG. 5. Ratchet dynamics absent the synchronizing
state: Assuming system parameters � and � are set to zero,
state C becomes inaccessible and the ratchet’s joint state-
symbol dynamics become restricted to that shown here—a
truncated form of the dynamics of Fig. 4.
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A ⌦ 1
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: input 0 transition
: input 1 transition

hW icounterclockwise = �kBT

FIG. 6. Two dynamical modes of the ratchet while
driven by a period-2 input process: (a) Counterclock-
wise (left panel): ratchet is out of synchronization with the
input tape and makes a steady counterclockwise rotation in
the composite space of the Demon and the interacting cell.
Work is steadily dissipated at the rate �kBT per pair of in-
put symbols and no information is exchanged between the
ratchet and the information reservoir. (b) Clockwise (right
panel): ratchet is synchronized with the input correlated sym-
bols on the tape, information exchange is nonzero, and work
is continually accumulated at the rate kBT/e per pair of input
symbols.

of work per bit, while the counterclockwise mode expends
kBT amount of work per bit.

There is a simple way to understand the existence and
work performance of the two modes. Consider the coun-
terclockwise mode first. The left state-transition dia-
gram in Fig. 6 shows this mode arises when A ⌦ 0 or
B ⌦ 1 happens to be the initial joint state. First, there
is a horizontal interaction transition to a lower energy
state. The energy di↵erence kBT is fully dissipated in
the thermal reservoir with no exchange of energy with
the work reservoir. Then, there is a vertical switching
transition to a higher-energy state. The required energy
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FIG. 3. Period-2 process hidden Markov model with a
transient start state D and two recurrent causal states E and
F . Starting from D, the process makes a transition either
to E or to F with equal probabilities while emitting y = 0
or y = 1, respectively. This is indicated by the transition
labels from D: y : p says generate symbol y when taking the
transition with probability p. On arriving at states E or F ,
the process alternates between two states, emitting y = 0 for
transitions E ! F and y = 1 for transitions F ! E. In
e↵ect, we get either of two infinite sequences, y0:1 = 0101 . . .
and y0:1 = 1010 . . ., with equal probabilities.

troduce and analyze the performance of a ratchet design
that extracts work out of such perfectly correlated, un-
biased input sequences. The following section then con-
siders the more general case in which input correlations
are corrupted by environmental fluctuations.

Let’s explain the information-theoretic reasoning that
motivates this. For a period-2 process, the single-symbol
entropy H1 is maximal: H[YN ] = 1. However, its entropy
rate hµ = 0 due to its perfect predictability as soon as any
symbol is known. This, on the one hand, implies � H1 ⌘
H[Y 0

N ]�H[YN ]  0. Equation (5), in turn, says that work
cannot be extracted regardless of the realizations of the
output string; no matter the design of the information
engine. For the period-2 input, though, �hµ = h0

µ � 0.
And, Eq. (6) indicates that work can be extracted as long
as the output string has nonzero entropy rate h0

µ. This
is achievable with appropriate thermal ratchet design.
In other words, Eq. (5) suggests that it is impossible
to extract work from input correlations beyond single-
symbol bias, while Eq. (6) suggests it is possible. We
resolve this disagreement in favor of Eq. (6) by explicit
construction and exact analysis.

B. Memoryful Ratchet Design

Figure 4 gives a ratchet design that can extract work
out of a period-2 process. As explained above in Sec. III,
the ratchet interacts with one incoming symbol at a time.
As a result, the ratchet’s transducer specifies both ratchet
internal states and the states of the input tape cell being
read. In the figure, A, B, and C denote the ratchet’s in-
ternal states and x⌦y denotes the joint transducer state

A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1

C ⌦ 0

C ⌦ 1
(1 � �)/e

1 � �

1 � �

(1 � �)/e

1 � (1 � �)/e

1 � (1 � �)/e

�

�

�

�

1 � �

1 � �

FIG. 4. State transition diagram of a ratchet that ex-
tracts work out of environment correlations: A, B,
and C denote the ratchet’s internal states and 0 and 1 de-
note the values of the interacting cell. The joint dynamics of
the Demon and interacting cell take place over the space of
six internal joint states: {A⌦0, . . . , C⌦1}. Arrows indicate
the allowed transitions and their probabilities in terms of the
ratchet control parameters � and �.

of the ratchet state and interacting cell value, with the
ratchet being in state x 2 {A, B, C} and the interacting
cell with value y 2 {0, 1}. Arrows denote the allowed
transitions and their labels the transition probabilities in
terms of ratchet control parameters, that we now intro-
duce. For example, if the Demon is in state A and the
input symbol has value 0, they make a transition to the
joint state B ⌦ 0 with probability (1 � �) or to the joint
state C ⌦ 0 with probability �. Due to conservation of
probability, the sum of transition probabilities out of any
joint state is unity. After the transition, the old symbol
value in the tape cell is replaced by a new value. If the
joint state made a transition to B ⌦ 0 and the incoming
symbol had value 1, the joint state is switched to B ⌦ 1.
Then, a transition from joint state B ⌦ 1 takes place ac-
cording to the rule described above.

The parameters � and � satisfy the following con-
straint: 0  �, �  1. The Markov chain matrix M corre-
sponding to the transition dynamics depicted in Fig. 4 is
given in App. B. Due to the repetitive nature of the
dynamics, the transducer reaches an asymptotic state
(App. A) such that its probability distribution does not
change from one interaction interval to another.

Now, consider the transducer’s response when driven
by a period-2 input process. Appendix B calculates the
work and entropy changes in the asymptotic limit, find-
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The work expression follows from the definition in
Eq. (1). The single-symbol entropy di↵erence � H1 van-
ishes since the output tape consists of random, but still
equal, mixtures of 0’s and 1’s, as did the input tape.
The entropy rate change �hµ, though, is generally posi-
tive since, although the input entropy rate vanishes, the
ratchet adds some randomness to the output.

From Eq. (9), we have a clear violation of Eq. (5).
Whereas, Eq. (6) still holds:

0 = �H1 <
hW i

kBT ln 2
 �hµ . (10)

Since Ref. [59] established Eq. (6) for all finite ratchets,
this di↵erence in the bounds is expected. Nonetheless,
it worth calling out in light of recent discussions in the
literature [73]. In any case, these results confirm the
conclusion that to properly bound all finite information
ratchets, including memoryful ratchets driven by memo-
ryful inputs, we must use Eq. (6) rather than Eq. (5).

C. Dynamical Ergodicity and Synchronization

To provide intuition behind the work expression of
Eq. (7), let’s now analyze the ratchet’s operation. This
reveals a novel synchronization mechanism that’s respon-
sible for nonzero work production. First, consider the
case in which the engine parameters � and � are zero;
that is, the state C is disconnected from A and B. This
e↵ectively deletes C from the joint dynamic, as shown in
Fig. 5. This restricted model has the topology considered
in our previous work [59].

It turns out that the ratchet has two equally likely
dynamical modes, let’s call them clockwise and counter-
clockwise. When in each mode, the ratchet behavior is
periodic in time. The modes are depicted in Fig. 6, with
the counterclockwise mode on the left and the clockwise
mode on the right. The dashed (red) arrows show the
paths taken through the joint state space due to an inter-
action transition followed by a switching transition when
the switching transition is driven by input 0. And, the
solid (blue) arrows show the paths taken when the switch-
ing transition is driven by input 1. The labels on the ar-
rows indicate the amount of work done in the associated
transitions. The clockwise mode extracts kBT/e amount
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FIG. 5. Ratchet dynamics absent the synchronizing
state: Assuming system parameters � and � are set to zero,
state C becomes inaccessible and the ratchet’s joint state-
symbol dynamics become restricted to that shown here—a
truncated form of the dynamics of Fig. 4.
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FIG. 6. Two dynamical modes of the ratchet while
driven by a period-2 input process: (a) Counterclock-
wise (left panel): ratchet is out of synchronization with the
input tape and makes a steady counterclockwise rotation in
the composite space of the Demon and the interacting cell.
Work is steadily dissipated at the rate �kBT per pair of in-
put symbols and no information is exchanged between the
ratchet and the information reservoir. (b) Clockwise (right
panel): ratchet is synchronized with the input correlated sym-
bols on the tape, information exchange is nonzero, and work
is continually accumulated at the rate kBT/e per pair of input
symbols.

of work per bit, while the counterclockwise mode expends
kBT amount of work per bit.

There is a simple way to understand the existence and
work performance of the two modes. Consider the coun-
terclockwise mode first. The left state-transition dia-
gram in Fig. 6 shows this mode arises when A ⌦ 0 or
B ⌦ 1 happens to be the initial joint state. First, there
is a horizontal interaction transition to a lower energy
state. The energy di↵erence kBT is fully dissipated in
the thermal reservoir with no exchange of energy with
the work reservoir. Then, there is a vertical switching
transition to a higher-energy state. The required energy
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The work expression follows from the definition in
Eq. (1). The single-symbol entropy di↵erence � H1 van-
ishes since the output tape consists of random, but still
equal, mixtures of 0’s and 1’s, as did the input tape.
The entropy rate change �hµ, though, is generally posi-
tive since, although the input entropy rate vanishes, the
ratchet adds some randomness to the output.

From Eq. (9), we have a clear violation of Eq. (5).
Whereas, Eq. (6) still holds:

0 = �H1 <
hW i

kBT ln 2
 �hµ . (10)

Since Ref. [59] established Eq. (6) for all finite ratchets,
this di↵erence in the bounds is expected. Nonetheless,
it worth calling out in light of recent discussions in the
literature [73]. In any case, these results confirm the
conclusion that to properly bound all finite information
ratchets, including memoryful ratchets driven by memo-
ryful inputs, we must use Eq. (6) rather than Eq. (5).

C. Dynamical Ergodicity and Synchronization

To provide intuition behind the work expression of
Eq. (7), let’s now analyze the ratchet’s operation. This
reveals a novel synchronization mechanism that’s respon-
sible for nonzero work production. First, consider the
case in which the engine parameters � and � are zero;
that is, the state C is disconnected from A and B. This
e↵ectively deletes C from the joint dynamic, as shown in
Fig. 5. This restricted model has the topology considered
in our previous work [59].

It turns out that the ratchet has two equally likely
dynamical modes, let’s call them clockwise and counter-
clockwise. When in each mode, the ratchet behavior is
periodic in time. The modes are depicted in Fig. 6, with
the counterclockwise mode on the left and the clockwise
mode on the right. The dashed (red) arrows show the
paths taken through the joint state space due to an inter-
action transition followed by a switching transition when
the switching transition is driven by input 0. And, the
solid (blue) arrows show the paths taken when the switch-
ing transition is driven by input 1. The labels on the ar-
rows indicate the amount of work done in the associated
transitions. The clockwise mode extracts kBT/e amount
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FIG. 5. Ratchet dynamics absent the synchronizing
state: Assuming system parameters � and � are set to zero,
state C becomes inaccessible and the ratchet’s joint state-
symbol dynamics become restricted to that shown here—a
truncated form of the dynamics of Fig. 4.
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FIG. 6. Two dynamical modes of the ratchet while
driven by a period-2 input process: (a) Counterclock-
wise (left panel): ratchet is out of synchronization with the
input tape and makes a steady counterclockwise rotation in
the composite space of the Demon and the interacting cell.
Work is steadily dissipated at the rate �kBT per pair of in-
put symbols and no information is exchanged between the
ratchet and the information reservoir. (b) Clockwise (right
panel): ratchet is synchronized with the input correlated sym-
bols on the tape, information exchange is nonzero, and work
is continually accumulated at the rate kBT/e per pair of input
symbols.

of work per bit, while the counterclockwise mode expends
kBT amount of work per bit.

There is a simple way to understand the existence and
work performance of the two modes. Consider the coun-
terclockwise mode first. The left state-transition dia-
gram in Fig. 6 shows this mode arises when A ⌦ 0 or
B ⌦ 1 happens to be the initial joint state. First, there
is a horizontal interaction transition to a lower energy
state. The energy di↵erence kBT is fully dissipated in
the thermal reservoir with no exchange of energy with
the work reservoir. Then, there is a vertical switching
transition to a higher-energy state. The required energy
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FIG. 3. Period-2 process hidden Markov model with a
transient start state D and two recurrent causal states E and
F . Starting from D, the process makes a transition either
to E or to F with equal probabilities while emitting y = 0
or y = 1, respectively. This is indicated by the transition
labels from D: y : p says generate symbol y when taking the
transition with probability p. On arriving at states E or F ,
the process alternates between two states, emitting y = 0 for
transitions E ! F and y = 1 for transitions F ! E. In
e↵ect, we get either of two infinite sequences, y0:1 = 0101 . . .
and y0:1 = 1010 . . ., with equal probabilities.

troduce and analyze the performance of a ratchet design
that extracts work out of such perfectly correlated, un-
biased input sequences. The following section then con-
siders the more general case in which input correlations
are corrupted by environmental fluctuations.

Let’s explain the information-theoretic reasoning that
motivates this. For a period-2 process, the single-symbol
entropy H1 is maximal: H[YN ] = 1. However, its entropy
rate hµ = 0 due to its perfect predictability as soon as any
symbol is known. This, on the one hand, implies � H1 ⌘
H[Y 0

N ]�H[YN ]  0. Equation (5), in turn, says that work
cannot be extracted regardless of the realizations of the
output string; no matter the design of the information
engine. For the period-2 input, though, �hµ = h0

µ � 0.
And, Eq. (6) indicates that work can be extracted as long
as the output string has nonzero entropy rate h0

µ. This
is achievable with appropriate thermal ratchet design.
In other words, Eq. (5) suggests that it is impossible
to extract work from input correlations beyond single-
symbol bias, while Eq. (6) suggests it is possible. We
resolve this disagreement in favor of Eq. (6) by explicit
construction and exact analysis.

B. Memoryful Ratchet Design

Figure 4 gives a ratchet design that can extract work
out of a period-2 process. As explained above in Sec. III,
the ratchet interacts with one incoming symbol at a time.
As a result, the ratchet’s transducer specifies both ratchet
internal states and the states of the input tape cell being
read. In the figure, A, B, and C denote the ratchet’s in-
ternal states and x⌦y denotes the joint transducer state

A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1

C ⌦ 0

C ⌦ 1
(1 � �)/e

1 � �

1 � �

(1 � �)/e

1 � (1 � �)/e

1 � (1 � �)/e

�
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�

�

1 � �

1 � �

FIG. 4. State transition diagram of a ratchet that ex-
tracts work out of environment correlations: A, B,
and C denote the ratchet’s internal states and 0 and 1 de-
note the values of the interacting cell. The joint dynamics of
the Demon and interacting cell take place over the space of
six internal joint states: {A⌦0, . . . , C⌦1}. Arrows indicate
the allowed transitions and their probabilities in terms of the
ratchet control parameters � and �.

of the ratchet state and interacting cell value, with the
ratchet being in state x 2 {A, B, C} and the interacting
cell with value y 2 {0, 1}. Arrows denote the allowed
transitions and their labels the transition probabilities in
terms of ratchet control parameters, that we now intro-
duce. For example, if the Demon is in state A and the
input symbol has value 0, they make a transition to the
joint state B ⌦ 0 with probability (1 � �) or to the joint
state C ⌦ 0 with probability �. Due to conservation of
probability, the sum of transition probabilities out of any
joint state is unity. After the transition, the old symbol
value in the tape cell is replaced by a new value. If the
joint state made a transition to B ⌦ 0 and the incoming
symbol had value 1, the joint state is switched to B ⌦ 1.
Then, a transition from joint state B ⌦ 1 takes place ac-
cording to the rule described above.

The parameters � and � satisfy the following con-
straint: 0  �, �  1. The Markov chain matrix M corre-
sponding to the transition dynamics depicted in Fig. 4 is
given in App. B. Due to the repetitive nature of the
dynamics, the transducer reaches an asymptotic state
(App. A) such that its probability distribution does not
change from one interaction interval to another.

Now, consider the transducer’s response when driven
by a period-2 input process. Appendix B calculates the
work and entropy changes in the asymptotic limit, find-
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The work expression follows from the definition in
Eq. (1). The single-symbol entropy di↵erence � H1 van-
ishes since the output tape consists of random, but still
equal, mixtures of 0’s and 1’s, as did the input tape.
The entropy rate change �hµ, though, is generally posi-
tive since, although the input entropy rate vanishes, the
ratchet adds some randomness to the output.

From Eq. (9), we have a clear violation of Eq. (5).
Whereas, Eq. (6) still holds:

0 = �H1 <
hW i

kBT ln 2
 �hµ . (10)

Since Ref. [59] established Eq. (6) for all finite ratchets,
this di↵erence in the bounds is expected. Nonetheless,
it worth calling out in light of recent discussions in the
literature [73]. In any case, these results confirm the
conclusion that to properly bound all finite information
ratchets, including memoryful ratchets driven by memo-
ryful inputs, we must use Eq. (6) rather than Eq. (5).

C. Dynamical Ergodicity and Synchronization

To provide intuition behind the work expression of
Eq. (7), let’s now analyze the ratchet’s operation. This
reveals a novel synchronization mechanism that’s respon-
sible for nonzero work production. First, consider the
case in which the engine parameters � and � are zero;
that is, the state C is disconnected from A and B. This
e↵ectively deletes C from the joint dynamic, as shown in
Fig. 5. This restricted model has the topology considered
in our previous work [59].

It turns out that the ratchet has two equally likely
dynamical modes, let’s call them clockwise and counter-
clockwise. When in each mode, the ratchet behavior is
periodic in time. The modes are depicted in Fig. 6, with
the counterclockwise mode on the left and the clockwise
mode on the right. The dashed (red) arrows show the
paths taken through the joint state space due to an inter-
action transition followed by a switching transition when
the switching transition is driven by input 0. And, the
solid (blue) arrows show the paths taken when the switch-
ing transition is driven by input 1. The labels on the ar-
rows indicate the amount of work done in the associated
transitions. The clockwise mode extracts kBT/e amount
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1/e
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1/e

1 � 1/e
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FIG. 5. Ratchet dynamics absent the synchronizing
state: Assuming system parameters � and � are set to zero,
state C becomes inaccessible and the ratchet’s joint state-
symbol dynamics become restricted to that shown here—a
truncated form of the dynamics of Fig. 4.
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FIG. 6. Two dynamical modes of the ratchet while
driven by a period-2 input process: (a) Counterclock-
wise (left panel): ratchet is out of synchronization with the
input tape and makes a steady counterclockwise rotation in
the composite space of the Demon and the interacting cell.
Work is steadily dissipated at the rate �kBT per pair of in-
put symbols and no information is exchanged between the
ratchet and the information reservoir. (b) Clockwise (right
panel): ratchet is synchronized with the input correlated sym-
bols on the tape, information exchange is nonzero, and work
is continually accumulated at the rate kBT/e per pair of input
symbols.

of work per bit, while the counterclockwise mode expends
kBT amount of work per bit.

There is a simple way to understand the existence and
work performance of the two modes. Consider the coun-
terclockwise mode first. The left state-transition dia-
gram in Fig. 6 shows this mode arises when A ⌦ 0 or
B ⌦ 1 happens to be the initial joint state. First, there
is a horizontal interaction transition to a lower energy
state. The energy di↵erence kBT is fully dissipated in
the thermal reservoir with no exchange of energy with
the work reservoir. Then, there is a vertical switching
transition to a higher-energy state. The required energy
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The work expression follows from the definition in
Eq. (1). The single-symbol entropy di↵erence � H1 van-
ishes since the output tape consists of random, but still
equal, mixtures of 0’s and 1’s, as did the input tape.
The entropy rate change �hµ, though, is generally posi-
tive since, although the input entropy rate vanishes, the
ratchet adds some randomness to the output.

From Eq. (9), we have a clear violation of Eq. (5).
Whereas, Eq. (6) still holds:

0 = �H1 <
hW i

kBT ln 2
 �hµ . (10)

Since Ref. [59] established Eq. (6) for all finite ratchets,
this di↵erence in the bounds is expected. Nonetheless,
it worth calling out in light of recent discussions in the
literature [73]. In any case, these results confirm the
conclusion that to properly bound all finite information
ratchets, including memoryful ratchets driven by memo-
ryful inputs, we must use Eq. (6) rather than Eq. (5).

C. Dynamical Ergodicity and Synchronization

To provide intuition behind the work expression of
Eq. (7), let’s now analyze the ratchet’s operation. This
reveals a novel synchronization mechanism that’s respon-
sible for nonzero work production. First, consider the
case in which the engine parameters � and � are zero;
that is, the state C is disconnected from A and B. This
e↵ectively deletes C from the joint dynamic, as shown in
Fig. 5. This restricted model has the topology considered
in our previous work [59].

It turns out that the ratchet has two equally likely
dynamical modes, let’s call them clockwise and counter-
clockwise. When in each mode, the ratchet behavior is
periodic in time. The modes are depicted in Fig. 6, with
the counterclockwise mode on the left and the clockwise
mode on the right. The dashed (red) arrows show the
paths taken through the joint state space due to an inter-
action transition followed by a switching transition when
the switching transition is driven by input 0. And, the
solid (blue) arrows show the paths taken when the switch-
ing transition is driven by input 1. The labels on the ar-
rows indicate the amount of work done in the associated
transitions. The clockwise mode extracts kBT/e amount
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FIG. 5. Ratchet dynamics absent the synchronizing
state: Assuming system parameters � and � are set to zero,
state C becomes inaccessible and the ratchet’s joint state-
symbol dynamics become restricted to that shown here—a
truncated form of the dynamics of Fig. 4.
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FIG. 6. Two dynamical modes of the ratchet while
driven by a period-2 input process: (a) Counterclock-
wise (left panel): ratchet is out of synchronization with the
input tape and makes a steady counterclockwise rotation in
the composite space of the Demon and the interacting cell.
Work is steadily dissipated at the rate �kBT per pair of in-
put symbols and no information is exchanged between the
ratchet and the information reservoir. (b) Clockwise (right
panel): ratchet is synchronized with the input correlated sym-
bols on the tape, information exchange is nonzero, and work
is continually accumulated at the rate kBT/e per pair of input
symbols.

of work per bit, while the counterclockwise mode expends
kBT amount of work per bit.

There is a simple way to understand the existence and
work performance of the two modes. Consider the coun-
terclockwise mode first. The left state-transition dia-
gram in Fig. 6 shows this mode arises when A ⌦ 0 or
B ⌦ 1 happens to be the initial joint state. First, there
is a horizontal interaction transition to a lower energy
state. The energy di↵erence kBT is fully dissipated in
the thermal reservoir with no exchange of energy with
the work reservoir. Then, there is a vertical switching
transition to a higher-energy state. The required energy
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FIG. 3. Period-2 process hidden Markov model with a
transient start state D and two recurrent causal states E and
F . Starting from D, the process makes a transition either
to E or to F with equal probabilities while emitting y = 0
or y = 1, respectively. This is indicated by the transition
labels from D: y : p says generate symbol y when taking the
transition with probability p. On arriving at states E or F ,
the process alternates between two states, emitting y = 0 for
transitions E ! F and y = 1 for transitions F ! E. In
e↵ect, we get either of two infinite sequences, y0:1 = 0101 . . .
and y0:1 = 1010 . . ., with equal probabilities.

troduce and analyze the performance of a ratchet design
that extracts work out of such perfectly correlated, un-
biased input sequences. The following section then con-
siders the more general case in which input correlations
are corrupted by environmental fluctuations.

Let’s explain the information-theoretic reasoning that
motivates this. For a period-2 process, the single-symbol
entropy H1 is maximal: H[YN ] = 1. However, its entropy
rate hµ = 0 due to its perfect predictability as soon as any
symbol is known. This, on the one hand, implies � H1 ⌘
H[Y 0

N ]�H[YN ]  0. Equation (5), in turn, says that work
cannot be extracted regardless of the realizations of the
output string; no matter the design of the information
engine. For the period-2 input, though, �hµ = h0

µ � 0.
And, Eq. (6) indicates that work can be extracted as long
as the output string has nonzero entropy rate h0

µ. This
is achievable with appropriate thermal ratchet design.
In other words, Eq. (5) suggests that it is impossible
to extract work from input correlations beyond single-
symbol bias, while Eq. (6) suggests it is possible. We
resolve this disagreement in favor of Eq. (6) by explicit
construction and exact analysis.

B. Memoryful Ratchet Design

Figure 4 gives a ratchet design that can extract work
out of a period-2 process. As explained above in Sec. III,
the ratchet interacts with one incoming symbol at a time.
As a result, the ratchet’s transducer specifies both ratchet
internal states and the states of the input tape cell being
read. In the figure, A, B, and C denote the ratchet’s in-
ternal states and x⌦y denotes the joint transducer state

A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1

C ⌦ 0

C ⌦ 1
(1 � �)/e
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FIG. 4. State transition diagram of a ratchet that ex-
tracts work out of environment correlations: A, B,
and C denote the ratchet’s internal states and 0 and 1 de-
note the values of the interacting cell. The joint dynamics of
the Demon and interacting cell take place over the space of
six internal joint states: {A⌦0, . . . , C⌦1}. Arrows indicate
the allowed transitions and their probabilities in terms of the
ratchet control parameters � and �.

of the ratchet state and interacting cell value, with the
ratchet being in state x 2 {A, B, C} and the interacting
cell with value y 2 {0, 1}. Arrows denote the allowed
transitions and their labels the transition probabilities in
terms of ratchet control parameters, that we now intro-
duce. For example, if the Demon is in state A and the
input symbol has value 0, they make a transition to the
joint state B ⌦ 0 with probability (1 � �) or to the joint
state C ⌦ 0 with probability �. Due to conservation of
probability, the sum of transition probabilities out of any
joint state is unity. After the transition, the old symbol
value in the tape cell is replaced by a new value. If the
joint state made a transition to B ⌦ 0 and the incoming
symbol had value 1, the joint state is switched to B ⌦ 1.
Then, a transition from joint state B ⌦ 1 takes place ac-
cording to the rule described above.

The parameters � and � satisfy the following con-
straint: 0  �, �  1. The Markov chain matrix M corre-
sponding to the transition dynamics depicted in Fig. 4 is
given in App. B. Due to the repetitive nature of the
dynamics, the transducer reaches an asymptotic state
(App. A) such that its probability distribution does not
change from one interaction interval to another.

Now, consider the transducer’s response when driven
by a period-2 input process. Appendix B calculates the
work and entropy changes in the asymptotic limit, find-
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FIG. 3. Period-2 process hidden Markov model with a
transient start state D and two recurrent causal states E and
F . Starting from D, the process makes a transition either
to E or to F with equal probabilities while emitting y = 0
or y = 1, respectively. This is indicated by the transition
labels from D: y : p says generate symbol y when taking the
transition with probability p. On arriving at states E or F ,
the process alternates between two states, emitting y = 0 for
transitions E ! F and y = 1 for transitions F ! E. In
e↵ect, we get either of two infinite sequences, y0:1 = 0101 . . .
and y0:1 = 1010 . . ., with equal probabilities.

troduce and analyze the performance of a ratchet design
that extracts work out of such perfectly correlated, un-
biased input sequences. The following section then con-
siders the more general case in which input correlations
are corrupted by environmental fluctuations.

Let’s explain the information-theoretic reasoning that
motivates this. For a period-2 process, the single-symbol
entropy H1 is maximal: H[YN ] = 1. However, its entropy
rate hµ = 0 due to its perfect predictability as soon as any
symbol is known. This, on the one hand, implies � H1 ⌘
H[Y 0

N ]�H[YN ]  0. Equation (5), in turn, says that work
cannot be extracted regardless of the realizations of the
output string; no matter the design of the information
engine. For the period-2 input, though, �hµ = h0

µ � 0.
And, Eq. (6) indicates that work can be extracted as long
as the output string has nonzero entropy rate h0

µ. This
is achievable with appropriate thermal ratchet design.
In other words, Eq. (5) suggests that it is impossible
to extract work from input correlations beyond single-
symbol bias, while Eq. (6) suggests it is possible. We
resolve this disagreement in favor of Eq. (6) by explicit
construction and exact analysis.

B. Memoryful Ratchet Design

Figure 4 gives a ratchet design that can extract work
out of a period-2 process. As explained above in Sec. III,
the ratchet interacts with one incoming symbol at a time.
As a result, the ratchet’s transducer specifies both ratchet
internal states and the states of the input tape cell being
read. In the figure, A, B, and C denote the ratchet’s in-
ternal states and x⌦y denotes the joint transducer state
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FIG. 4. State transition diagram of a ratchet that ex-
tracts work out of environment correlations: A, B,
and C denote the ratchet’s internal states and 0 and 1 de-
note the values of the interacting cell. The joint dynamics of
the Demon and interacting cell take place over the space of
six internal joint states: {A⌦0, . . . , C⌦1}. Arrows indicate
the allowed transitions and their probabilities in terms of the
ratchet control parameters � and �.

of the ratchet state and interacting cell value, with the
ratchet being in state x 2 {A, B, C} and the interacting
cell with value y 2 {0, 1}. Arrows denote the allowed
transitions and their labels the transition probabilities in
terms of ratchet control parameters, that we now intro-
duce. For example, if the Demon is in state A and the
input symbol has value 0, they make a transition to the
joint state B ⌦ 0 with probability (1 � �) or to the joint
state C ⌦ 0 with probability �. Due to conservation of
probability, the sum of transition probabilities out of any
joint state is unity. After the transition, the old symbol
value in the tape cell is replaced by a new value. If the
joint state made a transition to B ⌦ 0 and the incoming
symbol had value 1, the joint state is switched to B ⌦ 1.
Then, a transition from joint state B ⌦ 1 takes place ac-
cording to the rule described above.

The parameters � and � satisfy the following con-
straint: 0  �, �  1. The Markov chain matrix M corre-
sponding to the transition dynamics depicted in Fig. 4 is
given in App. B. Due to the repetitive nature of the
dynamics, the transducer reaches an asymptotic state
(App. A) such that its probability distribution does not
change from one interaction interval to another.

Now, consider the transducer’s response when driven
by a period-2 input process. Appendix B calculates the
work and entropy changes in the asymptotic limit, find-
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The work expression follows from the definition in
Eq. (1). The single-symbol entropy di↵erence � H1 van-
ishes since the output tape consists of random, but still
equal, mixtures of 0’s and 1’s, as did the input tape.
The entropy rate change �hµ, though, is generally posi-
tive since, although the input entropy rate vanishes, the
ratchet adds some randomness to the output.

From Eq. (9), we have a clear violation of Eq. (5).
Whereas, Eq. (6) still holds:

0 = �H1 <
hW i

kBT ln 2
 �hµ . (10)

Since Ref. [59] established Eq. (6) for all finite ratchets,
this di↵erence in the bounds is expected. Nonetheless,
it worth calling out in light of recent discussions in the
literature [73]. In any case, these results confirm the
conclusion that to properly bound all finite information
ratchets, including memoryful ratchets driven by memo-
ryful inputs, we must use Eq. (6) rather than Eq. (5).

C. Dynamical Ergodicity and Synchronization

To provide intuition behind the work expression of
Eq. (7), let’s now analyze the ratchet’s operation. This
reveals a novel synchronization mechanism that’s respon-
sible for nonzero work production. First, consider the
case in which the engine parameters � and � are zero;
that is, the state C is disconnected from A and B. This
e↵ectively deletes C from the joint dynamic, as shown in
Fig. 5. This restricted model has the topology considered
in our previous work [59].

It turns out that the ratchet has two equally likely
dynamical modes, let’s call them clockwise and counter-
clockwise. When in each mode, the ratchet behavior is
periodic in time. The modes are depicted in Fig. 6, with
the counterclockwise mode on the left and the clockwise
mode on the right. The dashed (red) arrows show the
paths taken through the joint state space due to an inter-
action transition followed by a switching transition when
the switching transition is driven by input 0. And, the
solid (blue) arrows show the paths taken when the switch-
ing transition is driven by input 1. The labels on the ar-
rows indicate the amount of work done in the associated
transitions. The clockwise mode extracts kBT/e amount

A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1
1/e

1

1

1/e

1 � 1/e

1 � 1/e

FIG. 5. Ratchet dynamics absent the synchronizing
state: Assuming system parameters � and � are set to zero,
state C becomes inaccessible and the ratchet’s joint state-
symbol dynamics become restricted to that shown here—a
truncated form of the dynamics of Fig. 4.
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hW iclockwise = kBT/e

A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1 A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1

: input 0 transition
: input 1 transition

hW icounterclockwise = �kBT

FIG. 6. Two dynamical modes of the ratchet while
driven by a period-2 input process: (a) Counterclock-
wise (left panel): ratchet is out of synchronization with the
input tape and makes a steady counterclockwise rotation in
the composite space of the Demon and the interacting cell.
Work is steadily dissipated at the rate �kBT per pair of in-
put symbols and no information is exchanged between the
ratchet and the information reservoir. (b) Clockwise (right
panel): ratchet is synchronized with the input correlated sym-
bols on the tape, information exchange is nonzero, and work
is continually accumulated at the rate kBT/e per pair of input
symbols.

of work per bit, while the counterclockwise mode expends
kBT amount of work per bit.

There is a simple way to understand the existence and
work performance of the two modes. Consider the coun-
terclockwise mode first. The left state-transition dia-
gram in Fig. 6 shows this mode arises when A ⌦ 0 or
B ⌦ 1 happens to be the initial joint state. First, there
is a horizontal interaction transition to a lower energy
state. The energy di↵erence kBT is fully dissipated in
the thermal reservoir with no exchange of energy with
the work reservoir. Then, there is a vertical switching
transition to a higher-energy state. The required energy

Candidate Ratchet Synchronization Costs Work

Must include synchronization mechanism8

F E

Dstart

0 : 1.0

1 : 1.0

1 : 0.5 0 : 0.5

FIG. 3. Period-2 process hidden Markov model with a
transient start state D and two recurrent causal states E and
F . Starting from D, the process makes a transition either
to E or to F with equal probabilities while emitting y = 0
or y = 1, respectively. This is indicated by the transition
labels from D: y : p says generate symbol y when taking the
transition with probability p. On arriving at states E or F ,
the process alternates between two states, emitting y = 0 for
transitions E ! F and y = 1 for transitions F ! E. In
e↵ect, we get either of two infinite sequences, y0:1 = 0101 . . .
and y0:1 = 1010 . . ., with equal probabilities.

troduce and analyze the performance of a ratchet design
that extracts work out of such perfectly correlated, un-
biased input sequences. The following section then con-
siders the more general case in which input correlations
are corrupted by environmental fluctuations.

Let’s explain the information-theoretic reasoning that
motivates this. For a period-2 process, the single-symbol
entropy H1 is maximal: H[YN ] = 1. However, its entropy
rate hµ = 0 due to its perfect predictability as soon as any
symbol is known. This, on the one hand, implies � H1 ⌘
H[Y 0

N ]�H[YN ]  0. Equation (5), in turn, says that work
cannot be extracted regardless of the realizations of the
output string; no matter the design of the information
engine. For the period-2 input, though, �hµ = h0

µ � 0.
And, Eq. (6) indicates that work can be extracted as long
as the output string has nonzero entropy rate h0

µ. This
is achievable with appropriate thermal ratchet design.
In other words, Eq. (5) suggests that it is impossible
to extract work from input correlations beyond single-
symbol bias, while Eq. (6) suggests it is possible. We
resolve this disagreement in favor of Eq. (6) by explicit
construction and exact analysis.

B. Memoryful Ratchet Design

Figure 4 gives a ratchet design that can extract work
out of a period-2 process. As explained above in Sec. III,
the ratchet interacts with one incoming symbol at a time.
As a result, the ratchet’s transducer specifies both ratchet
internal states and the states of the input tape cell being
read. In the figure, A, B, and C denote the ratchet’s in-
ternal states and x⌦y denotes the joint transducer state

A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1

C ⌦ 0

C ⌦ 1
(1 � �)/e

1 � �

1 � �

(1 � �)/e

1 � (1 � �)/e

1 � (1 � �)/e

�

�

�

�

1 � �

1 � �

FIG. 4. State transition diagram of a ratchet that ex-
tracts work out of environment correlations: A, B,
and C denote the ratchet’s internal states and 0 and 1 de-
note the values of the interacting cell. The joint dynamics of
the Demon and interacting cell take place over the space of
six internal joint states: {A⌦0, . . . , C⌦1}. Arrows indicate
the allowed transitions and their probabilities in terms of the
ratchet control parameters � and �.

of the ratchet state and interacting cell value, with the
ratchet being in state x 2 {A, B, C} and the interacting
cell with value y 2 {0, 1}. Arrows denote the allowed
transitions and their labels the transition probabilities in
terms of ratchet control parameters, that we now intro-
duce. For example, if the Demon is in state A and the
input symbol has value 0, they make a transition to the
joint state B ⌦ 0 with probability (1 � �) or to the joint
state C ⌦ 0 with probability �. Due to conservation of
probability, the sum of transition probabilities out of any
joint state is unity. After the transition, the old symbol
value in the tape cell is replaced by a new value. If the
joint state made a transition to B ⌦ 0 and the incoming
symbol had value 1, the joint state is switched to B ⌦ 1.
Then, a transition from joint state B ⌦ 1 takes place ac-
cording to the rule described above.

The parameters � and � satisfy the following con-
straint: 0  �, �  1. The Markov chain matrix M corre-
sponding to the transition dynamics depicted in Fig. 4 is
given in App. B. Due to the repetitive nature of the
dynamics, the transducer reaches an asymptotic state
(App. A) such that its probability distribution does not
change from one interaction interval to another.

Now, consider the transducer’s response when driven
by a period-2 input process. Appendix B calculates the
work and entropy changes in the asymptotic limit, find-

11

action transition. This is because the following switching
transition immediately changes A⌦ 0 to A⌦ 1 and B ⌦ 1
to B ⌦ 0. That is, the system is in the clockwise mode
at the beginning of the next interaction interval. Thus,
with probability � the system makes a transition to the
clockwise mode. After this transition, the system is nec-
essarily synchronized, and it is impossible to transition
out of the synchronized dynamic. In this way, the ratchet
asymptotically extracts a positive amount of average heat
from the environment, hQi = kBT (1 � �)/e per symbol.
Asymptotic heat extraction is the same as the work pro-
duction for finite ratchets, confirming Eq. (7). Since the
ratchet must move through C to arrive at the recurrent,
clockwise, work-producing dynamic, we decide to start
the ratchet in C. C serves as a synchronization state in
that it is necessary for the ratchet state to synchronize to
the input tape: once the ratchet transitions out of the C
state, its internal states are synchronized with the input
HMM states such that it produces work.

D. Trading-o↵ Work Production Against
Synchronization Rate and Work

With Fig. 7 in mind, we can define and calculate
several quantities that are central to understanding the
ratchet’s thermodynamic functionality as functions of its
parameters � and �: the synchronization rate Rsync and
the synchronization heat Qsync absorbed during synchro-
nization. Rsync is the inverse of the average number of
time steps until transitioning into the clockwise mode. It
simplifies to the probability � of transitioning into the
clockwise mode:

Rsync(�, �) =
1

ht/⌧i

=
1

�
P1

i=0(i + 1)(1 � �)i

= � .

The heat Qsync absorbed when synchronizing is the
change in energy of the joint state as the ratchet goes
from the synchronizing states (C ⌦ 0 or C ⌦ 1) into the
recurrent synchronized states (A ⌦ 0 or B ⌦ 1):

Qsync(�, �) = kBT ln
�

�
.

This is minus the energy dissipation required for synchro-
nization.

Much like the speed, energy cost, and fidelity of a com-
putation [74–77], these two quantities and the average
extracted work per symbol obey a three-way tradeo↵ in
which each pair is inversely related, when holding the
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FIG. 8. Trade-o↵ between average work production,
synchronization rate, and synchronization heat: Con-
tour plot of average extracted work per symbol hW i as a
function of rate of synchronization Rsync and synchronization
heat Qsync using Eq. (11). Work values are in the unit of kBT .
Numbers labeling contours denote the average extracted work
hW i. If we focus on any particular contour, increasing Rsync

leads to a decrease in Qsync and vice versa. Similarly, re-
stricting to a fixed vale of Rsync, say the vertical Rsync = 0.4
line, increasing Qsync decreases values of hW i. Restricting
to a fixed vale of Qsync, say the horizontal Qsync = 0.5 line,
increasing Rsync going to the right also decreases hW i.

third constant. This is expressed most directly by com-
bining the expressions above into a single relation that is
independent of � and �:

Qsync + kBT ln Rsync � kBT ln

✓
1 � ehW i

kBT

◆
= 0 . (11)

Figure 8 illustrates this trade-o↵. Analytically, the same
interdependence appears when taking the partial deriva-
tives of the quantities with respect to each other:

@Qsync

@hW i = � �kBTe

kBT � ehW i ,

@Qsync

@Rsync
= ��kBT

Rsync
, and

@hW i
@Rsync

= �kBT � ehW i
eRsync

.

These all turn out to be negative over the physical range
of parameters: hW i 2 (�1, 1/e], Rsync 2 [0, 1], and
Qsync 2 (�1, 1).

The ratchet’s successful functioning derives from the
fact that it exhibits a dynamical mode that “resonates”
with the input process correlation in terms of work pro-
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In machine learning: input: ~x
<latexit sha1_base64="aus4OxMhgHvhFdnXQvWBR3etA3w=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbBcVT0IvHCOYB2RBmJ51kyOyDmd6QsAT8FS8eFPHqd3jzb5wke9DEgoaiqpvuLj+WQqPjfFsrq2vrG5u5rfz2zu7evn1wWNNRojhUeSQj1fCZBilCqKJACY1YAQt8CXV/cDf160NQWkThI45jaAWsF4qu4AyN1LaPPYQRpiKME7yhE28IPB1N2nbBKToz0GXiZqRAMlTa9pfXiXgSQIhcMq2brhNjK2UKBZcwyXuJhpjxAetB09CQBaBb6ez8CT0zSod2I2UqRDpTf0+kLNB6HPimM2DY14veVPzPaybYvW7Nf4OQzxd1E0kxotMsaEco4CjHhjCuhLmV8j5TjKNJLG9CcBdfXia1UtG9KJYeLgvl2yyOHDkhp+ScuOSKlMk9qZAq4SQlz+SVvFlP1ov1bn3MW1esbOaI/IH1+QMLIZYu</latexit>

target: ~y
<latexit sha1_base64="VJvMe5doIgt/x47rd54iu9XNpzs=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAInsJuFBRPQS8eI5gHZEOYnXSSIbMPZnqDYc3BX/HiQRGv/oY3/8ZJsgdNLGgoqrrp7vJjKTQ6zre1tLyyurae28hvbm3v7Np7+zUdJYpDlUcyUg2faZAihCoKlNCIFbDAl1D3BzcTvz4EpUUU3uMohlbAeqHoCs7QSG370EN4wBSZ6gFe0bE3BJ6Oxm274BSdKegicTNSIBkqbfvL60Q8CSBELpnWTdeJsZUyhYJLGOe9REPM+ID1oGloyALQrXR6/5ieGKVDu5EyFSKdqr8nUhZoPQp80xkw7Ot5byL+5zUT7F62UhHGCULIZ4u6iaQY0UkYtCMUcJQjQxhXwtxKeZ8pxtFEljchuPMvL5JaqeieFUt354XydRZHjhyRY3JKXHJByuSWVEiVcPJInskrebOerBfr3fqYtS5Z2cwB+QPr8we9vZaQ</latexit>

output: Ŵ~x
<latexit sha1_base64="6veTfuGLjiOJYoodxFKucvj263Q=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBoNgFXajoFgFbSwjmAdkQ5id3CRDZh/M3A0Jy1Y2/oqNhSK2foOdf+PkUWjigYHDOfdy5xwvkkKjbX9bmZXVtfWN7GZua3tndy+/f1DTYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A78etDUFqEwQOOI2j5rBeIruAMjdTOH7sII0zCGKMYr2nq9hkm9dQdAk9GaTtfsIv2FHSZOHNSIHNU2vkvtxPy2IcAuWRaNx07wlbCFAouIc25sYaI8QHrQdPQgPmgW8k0RkpPjdKh3VCZFyCdqr83EuZrPfY9M+kz7OtFbyL+5zVj7F61EhGYiBDw2aFuLCmGdNIJ7QgFHOXYEMaVMH+lvM8U42iay5kSnMXIy6RWKjrnxdL9RaF8M68jS47ICTkjDrkkZXJHKqRKOHkkz+SVvFlP1ov1bn3MRjPWfOeQ/IH1+QOx85nn</latexit>
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In machine learning: input: ~x
<latexit sha1_base64="aus4OxMhgHvhFdnXQvWBR3etA3w=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbBcVT0IvHCOYB2RBmJ51kyOyDmd6QsAT8FS8eFPHqd3jzb5wke9DEgoaiqpvuLj+WQqPjfFsrq2vrG5u5rfz2zu7evn1wWNNRojhUeSQj1fCZBilCqKJACY1YAQt8CXV/cDf160NQWkThI45jaAWsF4qu4AyN1LaPPYQRpiKME7yhE28IPB1N2nbBKToz0GXiZqRAMlTa9pfXiXgSQIhcMq2brhNjK2UKBZcwyXuJhpjxAetB09CQBaBb6ez8CT0zSod2I2UqRDpTf0+kLNB6HPimM2DY14veVPzPaybYvW7Nf4OQzxd1E0kxotMsaEco4CjHhjCuhLmV8j5TjKNJLG9CcBdfXia1UtG9KJYeLgvl2yyOHDkhp+ScuOSKlMk9qZAq4SQlz+SVvFlP1ov1bn3MW1esbOaI/IH1+QMLIZYu</latexit>

target: ~y
<latexit sha1_base64="VJvMe5doIgt/x47rd54iu9XNpzs=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAInsJuFBRPQS8eI5gHZEOYnXSSIbMPZnqDYc3BX/HiQRGv/oY3/8ZJsgdNLGgoqrrp7vJjKTQ6zre1tLyyurae28hvbm3v7Np7+zUdJYpDlUcyUg2faZAihCoKlNCIFbDAl1D3BzcTvz4EpUUU3uMohlbAeqHoCs7QSG370EN4wBSZ6gFe0bE3BJ6Oxm274BSdKegicTNSIBkqbfvL60Q8CSBELpnWTdeJsZUyhYJLGOe9REPM+ID1oGloyALQrXR6/5ieGKVDu5EyFSKdqr8nUhZoPQp80xkw7Ot5byL+5zUT7F62UhHGCULIZ4u6iaQY0UkYtCMUcJQjQxhXwtxKeZ8pxtFEljchuPMvL5JaqeieFUt354XydRZHjhyRY3JKXHJByuSWVEiVcPJInskrebOerBfr3fqYtS5Z2cwB+QPr8we9vZaQ</latexit>

output: Ŵ~x
<latexit sha1_base64="6veTfuGLjiOJYoodxFKucvj263Q=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBoNgFXajoFgFbSwjmAdkQ5id3CRDZh/M3A0Jy1Y2/oqNhSK2foOdf+PkUWjigYHDOfdy5xwvkkKjbX9bmZXVtfWN7GZua3tndy+/f1DTYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A78etDUFqEwQOOI2j5rBeIruAMjdTOH7sII0zCGKMYr2nq9hkm9dQdAk9GaTtfsIv2FHSZOHNSIHNU2vkvtxPy2IcAuWRaNx07wlbCFAouIc25sYaI8QHrQdPQgPmgW8k0RkpPjdKh3VCZFyCdqr83EuZrPfY9M+kz7OtFbyL+5zVj7F61EhGYiBDw2aFuLCmGdNIJ7QgFHOXYEMaVMH+lvM8U42iay5kSnMXIy6RWKjrnxdL9RaF8M68jS47ICTkjDrkkZXJHKqRKOHkkz+SVvFlP1ov1bn3MRjPWfOeQ/IH1+QOx85nn</latexit>

unregularized: Ŵmax = argminW ||Ŵ~x� ~y||2
<latexit sha1_base64="sb0dduzA6lH35mF8P0E3w4W6Uls="></latexit>

= (~xT~x)�1~xT~y by linear regression
<latexit sha1_base64="65xlpNzcjzvvxK2Rj+TU1rCSeHE="></latexit>
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In machine learning: input: ~x
<latexit sha1_base64="aus4OxMhgHvhFdnXQvWBR3etA3w=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbBcVT0IvHCOYB2RBmJ51kyOyDmd6QsAT8FS8eFPHqd3jzb5wke9DEgoaiqpvuLj+WQqPjfFsrq2vrG5u5rfz2zu7evn1wWNNRojhUeSQj1fCZBilCqKJACY1YAQt8CXV/cDf160NQWkThI45jaAWsF4qu4AyN1LaPPYQRpiKME7yhE28IPB1N2nbBKToz0GXiZqRAMlTa9pfXiXgSQIhcMq2brhNjK2UKBZcwyXuJhpjxAetB09CQBaBb6ez8CT0zSod2I2UqRDpTf0+kLNB6HPimM2DY14veVPzPaybYvW7Nf4OQzxd1E0kxotMsaEco4CjHhjCuhLmV8j5TjKNJLG9CcBdfXia1UtG9KJYeLgvl2yyOHDkhp+ScuOSKlMk9qZAq4SQlz+SVvFlP1ov1bn3MW1esbOaI/IH1+QMLIZYu</latexit>

target: ~y
<latexit sha1_base64="VJvMe5doIgt/x47rd54iu9XNpzs=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAInsJuFBRPQS8eI5gHZEOYnXSSIbMPZnqDYc3BX/HiQRGv/oY3/8ZJsgdNLGgoqrrp7vJjKTQ6zre1tLyyurae28hvbm3v7Np7+zUdJYpDlUcyUg2faZAihCoKlNCIFbDAl1D3BzcTvz4EpUUU3uMohlbAeqHoCs7QSG370EN4wBSZ6gFe0bE3BJ6Oxm274BSdKegicTNSIBkqbfvL60Q8CSBELpnWTdeJsZUyhYJLGOe9REPM+ID1oGloyALQrXR6/5ieGKVDu5EyFSKdqr8nUhZoPQp80xkw7Ot5byL+5zUT7F62UhHGCULIZ4u6iaQY0UkYtCMUcJQjQxhXwtxKeZ8pxtFEljchuPMvL5JaqeieFUt354XydRZHjhyRY3JKXHJByuSWVEiVcPJInskrebOerBfr3fqYtS5Z2cwB+QPr8we9vZaQ</latexit>

output: Ŵ~x
<latexit sha1_base64="6veTfuGLjiOJYoodxFKucvj263Q=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBoNgFXajoFgFbSwjmAdkQ5id3CRDZh/M3A0Jy1Y2/oqNhSK2foOdf+PkUWjigYHDOfdy5xwvkkKjbX9bmZXVtfWN7GZua3tndy+/f1DTYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A78etDUFqEwQOOI2j5rBeIruAMjdTOH7sII0zCGKMYr2nq9hkm9dQdAk9GaTtfsIv2FHSZOHNSIHNU2vkvtxPy2IcAuWRaNx07wlbCFAouIc25sYaI8QHrQdPQgPmgW8k0RkpPjdKh3VCZFyCdqr83EuZrPfY9M+kz7OtFbyL+5zVj7F61EhGYiBDw2aFuLCmGdNIJ7QgFHOXYEMaVMH+lvM8U42iay5kSnMXIy6RWKjrnxdL9RaF8M68jS47ICTkjDrkkZXJHKqRKOHkkz+SVvFlP1ov1bn3MRjPWfOeQ/IH1+QOx85nn</latexit>

unregularized: Ŵmax = argminW ||Ŵ~x� ~y||2
<latexit sha1_base64="sb0dduzA6lH35mF8P0E3w4W6Uls="></latexit>

= (~xT~x)�1~xT~y by linear regression
<latexit sha1_base64="65xlpNzcjzvvxK2Rj+TU1rCSeHE="></latexit>

adding a cost to weight matrix regularizes: Ŵmax = argmin
W

⇣
||Ŵ~x� ~y||2 + �||Ŵ ||2

⌘

<latexit sha1_base64="MuHrncnXebmV0G23pWgwbOSfwlU="></latexit>
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In thermodynamic learning: 
Add a cost for synchronizing?

input: ~x
<latexit sha1_base64="aus4OxMhgHvhFdnXQvWBR3etA3w=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbBcVT0IvHCOYB2RBmJ51kyOyDmd6QsAT8FS8eFPHqd3jzb5wke9DEgoaiqpvuLj+WQqPjfFsrq2vrG5u5rfz2zu7evn1wWNNRojhUeSQj1fCZBilCqKJACY1YAQt8CXV/cDf160NQWkThI45jaAWsF4qu4AyN1LaPPYQRpiKME7yhE28IPB1N2nbBKToz0GXiZqRAMlTa9pfXiXgSQIhcMq2brhNjK2UKBZcwyXuJhpjxAetB09CQBaBb6ez8CT0zSod2I2UqRDpTf0+kLNB6HPimM2DY14veVPzPaybYvW7Nf4OQzxd1E0kxotMsaEco4CjHhjCuhLmV8j5TjKNJLG9CcBdfXia1UtG9KJYeLgvl2yyOHDkhp+ScuOSKlMk9qZAq4SQlz+SVvFlP1ov1bn3MW1esbOaI/IH1+QMLIZYu</latexit>

target: ~y
<latexit sha1_base64="VJvMe5doIgt/x47rd54iu9XNpzs=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAInsJuFBRPQS8eI5gHZEOYnXSSIbMPZnqDYc3BX/HiQRGv/oY3/8ZJsgdNLGgoqrrp7vJjKTQ6zre1tLyyurae28hvbm3v7Np7+zUdJYpDlUcyUg2faZAihCoKlNCIFbDAl1D3BzcTvz4EpUUU3uMohlbAeqHoCs7QSG370EN4wBSZ6gFe0bE3BJ6Oxm274BSdKegicTNSIBkqbfvL60Q8CSBELpnWTdeJsZUyhYJLGOe9REPM+ID1oGloyALQrXR6/5ieGKVDu5EyFSKdqr8nUhZoPQp80xkw7Ot5byL+5zUT7F62UhHGCULIZ4u6iaQY0UkYtCMUcJQjQxhXwtxKeZ8pxtFEljchuPMvL5JaqeieFUt354XydRZHjhyRY3JKXHJByuSWVEiVcPJInskrebOerBfr3fqYtS5Z2cwB+QPr8we9vZaQ</latexit>

output: Ŵ~x
<latexit sha1_base64="6veTfuGLjiOJYoodxFKucvj263Q=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBoNgFXajoFgFbSwjmAdkQ5id3CRDZh/M3A0Jy1Y2/oqNhSK2foOdf+PkUWjigYHDOfdy5xwvkkKjbX9bmZXVtfWN7GZua3tndy+/f1DTYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A78etDUFqEwQOOI2j5rBeIruAMjdTOH7sII0zCGKMYr2nq9hkm9dQdAk9GaTtfsIv2FHSZOHNSIHNU2vkvtxPy2IcAuWRaNx07wlbCFAouIc25sYaI8QHrQdPQgPmgW8k0RkpPjdKh3VCZFyCdqr83EuZrPfY9M+kz7OtFbyL+5zVj7F61EhGYiBDw2aFuLCmGdNIJ7QgFHOXYEMaVMH+lvM8U42iay5kSnMXIy6RWKjrnxdL9RaF8M68jS47ICTkjDrkkZXJHKqRKOHkkz+SVvFlP1ov1bn3MRjPWfOeQ/IH1+QOx85nn</latexit>

unregularized: Ŵmax = argminW ||Ŵ~x� ~y||2
<latexit sha1_base64="sb0dduzA6lH35mF8P0E3w4W6Uls="></latexit>

= (~xT~x)�1~xT~y by linear regression
<latexit sha1_base64="65xlpNzcjzvvxK2Rj+TU1rCSeHE="></latexit>

✓max(y0:L) = argmax
✓

�
W ✓(y0:L) +W ✓

sync

�
?

<latexit sha1_base64="+/J8ymJa8gXsodyFdap0aTby1ZQ="></latexit>

adding a cost to weight matrix regularizes: Ŵmax = argmin
W

⇣
||Ŵ~x� ~y||2 + �||Ŵ ||2

⌘

<latexit sha1_base64="MuHrncnXebmV0G23pWgwbOSfwlU="></latexit>
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FIG. 3. Period-2 process hidden Markov model with a
transient start state D and two recurrent causal states E and
F . Starting from D, the process makes a transition either
to E or to F with equal probabilities while emitting y = 0
or y = 1, respectively. This is indicated by the transition
labels from D: y : p says generate symbol y when taking the
transition with probability p. On arriving at states E or F ,
the process alternates between two states, emitting y = 0 for
transitions E ! F and y = 1 for transitions F ! E. In
e↵ect, we get either of two infinite sequences, y0:1 = 0101 . . .
and y0:1 = 1010 . . ., with equal probabilities.

troduce and analyze the performance of a ratchet design
that extracts work out of such perfectly correlated, un-
biased input sequences. The following section then con-
siders the more general case in which input correlations
are corrupted by environmental fluctuations.

Let’s explain the information-theoretic reasoning that
motivates this. For a period-2 process, the single-symbol
entropy H1 is maximal: H[YN ] = 1. However, its entropy
rate hµ = 0 due to its perfect predictability as soon as any
symbol is known. This, on the one hand, implies � H1 ⌘
H[Y 0

N ]�H[YN ]  0. Equation (5), in turn, says that work
cannot be extracted regardless of the realizations of the
output string; no matter the design of the information
engine. For the period-2 input, though, �hµ = h0

µ � 0.
And, Eq. (6) indicates that work can be extracted as long
as the output string has nonzero entropy rate h0

µ. This
is achievable with appropriate thermal ratchet design.
In other words, Eq. (5) suggests that it is impossible
to extract work from input correlations beyond single-
symbol bias, while Eq. (6) suggests it is possible. We
resolve this disagreement in favor of Eq. (6) by explicit
construction and exact analysis.

B. Memoryful Ratchet Design

Figure 4 gives a ratchet design that can extract work
out of a period-2 process. As explained above in Sec. III,
the ratchet interacts with one incoming symbol at a time.
As a result, the ratchet’s transducer specifies both ratchet
internal states and the states of the input tape cell being
read. In the figure, A, B, and C denote the ratchet’s in-
ternal states and x⌦y denotes the joint transducer state

A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1

C ⌦ 0

C ⌦ 1
(1 � �)/e
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FIG. 4. State transition diagram of a ratchet that ex-
tracts work out of environment correlations: A, B,
and C denote the ratchet’s internal states and 0 and 1 de-
note the values of the interacting cell. The joint dynamics of
the Demon and interacting cell take place over the space of
six internal joint states: {A⌦0, . . . , C⌦1}. Arrows indicate
the allowed transitions and their probabilities in terms of the
ratchet control parameters � and �.

of the ratchet state and interacting cell value, with the
ratchet being in state x 2 {A, B, C} and the interacting
cell with value y 2 {0, 1}. Arrows denote the allowed
transitions and their labels the transition probabilities in
terms of ratchet control parameters, that we now intro-
duce. For example, if the Demon is in state A and the
input symbol has value 0, they make a transition to the
joint state B ⌦ 0 with probability (1 � �) or to the joint
state C ⌦ 0 with probability �. Due to conservation of
probability, the sum of transition probabilities out of any
joint state is unity. After the transition, the old symbol
value in the tape cell is replaced by a new value. If the
joint state made a transition to B ⌦ 0 and the incoming
symbol had value 1, the joint state is switched to B ⌦ 1.
Then, a transition from joint state B ⌦ 1 takes place ac-
cording to the rule described above.

The parameters � and � satisfy the following con-
straint: 0  �, �  1. The Markov chain matrix M corre-
sponding to the transition dynamics depicted in Fig. 4 is
given in App. B. Due to the repetitive nature of the
dynamics, the transducer reaches an asymptotic state
(App. A) such that its probability distribution does not
change from one interaction interval to another.

Now, consider the transducer’s response when driven
by a period-2 input process. Appendix B calculates the
work and entropy changes in the asymptotic limit, find-
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Regularization

In machine learning:

In thermodynamic learning: 
Add a cost for synchronizing?

Similar strategy: initialize in uniform memory distribution, such that cost of 
synchronization is incurred in operation

input: ~x
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target: ~y
<latexit sha1_base64="VJvMe5doIgt/x47rd54iu9XNpzs=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAInsJuFBRPQS8eI5gHZEOYnXSSIbMPZnqDYc3BX/HiQRGv/oY3/8ZJsgdNLGgoqrrp7vJjKTQ6zre1tLyyurae28hvbm3v7Np7+zUdJYpDlUcyUg2faZAihCoKlNCIFbDAl1D3BzcTvz4EpUUU3uMohlbAeqHoCs7QSG370EN4wBSZ6gFe0bE3BJ6Oxm274BSdKegicTNSIBkqbfvL60Q8CSBELpnWTdeJsZUyhYJLGOe9REPM+ID1oGloyALQrXR6/5ieGKVDu5EyFSKdqr8nUhZoPQp80xkw7Ot5byL+5zUT7F62UhHGCULIZ4u6iaQY0UkYtCMUcJQjQxhXwtxKeZ8pxtFEljchuPMvL5JaqeieFUt354XydRZHjhyRY3JKXHJByuSWVEiVcPJInskrebOerBfr3fqYtS5Z2cwB+QPr8we9vZaQ</latexit>

output: Ŵ~x
<latexit sha1_base64="6veTfuGLjiOJYoodxFKucvj263Q=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBoNgFXajoFgFbSwjmAdkQ5id3CRDZh/M3A0Jy1Y2/oqNhSK2foOdf+PkUWjigYHDOfdy5xwvkkKjbX9bmZXVtfWN7GZua3tndy+/f1DTYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A78etDUFqEwQOOI2j5rBeIruAMjdTOH7sII0zCGKMYr2nq9hkm9dQdAk9GaTtfsIv2FHSZOHNSIHNU2vkvtxPy2IcAuWRaNx07wlbCFAouIc25sYaI8QHrQdPQgPmgW8k0RkpPjdKh3VCZFyCdqr83EuZrPfY9M+kz7OtFbyL+5zVj7F61EhGYiBDw2aFuLCmGdNIJ7QgFHOXYEMaVMH+lvM8U42iay5kSnMXIy6RWKjrnxdL9RaF8M68jS47ICTkjDrkkZXJHKqRKOHkkz+SVvFlP1ov1bn3MRjPWfOeQ/IH1+QOx85nn</latexit>

unregularized: Ŵmax = argminW ||Ŵ~x� ~y||2
<latexit sha1_base64="sb0dduzA6lH35mF8P0E3w4W6Uls="></latexit>

= (~xT~x)�1~xT~y by linear regression
<latexit sha1_base64="65xlpNzcjzvvxK2Rj+TU1rCSeHE="></latexit>

✓max(y0:L) = argmax
✓

�
W ✓(y0:L) +W ✓

sync

�
?
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�hW ✓(y0:L)i = L ln |Y|+ lnPr(Y ✓
0:L = y0:L|S0 = s⇤)

<latexit sha1_base64="KeOen5X36NHZt6D1a293BP3Lhzw="></latexit>

adding a cost to weight matrix regularizes: Ŵmax = argmin
W

⇣
||Ŵ~x� ~y||2 + �||Ŵ ||2

⌘
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FIG. 3. Period-2 process hidden Markov model with a
transient start state D and two recurrent causal states E and
F . Starting from D, the process makes a transition either
to E or to F with equal probabilities while emitting y = 0
or y = 1, respectively. This is indicated by the transition
labels from D: y : p says generate symbol y when taking the
transition with probability p. On arriving at states E or F ,
the process alternates between two states, emitting y = 0 for
transitions E ! F and y = 1 for transitions F ! E. In
e↵ect, we get either of two infinite sequences, y0:1 = 0101 . . .
and y0:1 = 1010 . . ., with equal probabilities.

troduce and analyze the performance of a ratchet design
that extracts work out of such perfectly correlated, un-
biased input sequences. The following section then con-
siders the more general case in which input correlations
are corrupted by environmental fluctuations.

Let’s explain the information-theoretic reasoning that
motivates this. For a period-2 process, the single-symbol
entropy H1 is maximal: H[YN ] = 1. However, its entropy
rate hµ = 0 due to its perfect predictability as soon as any
symbol is known. This, on the one hand, implies � H1 ⌘
H[Y 0

N ]�H[YN ]  0. Equation (5), in turn, says that work
cannot be extracted regardless of the realizations of the
output string; no matter the design of the information
engine. For the period-2 input, though, �hµ = h0

µ � 0.
And, Eq. (6) indicates that work can be extracted as long
as the output string has nonzero entropy rate h0

µ. This
is achievable with appropriate thermal ratchet design.
In other words, Eq. (5) suggests that it is impossible
to extract work from input correlations beyond single-
symbol bias, while Eq. (6) suggests it is possible. We
resolve this disagreement in favor of Eq. (6) by explicit
construction and exact analysis.

B. Memoryful Ratchet Design

Figure 4 gives a ratchet design that can extract work
out of a period-2 process. As explained above in Sec. III,
the ratchet interacts with one incoming symbol at a time.
As a result, the ratchet’s transducer specifies both ratchet
internal states and the states of the input tape cell being
read. In the figure, A, B, and C denote the ratchet’s in-
ternal states and x⌦y denotes the joint transducer state

A ⌦ 1

A ⌦ 0 B ⌦ 0

B ⌦ 1

C ⌦ 0

C ⌦ 1
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FIG. 4. State transition diagram of a ratchet that ex-
tracts work out of environment correlations: A, B,
and C denote the ratchet’s internal states and 0 and 1 de-
note the values of the interacting cell. The joint dynamics of
the Demon and interacting cell take place over the space of
six internal joint states: {A⌦0, . . . , C⌦1}. Arrows indicate
the allowed transitions and their probabilities in terms of the
ratchet control parameters � and �.

of the ratchet state and interacting cell value, with the
ratchet being in state x 2 {A, B, C} and the interacting
cell with value y 2 {0, 1}. Arrows denote the allowed
transitions and their labels the transition probabilities in
terms of ratchet control parameters, that we now intro-
duce. For example, if the Demon is in state A and the
input symbol has value 0, they make a transition to the
joint state B ⌦ 0 with probability (1 � �) or to the joint
state C ⌦ 0 with probability �. Due to conservation of
probability, the sum of transition probabilities out of any
joint state is unity. After the transition, the old symbol
value in the tape cell is replaced by a new value. If the
joint state made a transition to B ⌦ 0 and the incoming
symbol had value 1, the joint state is switched to B ⌦ 1.
Then, a transition from joint state B ⌦ 1 takes place ac-
cording to the rule described above.

The parameters � and � satisfy the following con-
straint: 0  �, �  1. The Markov chain matrix M corre-
sponding to the transition dynamics depicted in Fig. 4 is
given in App. B. Due to the repetitive nature of the
dynamics, the transducer reaches an asymptotic state
(App. A) such that its probability distribution does not
change from one interaction interval to another.

Now, consider the transducer’s response when driven
by a period-2 input process. Appendix B calculates the
work and entropy changes in the asymptotic limit, find-
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FIG. 3. Period-2 process hidden Markov model with a
transient start state D and two recurrent causal states E and
F . Starting from D, the process makes a transition either
to E or to F with equal probabilities while emitting y = 0
or y = 1, respectively. This is indicated by the transition
labels from D: y : p says generate symbol y when taking the
transition with probability p. On arriving at states E or F ,
the process alternates between two states, emitting y = 0 for
transitions E ! F and y = 1 for transitions F ! E. In
e↵ect, we get either of two infinite sequences, y0:1 = 0101 . . .
and y0:1 = 1010 . . ., with equal probabilities.

troduce and analyze the performance of a ratchet design
that extracts work out of such perfectly correlated, un-
biased input sequences. The following section then con-
siders the more general case in which input correlations
are corrupted by environmental fluctuations.

Let’s explain the information-theoretic reasoning that
motivates this. For a period-2 process, the single-symbol
entropy H1 is maximal: H[YN ] = 1. However, its entropy
rate hµ = 0 due to its perfect predictability as soon as any
symbol is known. This, on the one hand, implies � H1 ⌘
H[Y 0

N ]�H[YN ]  0. Equation (5), in turn, says that work
cannot be extracted regardless of the realizations of the
output string; no matter the design of the information
engine. For the period-2 input, though, �hµ = h0

µ � 0.
And, Eq. (6) indicates that work can be extracted as long
as the output string has nonzero entropy rate h0

µ. This
is achievable with appropriate thermal ratchet design.
In other words, Eq. (5) suggests that it is impossible
to extract work from input correlations beyond single-
symbol bias, while Eq. (6) suggests it is possible. We
resolve this disagreement in favor of Eq. (6) by explicit
construction and exact analysis.

B. Memoryful Ratchet Design

Figure 4 gives a ratchet design that can extract work
out of a period-2 process. As explained above in Sec. III,
the ratchet interacts with one incoming symbol at a time.
As a result, the ratchet’s transducer specifies both ratchet
internal states and the states of the input tape cell being
read. In the figure, A, B, and C denote the ratchet’s in-
ternal states and x⌦y denotes the joint transducer state

A ⌦ 1
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FIG. 4. State transition diagram of a ratchet that ex-
tracts work out of environment correlations: A, B,
and C denote the ratchet’s internal states and 0 and 1 de-
note the values of the interacting cell. The joint dynamics of
the Demon and interacting cell take place over the space of
six internal joint states: {A⌦0, . . . , C⌦1}. Arrows indicate
the allowed transitions and their probabilities in terms of the
ratchet control parameters � and �.

of the ratchet state and interacting cell value, with the
ratchet being in state x 2 {A, B, C} and the interacting
cell with value y 2 {0, 1}. Arrows denote the allowed
transitions and their labels the transition probabilities in
terms of ratchet control parameters, that we now intro-
duce. For example, if the Demon is in state A and the
input symbol has value 0, they make a transition to the
joint state B ⌦ 0 with probability (1 � �) or to the joint
state C ⌦ 0 with probability �. Due to conservation of
probability, the sum of transition probabilities out of any
joint state is unity. After the transition, the old symbol
value in the tape cell is replaced by a new value. If the
joint state made a transition to B ⌦ 0 and the incoming
symbol had value 1, the joint state is switched to B ⌦ 1.
Then, a transition from joint state B ⌦ 1 takes place ac-
cording to the rule described above.

The parameters � and � satisfy the following con-
straint: 0  �, �  1. The Markov chain matrix M corre-
sponding to the transition dynamics depicted in Fig. 4 is
given in App. B. Due to the repetitive nature of the
dynamics, the transducer reaches an asymptotic state
(App. A) such that its probability distribution does not
change from one interaction interval to another.

Now, consider the transducer’s response when driven
by a period-2 input process. Appendix B calculates the
work and entropy changes in the asymptotic limit, find-
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Regularization

In machine learning:

In thermodynamic learning: 
Add a cost for synchronizing?

Similar strategy: initialize in uniform memory distribution, such that cost of 
synchronization is incurred in operation

input: ~x
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target: ~y
<latexit sha1_base64="VJvMe5doIgt/x47rd54iu9XNpzs=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAInsJuFBRPQS8eI5gHZEOYnXSSIbMPZnqDYc3BX/HiQRGv/oY3/8ZJsgdNLGgoqrrp7vJjKTQ6zre1tLyyurae28hvbm3v7Np7+zUdJYpDlUcyUg2faZAihCoKlNCIFbDAl1D3BzcTvz4EpUUU3uMohlbAeqHoCs7QSG370EN4wBSZ6gFe0bE3BJ6Oxm274BSdKegicTNSIBkqbfvL60Q8CSBELpnWTdeJsZUyhYJLGOe9REPM+ID1oGloyALQrXR6/5ieGKVDu5EyFSKdqr8nUhZoPQp80xkw7Ot5byL+5zUT7F62UhHGCULIZ4u6iaQY0UkYtCMUcJQjQxhXwtxKeZ8pxtFEljchuPMvL5JaqeieFUt354XydRZHjhyRY3JKXHJByuSWVEiVcPJInskrebOerBfr3fqYtS5Z2cwB+QPr8we9vZaQ</latexit>

output: Ŵ~x
<latexit sha1_base64="6veTfuGLjiOJYoodxFKucvj263Q=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBoNgFXajoFgFbSwjmAdkQ5id3CRDZh/M3A0Jy1Y2/oqNhSK2foOdf+PkUWjigYHDOfdy5xwvkkKjbX9bmZXVtfWN7GZua3tndy+/f1DTYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A78etDUFqEwQOOI2j5rBeIruAMjdTOH7sII0zCGKMYr2nq9hkm9dQdAk9GaTtfsIv2FHSZOHNSIHNU2vkvtxPy2IcAuWRaNx07wlbCFAouIc25sYaI8QHrQdPQgPmgW8k0RkpPjdKh3VCZFyCdqr83EuZrPfY9M+kz7OtFbyL+5zVj7F61EhGYiBDw2aFuLCmGdNIJ7QgFHOXYEMaVMH+lvM8U42iay5kSnMXIy6RWKjrnxdL9RaF8M68jS47ICTkjDrkkZXJHKqRKOHkkz+SVvFlP1ov1bn3MRjPWfOeQ/IH1+QOx85nn</latexit>

unregularized: Ŵmax = argminW ||Ŵ~x� ~y||2
<latexit sha1_base64="sb0dduzA6lH35mF8P0E3w4W6Uls="></latexit>

= (~xT~x)�1~xT~y by linear regression
<latexit sha1_base64="65xlpNzcjzvvxK2Rj+TU1rCSeHE="></latexit>
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<latexit sha1_base64="+/J8ymJa8gXsodyFdap0aTby1ZQ="></latexit>
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<latexit sha1_base64="KeOen5X36NHZt6D1a293BP3Lhzw="></latexit>
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adding a cost to weight matrix regularizes: Ŵmax = argmin
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L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

Validation Work Rate
<latexit sha1_base64="ulbgIT1boRQqszZx/lJAvXF2gA0=">AAACBHicbVA9SwNBEN2LXzF+nVqmWQyCVbiLgpZBG8so5gOSI+xtJsmSvQ9258RwpLDxr9hYKGLrj7Dz37hJrtDEBwOP92aYmefHUmh0nG8rt7K6tr6R3yxsbe/s7tn7Bw0dJYpDnUcyUi2faZAihDoKlNCKFbDAl9D0R1dTv3kPSosovMNxDF7ABqHoC87QSF272EF4wLTBpOjNJNqM1IjeMoRJ1y45ZWcGukzcjJRIhlrX/ur0Ip4EECKXTOu268TopUyh4BImhU6iIWZ8xAbQNjRkAWgvnT0xocdG6dF+pEyFSGfq74mUBVqPA990BgyHetGbiv957QT7F14qwjhBCPl8UT+RFCM6TYT2hAKOcmwI40qYWykfMsU4mtwKJgR38eVl0qiU3dNy5easVL3M4siTIjkiJ8Ql56RKrkmN1Aknj+SZvJI368l6sd6tj3lrzspmDskfWJ8/AUmYUA==</latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="Eq2c5m4+mfx4EDK5M5p5MGZLFVI="></latexit> e�hW
⇥max

n (y0:L)i1
<latexit sha1_base64="zah+Gx1b0RiVfk7wV+BijnhP0Vc="></latexit>

n = 2
<latexit sha1_base64="ySDP3IgYao7GlSX52id8+ex0Edo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPcibWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWrepdVGv3l5W6m8dRhBM4hXPw4ArqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx/GI41n</latexit>

n = 3
<latexit sha1_base64="9h+tFtGKlXHawNe2R1ZLUqIKOgU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQS9CwYvHirYW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etU2casZbLJax7gTUcCkUb6FAyTuJ5jQKJH8Mxjcz//GJayNi9YCThPsRHSoRCkbRSvfqut4vV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMrPxMqSZErtlgUppJgTGZ/k4HQnKGcWEKZFvZWwkZUU4Y2nZINwVt+eZW0a1WvXq3dXVQabh5HEU7gFM7Bg0towC00oQUMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8Ax6eNaA==</latexit>

n = 1
<latexit sha1_base64="biCRZOxXxWpAdHa0rhoX/n/Gqg8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6UHdeP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0mrVvUuqrX7y0rdzeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/En41m</latexit>

Without synchronization, maximum work agents badly overfit.
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Regularization Through Synchronization

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

Validation Work Rate
<latexit sha1_base64="ulbgIT1boRQqszZx/lJAvXF2gA0=">AAACBHicbVA9SwNBEN2LXzF+nVqmWQyCVbiLgpZBG8so5gOSI+xtJsmSvQ9258RwpLDxr9hYKGLrj7Dz37hJrtDEBwOP92aYmefHUmh0nG8rt7K6tr6R3yxsbe/s7tn7Bw0dJYpDnUcyUi2faZAihDoKlNCKFbDAl9D0R1dTv3kPSosovMNxDF7ABqHoC87QSF272EF4wLTBpOjNJNqM1IjeMoRJ1y45ZWcGukzcjJRIhlrX/ur0Ip4EECKXTOu268TopUyh4BImhU6iIWZ8xAbQNjRkAWgvnT0xocdG6dF+pEyFSGfq74mUBVqPA990BgyHetGbiv957QT7F14qwjhBCPl8UT+RFCM6TYT2hAKOcmwI40qYWykfMsU4mtwKJgR38eVl0qiU3dNy5easVL3M4siTIjkiJ8Ql56RKrkmN1Aknj+SZvJI368l6sd6tj3lrzspmDskfWJ8/AUmYUA==</latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="Eq2c5m4+mfx4EDK5M5p5MGZLFVI="></latexit> e�hW
⇥max

n (y0:L)i1
<latexit sha1_base64="zah+Gx1b0RiVfk7wV+BijnhP0Vc="></latexit>

n = 2
<latexit sha1_base64="ySDP3IgYao7GlSX52id8+ex0Edo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPcibWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWrepdVGv3l5W6m8dRhBM4hXPw4ArqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx/GI41n</latexit>

n = 3
<latexit sha1_base64="9h+tFtGKlXHawNe2R1ZLUqIKOgU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQS9CwYvHirYW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etU2casZbLJax7gTUcCkUb6FAyTuJ5jQKJH8Mxjcz//GJayNi9YCThPsRHSoRCkbRSvfqut4vV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMrPxMqSZErtlgUppJgTGZ/k4HQnKGcWEKZFvZWwkZUU4Y2nZINwVt+eZW0a1WvXq3dXVQabh5HEU7gFM7Bg0towC00oQUMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8Ax6eNaA==</latexit>

n = 1
<latexit sha1_base64="biCRZOxXxWpAdHa0rhoX/n/Gqg8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6UHdeP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0mrVvUuqrX7y0rdzeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/En41m</latexit>

Synchronization mechanisms reduce training work rate, and seriously limits divergent dissipation.

0 20 40 60 80 100
0.0

0.5

1.0

1.5

2.0

Without synchronization, maximum work agents badly overfit.



Maximizing work production leads to learning complex models of patterns.

Overfitting to small data leads to divergent dissipation, which is more common for more 
complex information engines.

There is both a thermodynamic benefit and thermodynamic cost to complexity.

Learning can be partially regularized by requiring that engines autonomously synchronize.
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Conclusion

A. B. Boyd, J. P. Crutchfield, and M. Gu. Thermodynamic 
Overfitting: Limits on Complexity in Thermodynamic Learning. 
(Forthcoming)
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C input

µ
<latexit sha1_base64="1zK//jsqw4+P2ejC9GASgDJB3Oo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0mqoMdiLx4r2A9oYthsN+3S3STsTqQl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QcKZAtv+Nkobm1vbO+Xdyt7+weGReVztqjiVhHZIzGPZD7CinEW0Aww47SeSYhFw2gsmrbnfe6JSsTh6gFlCPYFHEQsZwaAl36y2fFekjy7QKWQsSlLIfbNm1+0FrHXiFKSGCrR988sdxiQVNALCsVIDx07Ay7AERjjNK26qaILJBI/oQNMIC6q8bHF7bp1rZWiFsdQVgbVQf09kWCg1E4HuFBjGatWbi/95gxTCG2/5Eo3IclGYcgtiax6ENWSSEuAzTTCRTN9qkTGWmICOq6JDcFZfXifdRt25rDfur2rN2yKOMjpFZ+gCOegaNdEdaqMOImiKntErejNy48V4Nz6WrSWjmDlBf2B8/gDDu5Tq</latexit>

Cagent1
µ

<latexit sha1_base64="1X7juHFGWLhx3beueYhWBmnOl0c=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYXEVCUFCcaKLoxFog+pCZHjOq1V5yH7BhFF5VdYGECIlQ9h429w2wzQciRLR+fcY18fPxFcgWV9G6W19Y3NrfJ2ZWd3b//APDzqqjiVlHVoLGLZ94ligkesAxwE6yeSkdAXrOdPWjO/98Ck4nF0B1nC3JCMIh5wSkBLnllteU6Y3jvAHiEnIxaBPfXMmlW35sCrxC5IDRVoe+aXM4xpGuo0FUSpgW0l4OZEAqeCTStOqlhC6ETfP9A0IiFTbj5ffopPtTLEQSz1iQDP1d+JnIRKZaGvJ0MCY7XszcT/vEEKwZWb8yhJgUV08VCQCgwxnjWBh1wyCiLThFDJ9a6YjokkFHRfFV2CvfzlVdJt1O3zeuP2ota8Luooo2N0gs6QjS5RE92gNuogijL0jF7Rm/FkvBjvxsditGQUmSr6A+PzBwfWlQQ=</latexit>

Cagent2
µ

<latexit sha1_base64="epZwr6A9hDl0jwCp/L7edbIQa7c=">AAAB/HicbVC7TsMwFHXKq5RXoCNLRIXEVCUFCcaKLoxFog+pCZHjOq1VO4nsG0QUlV9hYQAhVj6Ejb/BbTNAy5EsHZ1zj319goQzBbb9bZTW1jc2t8rblZ3dvf0D8/Coq+JUEtohMY9lP8CKchbRDjDgtJ9IikXAaS+YtGZ+74FKxeLoDrKEegKPIhYygkFLvllt+a5I712gj5DjEY2gMfXNml2357BWiVOQGirQ9s0vdxiTVOg04VipgWMn4OVYAiOcTituqmiCyUTfP9A0woIqL58vP7VOtTK0wljqE4E1V38nciyUykSgJwWGsVr2ZuJ/3iCF8MrLWZSkQCOyeChMuQWxNWvCGjJJCfBME0wk07taZIwlJqD7qugSnOUvr5Juo+6c1xu3F7XmdVFHGR2jE3SGHHSJmugGtVEHEZShZ/SK3own48V4Nz4WoyWjyFTRHxifPwlblQU=</latexit>
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