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Entropy and Information

Probability: Pr(X = x)

In Physics In Information Theory
Gibbs Entropy: S|X]| = —kp Z Pr(X = x)InPr(X = x) Shannon Entropy: H|X]| = — Z Pr(X = z)log, Pr(X = z)
Determines average number of bits necessary
Determines change in energy of thermal reservoir to communicate distribution
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Entropy and Information

Probability: Pr(X

In Physics

Gibbs Entropy: S|X]| = —kp ZPr(X =
Determines change in energy ot thermal reservoir
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Express Shannon entropy in terms of Nats instead of Bits

ZPI =) InPr(X = x)
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In Information Theory

Entropy: H
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Determines average number of bits necessary
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Thermodynamic (Informational) Principle of Organization

The Second Law of thermodynamics: The universe is an isolated system

ASisola,ted system > ( A‘S(umiverse > (

https://theconversation.com/how-could-the-big-bang-arise-from-nothing-171986
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https://www.sciencefocus.com/science/how-high-must-you-sing-to-shatter-a-wine-glass/




Motivating Questions

Does intelligence and complexity typically emerge in nonequilibrium systems!?
Increasing Complexity and Intelligence

Effect of chemoattractants
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Effect of chemorepellents

https://en.wikipedia.org/wiki/Properties_of_ water | !.

© Kohidai, L. 2008 https://en.wikipedia.org/wiki/Shanghai
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Are there other thermodynamic principles of organization for nonequilibrium systems!?
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A pattern is a process

Complexity and Computational Mechanics

Random Variables: Y ., = Yo Yaa1-:- Y1
Probability of a realization y..p : Pr(Ya.p = Ya:p)

Crutchfield and Feldman, Regularities unseen, randomness
observed: Levels of entropy convergence, Chaos, (2003)
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Complexity and Computational Mechanics

A pattern IS a process Random Variables: Y ., = Yo Yaa1-:- Y1

Probability of a realization vyq.p : Pr(Ya.p = Ya:p)
Entropy of a process

H[Yap] = = Pr(Yap = yas) mPr(Yay = yau)

Ya:b

Crutchfield and Feldman, Regularities unseen, randomness
observed: Levels of entropy convergence, Chaos, (2003)
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Complexity and Computational Mechanics

A pattern IS a process Random Variables: Y ., = Yo Yaa1-:- Y1

Probability of a realization vyq.p : Pr(Ya.p = Ya:p)
Entropy of a process

H[Yap] = = Pr(Yap = yas) mPr(Yay = yau)

Ya:b

Entropy rate of a process

h, = lim 1 DZM] — H[Y,|V ] HIY)

L— o0

Crutchfield and Feldman, Regularities unseen, randomness
observed: Levels of entropy convergence, Chaos, (2003)
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Complexity and Computational Mechanics

A pattern IS a process Random Variables: Y ., = Yo Yaa1-:- Y1

Probability of a realization y..p : Pr(Ya.p = Ya:p)
Entropy of a process

Y. b — Z PT a:b — Ya: b) In Pr(Ya:b — ya:b) §
Ya:b
Entropy rate of a process
H\Y,.
h, = lim Yo:r. = H[YO|?O] H[?]
L— o0 L
Excess Entropy YV =Yoo= YooY,

E=H[Y,| +H[Y, - HY,, Yo =I[Vo: Yol

? — Y—oo:() — 'Y—QY—l ? — YO:oo — Y()Yl s
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Crutchfield and Feldman, Regularities unseen, randomness
observed: Levels of entropy convergence, Chaos, (2003)



Complexity and Computational Mechanics

A pattern IS a process Random Variables: Y ., = Yo Yaa1-:- Y1

Probability of a realization y..p : Pr(Ya.p = Ya:p)
Entropy of a process

a b = - ZPT a:b — Ya: b) 1nPr(YVa:b — ya:b)

Ya:b
Entropy rate of a process
. H[YO:L]
h = lim S HIYo| Y o]

Excess Entropy

E=H[Y|+H[Yo] - H[Yo, Yo =I[Vo: Yol

Statistical Complexity
C, = j He(Y
7 o) <

Y = Y _o=---Y_ oY 4 Y = Yo.00 = YoY7---
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observed: Levels of entropy convergence, Chaos, (2003)



Complexity and Computational Mechanics
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Crutchfield and Feldman, Regularities unseen, randomness
observed: Levels of entropy convergence, Chaos, (2003)



A pattern is a process

Entropy of a process

Complexity and Computational Mechanics

Random Variables: Y ., = Y, Yau1-:- Y1
Probability of a realization y..p : Pr(Ya.p = Ya:p)

Yol = = ) Pr(Yaw = Ya) M Pr(Yas = yau) Complexity (C),)

Ya:b

Entropy rate of a process

Excess Entropy

EEH[?]—I—H7

Statistical Complexity

Cu = min

eIe(V):Y=1[V ;Y]

Minimum sufficient statistic of the past about the future

ST
1<¢
|||
ST
1<¢

Randomness (h,,)

Crutchfield and Feldman, Regularities unseen, randomness
observed: Levels of entropy convergence, Chaos, (2003)
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Harvesting Energy From Information

Maxwell's Demon (1867) Feedback/Control

7,
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http://www.eoht.info/page/Maxwell's+demon
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Harvesting Energy From Information

Maxwell's Demon (1867) Feedback/Control

7,

NG [

http://www.eoht.info/page/Maxwell's+demon

Impossible because of Landauer’s Bound: (Weyase) < —kpT'In2

https://tinyurl.com/ErasingSim
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https://tinyurl.com/ErasingSim

Information is a Thermodynamic Fuel

Instead of erasing: write to a hard drive

Second Law: AStotal — (Q)/T 4+ AShard-drive = 0

Energy Conservation: (W) = —(Q) < TAShard-drive = kBT A Hpard-drive

19



Information is a Thermodynamic Fuel

Generalized Landauer’s bound: write to a
hard drive to produce work

<W> S kBT (H[Hsznal] — H[HDznzt])

20



Information is a Thermodynamic Fuel

Generalized Landauer’s bound: write to a
hard drive to produce work

<W> S kBT (H[Hsznal] — H[HDznzt])

Mass

—_—

Inputs Outputs

IPSL: (W)oo < kpT(h9™ — hl}')

A. B. Boyd, D. Mandal, and J. P. Crutchfield. Identifying
functional thermodynamics in autonomous Maxwellian
ratchets. New J. Physics, 18, 023049, (2016)
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Information is a Thermodynamic Fuel

Mass

—_—

Inputs Outputs

IPSL: (W)oo < kpT(h9™ — h)}')

Generalized Landauer’s bound: write to a Thermodynamics to computational mechanics

hard drive to produce work A. B. Boyd, D. Mandal, and J. P. Crutchfield. Identifying

functional thermodynamics in autonomous Maxwellian
<W> S kBT (H[Hsznal] — H[HDznzt])

ratchets. New J. Physics, 18, 023049, (2016)

22



Information Fuels

Work production depends on what the hard drive stores

23



Information Fuels

Work production depends on what the hard drive stores

https://en.wikipedia.org/wiki/File:TV_noise.jpg
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Information Fuels

Work production depends on what the hard drive stores

https://en.wikipedia.org/wiki/File:TV_noise.jpg

H [white noise| = N In 2
(W) <0
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Information Fuels

Work production depends on what the hard drive stores

https://en.wikipedia.org/wiki/File:TV_noise.jpg

H [white noise| = N In 2
(W) <0

000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
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Information Fuels

Work production depends on what the hard drive stores

(W) < kT (H[HD tinai| — HHD;pit|)

https://en.wikipedia.org/wiki/File:TV_noise.jpg

H [white noise| = N In 2
(W) <0

Hall zeros| = 0

<W> S kBTN In 2

000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
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Information Fuels

Work production depends on what the hard drive stores

(W) < kT (H[HD tinai| — HHD;pit|)

https://en.wikipedia.org/wiki/File:TV_noise.jpg https://en.wikipedia.org/wiki/Harry_Potter_(character)

H [white noise| = N In 2

WY < 0 Hall zeros| = 0

<W> S kBTN In 2

000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
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Information Fuels

Work production depends on what the hard drive stores

(W) < kT (H[HD tinai| — HHD;pit|)

https://en.wikipedia.org/wiki/File:TV_noise.jpg https://en.wikipedia.org/wiki/Harry_Potter_(character)
H [white noise| = N In 2 H|Harry Potter] = 0
Hlall zeros] =0 (W) < kTN In2
(W) <0

<W> S kBTN In 2

000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
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Information Fuels

Work production depends on what the hard drive stores

(W) < kT (H[HD tinai| — HHD;pit|)

https://en.wikipedia.org/wiki/File:TV_noise.jpg https://en.wikipedia.org/wiki/Harry_Potter_(character)
H [white noise| = N In 2 H|Harry Potter] = 0
Hlall zeros] =0 (W) < kTN In2
(W) <0

<W> S kBTN In 2

000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

Harry Potter may appear like white noise if one doesn’t have
memory, because it is more complex (requires memory for
prediction).

30



Challenge: Harvest Maximum Work

i

\". ¢

Mass

Environment

j‘/> Mass

Thermodynamic Learning Through Maximum VVork Production
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Modular Thermodynamic Ratchets

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

Mass

-_—
Outputs
X = agent memory - o |
: , . , , https://en.wikipedia.org/wiki/Turing_machine
YV; = interaction bit at time ¢

Like a stochastic Turing machine

Operations are localized and “modular”: H(t) = Hy y,(t) + Hy, -y, — Landauer’s bound applies locally:

(Q° in = —kpTAHxy,

32



Thermodynamics of Modularity

L 4
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Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036. = (Astly  Modularity Dissipation

mod
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Thermodynamics of Modularity
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Harvesting Energy From Patterns

Mass

—_—

Outputs

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.
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Harvesting Energy From Patterns

Outputs

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.
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Harvesting Energy From Patterns

1
Outputs randomized and uncorrelated: Pr(Y°}') =

o |y|b—a

https://en.wikipedia.org/wiki/File:TV_noise.jpg

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036. 37



Harvesting Energy From Patterns

1
Outputs randomized and uncorrelated: Pr(Y°}') =

o |y|b—a

b—1
Input structured: Pr(Y'3) # H Pr(Y;™)

https://en.wikipedia.org/wiki/File:TV_noise.jpg
https://en.wikipedia.org/wiki/Harry_Potter_(character)

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036. 38



Harvesting Energy From Patterns

1
Outputs randomized and uncorrelated: Pr(Y°}') =

o |y|b—a

b—1
Input structured: Pr(Y'3) # H Pr(Y;™)

Remove dependence on outputs

(ASTRY = kp(T[X, Y™ Y™ ] = [[Xiy; YR ))

mod

https://en.wikipedia.org/wiki/File:TV_noise.jpg
https://en.wikipedia.org/wiki/Harry_Potter_(character)

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036. 39



Harvesting Energy From Patterns

Mass

| Vi—i|-{YVi—2|-1Yj—3}---

Outputs

https://en.wikipedia.org/wiki/File:TV_noise.jpg

https://en.wikipedia.org/wiki/Harry_Potter_(character)

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

1

Outputs randomized and uncorrelated: Pr(Y°}') =

D}‘b a
Input structured: Pr(Y, H Pr Ym

Remove dependence on outputs

(AS™Y) = kg (I[X,Yi Y0 ] = I[X, 0 YR ))

mod

Of the many ways of erasing information, which is best?

Sin Vin
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Harvesting Energy From Patterns

Mass

| Vi—i|-{YVi—2|-1Yj—3}---

Outputs

https://en.wikipedia.org/wiki/File:TV_noise.jpg

https://en.wikipedia.org/wiki/Harry_Potter_(character)

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

1

Outputs randomized and uncorrelated: Pr(Y°}') =

D}‘b a
Input structured: Pr(Y, H Pr Ym

Remove dependence on outputs

(AS™Y) = kg (I[X,Yi Y0 ] = I[X, 0 YR ))

mod

Of the many ways of erasing information, which is best?

Sin Vin
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Harvesting Energy From Patterns

Mass

| Vi—i|-{YVi—2|-1Yj—3}---

Outputs

https://en.wikipedia.org/wiki/File:TV_noise.jpg

https://en.wikipedia.org/wiki/Harry_Potter_(character)

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

1

Outputs randomized and uncorrelated: Pr(Y°}') =

D}‘b a
Input structured: Pr(Y, H Pr Ym

Remove dependence on outputs

(AS™Y) = kg (I[X,Yi Y0 ] = I[X, 0 YR ))

mod

Of the many ways of erasing information, which is best?

Y

Nonanticipatory: I|X;; in\vin] =
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Harvesting Energy From Patterns

1

Outputs randomized and uncorrelated: Pr(Y°}') =

D}‘b a

Input structured: Pr(Y, H Pr Ym

Mass

Remove dependence on outputs

| Vi—i|-{YVi—2|-1Yj—3}--- | .
e (ASEEN — kp(I[X Y YR ] - [ X YR ))

mod

Outputs

Of the many ways of erasing information, which is best?

a4 BB g — . e s -
" % i SR b\ AP
a2 i W
= - 41 = e
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& 1n
%
. https://en.wikipedia.org/wiki/File:TV_noise.jpg
https://en.wikipedia.org/wiki/Harry_Potter_(character)

Nonanticipatory: I|Xj;; m\vm =0
Thermodynamically “best”: (ASteraly =

mod

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036. 43



Harvesting Energy From Patterns

1

Outputs randomized and uncorrelated: Pr(Y°}') =

D}‘b a

Input structured: Pr(Y, H Pr Ym

Mass

Remove dependence on outputs

| Vi—i|-{YVi—2|-1Yj—3}--- | .
e (ASEEN — kp(I[X Y YR ] - [ X YR ))

mod

Outputs

Of the many ways of erasing information, which is best?
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Nonanticipatory: I|Xj;; m\vm =0
Thermodynamically “best”: (AStotaly =
Implies I[?in; 7“1\)(@-] =0

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036. 44



Harvesting Energy From Patterns

1
D}‘b a

Outputs randomized and uncorrelated: Pr(Y°}') =

Input structured: Pr(Y, H Pr Ym

Mass

Remove dependence on outputs

| Vi—i|-{YVi—2|-1Yj—3}--- | .
e (ASEEN — kp(I[X Y YR ] - [ X YR ))

mod

Outputs

Of the many ways of erasing information, which is best?
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Nonanticipatory: I|Xj;; m\vm =0
Thermodynamically “best”: (AStotaly =
Implies I[?in; 7“1\)(@-] =0

Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural Minimum entropy production implies hidden state is predictive
costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036. 45




Harvesting Energy From Patterns

1
D}‘b a

Outputs randomized and uncorrelated: Pr(Y°}') =

Input structured: Pr(Y, H Pr Ym

Mass

Remove dependence on outputs
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Boyd, Mandal, and Crutchfield. "Thermodynamics of modularity: Structural Minimum entropy production implies hidden state is predictive
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The Ep5|lon Machine

Statistical Complexity ¢, = min
691[6(‘?);7]:1[‘?;?]
Epsilon-Machines:

Y = Y 0o =---Y_ oY 4 Y = Y0.:00 = Yo Y71 --

47

Crutchfield and Feldman, Regularities unseen, randomness
observed: Levels of entropy convergence, Chaos, (2003)



The Ep5|lon Machine

Statistical Complexity ¢, = min
691[6(‘?);7]:1[‘?;?]
Epsilon-Machines:
S; = e(? )

-Causal states ; i
Y = Y _0o=---Y_ oY 4 Y = Yo.0o = YoYi -

O
©

48

Crutchfield and Feldman, Regularities unseen, randomness
observed: Levels of entropy convergence, Chaos, (2003)



The Ep5|lon Machine

Statistical Complexity ¢, = min
esIe(Y);Y)=I
Epsilon-Machines:

-Causal states
Y = Y _o=-"Y_ oY 4 Y = Yo:00 = YoY7 --

-Start state  Pr(Sp =s") =1

49

Crutchfield and Feldman, Regularities unseen, randomness
observed: Levels of entropy convergence, Chaos, (2003)



The Ep5|lon Machine

Statistical Complexity ¢, = min
esIe(YV):Y]=I

Epsilon-Machines:

-Causal states  5; = 6(?2')

? Y o=-"Y oY 4 ? Yoco = YoY7 -
-Start state  Pr(Sp =s") =1
0
-Symbol-labeled transitions  Si+1 = €(5;, Vi) O

(Topology) s* = A :
1
0.

Crutchfield and Feldman, Regularities unseen, randomness 0
observed: Levels of entropy convergence, Chaos, (2003)



The Ep5|lon Machine

Statistical Complexity ¢, = min
esIe(YV):Y]=I

Epsilon-Machines:

-Causal states  5; = 6(?2')

Y = Y oo ="---Y_o¥ 4 Y = Y0:00 = Yo7 -
-Start state ~ Pr(S =s") =1 0
010474
-Symbol-labeled transitions  Si+1 = €(5;, Y5) O

(Topology) " | 5" = A
-Transition probabilities 0, = Pr(Siq1 =5 Y; = y|S; = s)
: : 9(0)

Crutchfield and Feldman, Regularities unseen, randomness (j . 9(0)
observed: Levels of entropy convergence, Chaos, (2003) B—=B



The Ep5|lon Machine

Statistical Complexity ¢, = min
esIe(Y);Y)=I
Epsilon-Machines:

-Causal states

Y = Y wo="Y_2Y 4 Y = Yo.00 = Yo¥7 -

-Start state ~ Pr(S =s") =1 0

0: 9A—>A
-Symbol-labeled transitions  Si+1 = €(5i, Y5) O
(Topology) " | 5" = A
-Transition probabilities 0., = Pr(Sis1 =", Y; = y[S; = s)

1: ‘91(41)—;7 xgg))—m

-Total Model Parameters g _ rs y ¢ 10 NV ey svest

Crutchfield and Feldman, Regularities unseen, randomness (j . 9(0)
observed: Levels of entropy convergence, Chaos, (2003) B—=B



The Ep5|lon Machine

Statistical Complexity ¢, = min
esIe(Y);Y)=I
Epsilon-Machines:

-Causal states

Y = Y 0="-"Y 2V 4 Y = Yo:00 = Yo7 -
-Start state  Pr(So =s") =1 0
0: 9A—>A
-Symbol-labeled transitions  Si+1 = €(5;, Y;) O
(Topology) " | 5" = A
-Transition probabilities 0., = Pr(Sis1 =", Y; = y[S; = s)
L: QSLV ‘QHS&A
-Total Model Parameters g _ rs y ¢ 10 ey s ves) .
1: 9B—>C’
E—
-Word probabilities ~
@ L: 6,
PH(YL, = yor) = Pr(Vour = y0.2]© = 0) H 0Lt retuinn) U -
53
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observed: Levels of entropy convergence, Chaos, (2003) B—=B



Thermodynamics Implies Computational Mechanics

Thermodynamic efficiency
(AS*©) =0 — {in X yin requires that we predictively
model our inputs.

Boyd, Alexander B., Dibyendu Mandal, and James P. Crutchfield. "Thermodynamics of modularity:
Structural costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.
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Thermodynamics Implies Computational Mechanics

Thermodynamic efficiency
(ASttaly — 0 - $in X; yin requires that we predictively
model our inputs.

Boyd, Alexander B., Dibyendu Mandal, and James P. Crutchfield. "Thermodynamics of modularity:
Structural costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

Principle of Requisite Complexity:

Information in memory must
exceed predictive complexity of
environment

H[X;] > H[S;) =C}
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Thermodynamics implies Computational Mechanics

Thermodynamic efficiency
(AS*©) =0 — {in X yin requires that we predictively
model our inputs.

Boyd, Alexander B., Dibyendu Mandal, and James P. Crutchfield. "Thermodynamics of modularity:
Structural costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

predictive efficient extractor: <EeXt>min =0

Principle of Requisite Complexity: :

%

@ @3

0|0b

1]10:1—b
0| b
11 —b

Information in memory must | | m g
o . input e-machine oo C‘
exceed predictive complexity of /‘ =

. start = e
environment (;/@\

--@

transducer: M ;y_>|g) joint Markov: M(lgcg)l BN
SN | ety
H[XZ] 2 H[ SZ] — C—l‘ 0:1 ( i\/@ memoryless inefficient extractor: (35") i, = 0.174kp

T \
1:%

b
A/\
b A0 Aol :>1b
S
1-5b

:
®

local

transducer: MY 1Y) joint Markov: M N = (2 )

r—x’
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Thermodynamics implies Computational Mechanics

Thermodynamic efficiency
(AS*©) =0 — {in X yin requires that we predictively
model our inputs.

Boyd, Alexander B., Dibyendu Mandal, and James P. Crutchfield. "Thermodynamics of modularity:
Structural costs beyond the Landauer bound." Physical Review X 8.3 (2018): 031036.

predictive efficient extractor: <EeXt>min =0

Principle of Requisite Complexity: :

%

@ @:)

0|0b

1]10:1—b
0| b
11 —b

Information in memory must

--@

input e-machine oo 'O =
exceed predictive complexity of O /‘ C‘ e
. start =
énvironment (7 xj’ transducer: Méy_)%) joint Markov: M(lgcg)l_)(x o)
‘/O_:l\ memoryless inefficient extractor: (X% i, =
H[X;| > H[S;] = C}f 0:%C\/@ \ yless inefficient extract : (555 in = 0174k

| | e @ OO
Thermodynamics determines @ :
minimal Topology and dynamics of 5

local

" transducer: Méi'? joint Markov: M =5 .,
hidden states Sii1 = €(S;, Vi) = Xing = e(X;,Y)) (2.9)— (2 )
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Efficient Information Engines

Energy landscape control must reflect estimated probabilities

Boyd, Alexander B., James P. Crutchfield, and Mile Gu.
"Thermodynamic machine learning through maximum work
production.” New Journal of Physics 24.8 (2022): 083040.
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Efficient Information Engines

Energy landscape control must reflect estimated probabilities

E):t=1
X Energy
i 0.6
0.4
(W)max = ksT (H[Z?)] — H[Z?)) e
O_
1 }

—kpTIn(0.2) -} ---

—kpT In(0.8) -f - -

Boyd, Alexander B., James P. Crutchfield, and Mile Gu.
"Thermodynamic machine learning through maximum work
production.” New Journal of Physics 24.8 (2022): 083040.
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Efficient Information Engines

Energy landscape control must reflect estimated probabilities

—kpTIn(0.2) -} ---

—kpT In(0.8) -f - -

Boyd, Alexander B., James P. Crutchfield, and Mile Gu.
"Thermodynamic machine learning through maximum work
production.” New Journal of Physics 24.8 (2022): 083040.
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Efficient Information Engines

Energy landscape control must reflect estimated probabilities

Energy 0.4 0.6
N :

—kpTIn(0.2) -f - - - —kpT1In(0.4) -} - -
—kpT(0.8)-f -- —kpTIn(0.6) -f ----- N |
|
Crrt<t<7'™ D):t=71""
~a. — . 4 Boyd, Alexander B., James P. Crutchfield, and Mile Gu.
~ - ro —0 - -

equasistatic -
-
---------

"Thermodynamic machine learning through maximum work
production."” New Journal of Physics 24.8 (2022): 083040.
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Efficient Information Engines

Energy landscape control must reflect estimated probabilities

WrEed(r) = kpT In(0.8)

T

Energy

—kBTln(O 2)

—kBT IH(OS)

Quench

qdrmmmcnnna

v
0.8

W‘I%?d = ]CBT ln —

W = kT in

0.2

WpI'Od _ k Tl i
) p+ 0.4
rod 0.2

O

(r) = k5T 1n(0.2)

T

A .

_____ b

+

Wprod —0

equasistatic

WpI'Od

Crrt<t< 7™

(') = —kpT1n(0.4)

—kBTln(O.4) f--

—kpT 1n(0.6)-

o
A A

rod
WEed(r') =

—/CBTIH(OG)

Boyd, Alexander B., James P. Crutchfield, and Mile Gu.

"Thermodynamic machine learning through maximum work

production."” New Journal of Physics 24.8 (2022): 083040.
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Efficient Information Engines

Energy landscape control must reflect estimated probabilities.
Engine design and energies determined by model.

E):t=1
Ener
0.8 &Y
Wprod — EnT I 42 N
0.8 :

WS — kT O
’ 0.6 )
rod 0.2
Wia =ksTln o=

ro 0.2
WS~ kT in O

| 1
. ' 0.6
| 1
| 1
WE(7) = kT In(0.8) W (r) = kpT In(0.2) W (') = —kpTn(0.4) () = —kpTn(0.6)
: :
| 1
v v
Energy (.8
—kBTlIl(O.Q) -A----

—kpT In(0.8) -f - -

Boyd, Alexander B., James P. Crutchfield, and Mile Gu.
"Thermodynamic machine learning through maximum work
production.” New Journal of Physics 24.8 (2022): 083040.

] | Pr(70 = 2,)
: 6 T T
X — k Tl /
Efficient engines: | (W, . ) B4 Pr(Z9 = z,/) 63



Efficient Engine — Model Equivalence

Estimated e-machine
(model)

Estimated Process

Pr(Yg, = 101010---) = 0.5 1V N;(w
Pr(Y09 = 010101---) = 0.5 1:1.0

NG @

Pr(YOHL — yOL) = Z 53075* H@g?;SZ_Fl

—
$-.

—

<

—

|

i,
=

(Siy1 = 8/7Y'P = y|S; = s)

Va
-
h
_|_
[
~

|

-

Crutchfield and Feldman, Regularities unseen, randomness

observed: Levels of entropy convergence, Chaos, (2003) Boyd, Alexander B., James P. Crutchfield, and Mile Gu.

"Thermodynamic machine learning through maximum work

production." New Journal of Physics 24.8 (2022): 083040.
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Pr(
Pr(

L—1
LEU0L) = ) S He@ﬂ 9(2: Pr(Sip1 = 8,Y; = ylSi = )

Efficient Engine — Model Equivalence

Estimated e-machine
(model)

Estimated Process

Efficient Agent

0.5

Yy =101010---) = 0.5 1V \;0,5
0 1:1.0
Yy . =010101---) = 0.5

NG @

Va
-
h
_|_
[
~

|

-

Crutchfield and Feldman, Regularities unseen, randomness

observed: Levels of entropy convergence, Chaos, (2003) Boyd, Alexander B., James P. Crutchfield, and Mile Gu.

"Thermodynamic machine learning through maximum work

production." New Journal of Physics 24.8 (2022): 083040.
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Thermodynamic Learning: Maximum Work Production

For a single input string, efficient agents have a simple
expression for work production

<W9(yO:L)> = kT (In PT(YOQ:L = yo:) + L1n|Y|)
= kBTg(H‘yO:L) + kgT'LIn D/|

Maximizing log-likelihood of model from data also maximizes
work production.

Boyd, Alexander B., James P. Crutchfield, and Mile Gu.
"Thermodynamic machine learning through maximum work
production.” New Journal of Physics 24.8 (2022): 083040.

Maximum Likelihood Estimation and Maximum Work
Production are equivalent

60



Machine Learning vs. Information Thermodynamics

|) Data |) Physical system

pnDEnnone =




Machine Learning vs. Information Thermodynamics

|) Data |) Physical system

ENDEnnone =

2) Demon/Agent/Controller

= '@

(=

Mantas and Jaeger, Comp. Sci. Rev., (2009)



Machine Learning vs. Information Thermodynamics

|) Data |) Physical system
pnonnnone =
2) Model 2) Demon/Agent/Controller

T H e

Mantas and Jaeger, Comp. Sci. Rev., (2009)

3) Performance measure

N
= ZlnPr(Z = 2;|© = 0)



Machine Learning vs. Information Thermodynamics

|) Data |) Physical system
o1 ]|of|t1|[1t]|1]Oof1] - ~
2) Model 2) Demon/Agent/Controller

= '@

3) Performance measure 3) Work production

Mantas and Jaeger, Comp. Sci. Rev., (2009)

N
Z(@lg) — ZIHPI(Z — ZZ‘@ — (9) <W|63:/0:L> — k'BTg(H‘yO;L) - kBTL 111 D/|
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Machine Learning vs. Information Thermodynamics

|) Data |) Physical system
DnDEnnone =
2) Model 2) Demon/Agent/Controller

[ H e

3) Work production

Mantas and Jaeger, Comp. Sci. Rev., (2009)

3) Performance measure

N
=S " InPi(Z = 2|0 = 0) (Wl ) =kpTl(byo.r) + kpTLIn|Y

Maximum work production and Maximum Likelihood Estimation are
equivalent.
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Machine Learning vs. Information Thermodynamics

|) Data |) Physical system
o1 ]|of|t1|[1t]|1]Oof1] - ~
2) Model 2) Demon/Agent/Controller

= '@

3) Work production

Mantas and Jaeger, Comp. Sci. Rev., (2009)

3) Performance measure

N
f(@lg) — ZIDPI(Z — ZZ‘@ — (9) <W|63:/0:L> — kBTf(H‘yQ;L) - ]{ZBTL lIl D/|

Maximum work production and Maximum Likelihood Estimation are
equivalent. (When using epsilon machine models.)
What happens if we maximize work production!?

/2



Thermodynamic Training With Different Size Memories

@) Training Data b) Agents/Models Memory size: n = |X|

Black Box/

Environment

Yo:L
Yoo
c) Thermodynamic Training d) Maximum Work Agent/Model
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Thermodynamic Training With Different Size Memories

@) Training Data b) Agents/Models Memory size: n = |X|

Black Box/

Environment

Yo:L
Yoo
c) Thermodynamic Training d) Maximum Work Agent/Model

0, (yo:L) = argimax (W (yo:1))
fc{n state models}
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Thermodynamic Training With Different Size Memories

@) Training Data b) Agents/Models Memory size: n = |X|

Black Box/

Environment

Yo:L
Yoo
c) Thermodynamic Training d) Maximum Work Agent/Model

0, (yo:L) = algllaXx (W (yo:1))
> fc{n state models}
(W (yo:1)) = Iax (W (yo:1))

fc{n state models}

/9



What’s in the (Black) Box??

1:0.5

Black Box/
Environment

. 160" _ 7
Entropy rate: 1/, = lim

L— o0

/0

H(Yg,]

L



What’s in the (Black) Box??

1:0.5

Black Box/
Environment

, H[Y? ]
° 9 — ° O.L
Entropy rate: ), = Jim ——

Asymptotic limit on work rate

production:
(W)eo < kpT (mz ~ hz’)

= <W9/>Oo
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What’s in the (Black) Box??

1:0.5

Black Box/
Environment

/ HI:YQ/ ]
Entropy rate: hY = lim 0:L
tropy rate: h;, = li

Asymptotic limit on work rate

production:
(W)oo < kT (In2 = b )

= <W9/>Oo
Requisite Complexity:

5 causal states requires 5
memory states in the information

engine.

/8



| -State Machines

Possible Models: () & {o:bcgmz)}

Black Box/
Environment

1
Inverse temperature: © = 7
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| -State Machines

Possible Models: () & {o:bcgmz)}

BW(yo.r)) = LIn| Y|+ InPr(Yy,, = yo.1)

Black Box/
Environment

1
Inverse temperature: © = 7

80



| -State Machines

Possible Models: () & {o:bcgmz)}

BW?(yo.r)) = LIn|Y| + 111 Pf(Yo L = Yo:L)

= LIn|Y| + Zlne<%

€(yo0:i)—>€(Yo:i+1)

Black Box/
Environment

1
Inverse temperature: © = 7
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| -State Machines

Possible Models: () & {o:bCDMb}

BW?(yo.r)) = LIn|Y| + 111 Pf(Yo L = Yo:L)

_ (yi)
Black Box/ = Lin D}‘ T Z In He(y i)—e(Yo:it1)

Environment

= LIn|Y|+ Z N®W 1n oW

s—€(s,y)
S,Y

N¥) = number of times causal state s receives input y

PHYSICAL REVIEW E 89, 042119 (2014)

1 Bayesian structural inference for hidden processes

Inverse temperature: ° = ;7
B Christopher C. Strelioff':” and James P. Crutchfieldb 21 8o



| -State Machines

Possible Models: () & {o:bCDMb}

BW?(yo.r)) = LIn|Y| + 111 Pf(Yo L = Yo:L)

_ (yi)
Black Box/ = Lin D}‘ T Z In He(y i)—e(Yo:it1)

Environment

= LIn|Y|+ Z N®W 1n oW

s—€(s,y)
S,Y

N¥) = number of times causal state s receives input y

o) — i = fraction of times causal state s receives input y
ol1lol1|lo|l1]0]1 s—re(s,y) N(y
Zy S
PHY SICAL REVIEW E 89, 042119 (2014)
1 Bayesian structural inference for hidden processes

Inverse temperature: 7= ;7
B Christopher C. Strelioff!:" and James P. Crutchfield>2:1 83



| -State Machines

Possible Models: () & {MCQMb}

BW(Yo:L)) /L Training Work Rate
2.0

Black Box/
Environment

1.5

1.0

0.5+

Finite time work rate: (W™ (yq..))/L

| | | | |
20 40 60 80 100

1 L (training word length)

Inverse temperature: © = 7
84



Possible Models:

2-State Machines

( ) ( ) BW " (yo:n)) / L Training Work Rate
1:1—p 0:q 1:1—p 0:q 5
2.0
g 0 -
o o | V\J\\‘N/\/*\/\«/
p O:p

s e
()

l x x x l x x x l x x x l x x x l

20 40 60 80 100
L (training word length)
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3-State Machines
Possible Models; 27

O

0 e{ . \ ,
‘ 65<%W¢Iflax(y0:L)>/L Training Work Rate

2.0

1.5

O:r i
x x x l x x x l x x x l x x x l

x x x l
0:1—gq 20 40 60 30 100
L (training word length)
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Benefit of Engine Memory

More complex engines can harvest more energy

B W (yo:))/ L Training Work Rate Memory size: n = |X|
2.0

0.5~

! | ! ! ! | ! ! ! | ! ! ! ! ! ! |
20 40 60 80 100
L (training word length)

l

How well did the engine learn the pattern!?
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Thermodynamic Validation

CL) Training Data b) Agents/Models

Black Box/

Environment

Yo:L

HHEBRBNEN
o — {0}
d) Maximum Work Agent/Model

C) Thermodynamic Training

@maX(yO:L)

33



Thermodynamic Validation

CL) Training Data b) Agents/Models 6) Validation Data

Black Box/ Black Box/

Environment Environment

/
Yo L Yo. L

/ o — {0}
d) Maximum Work Agent/Model f ) Agent /Model Validation

C) Thermodynamic Training

@maX(yO:L)




f) Agent/Model Validation

(O™ (worr )

)
< W | wass

/

yO:L’)>

Average Work and Dissipation

Average over input probabilities:

<W9>0:L B r <W9(yO:L)>
knT Z Pr(YOH:L = Yo:1.) knT

Yo: L

Asymptotic work rate as a validation measure:

0
0 — 1 <W >O:L
Whee = 00T
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f) Agent/Model Validation

(O™ (worr )

)
< W | wass

/

yO:L’)>

Average Work and Dissipation

Average over input probabilities:

<W9>0:L B r <W9(90:L)>
knT Z Pr(YOH:L = Yo:1.) knT

Yo: L

Asymptotic work rate as a validation measure:

0
0 — 1 <W >O:L
Whee = 00T

Determines long-term effectiveness of engine on input

0:1—g¢q
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BV (yo.1)) /L

2.0

0.0

0.5

| -State Validation

Excessively high training work rates lead to divergent in validation.

This is thermodynamic overfitting!

Training Work Rate

| | | | |

l

20

40 60

L (training word length)

30

100

€5<W@Iﬁlax(yozL)>oo

2.0

1.5

0.0

1.0

0.5

Validation Work Rate

| | | | |

40 60
L (training word length)
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2-State Validation

More frequent overfitting.

6B<W,,§nax(y0:L)>/L Training Work Rate BWOR S (wo.)y Validation Work Rate
2.0

1.5

1.0
0.5+
OO | 1 1 1 l 1 1 1 l 1 1 1 l 1 1 1 l 1 1 1 l OO | ‘ ‘ 1 ‘ 1 1 1 l 1 1 1 l 1 1 1 l 1 1 1 l
0 20 40 60 80 100 0 20 40 60 80 100
L (training word length) L (training word length)
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BV (yo.1)) /L
2.0

0.0

Even more frequent overfitting.

1.5
1.0

0.5

Training Work Rate

3-State Validation

l x x x l

20

40 60
L (training word length)

30

x l
100

B(WOn™ (Wo:L)y __

2.0

1.5

1.0

0.5

0.0 —_—
0 20

Validation Work Rate

\ | | | 1

40 60
L (training word length)
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BV (yo.1)) /L
2.0

0.0

Even more frequent overfitting.

1.5
1.0

0.5

Training Work Rate

3-State Validation

l x x x l

20

40 60
L (training word length)

30

x l
100

B(WOn™ (Wo:L)y __

2.0

1.5

1.0

0.5

0.0 —_—
0 20

Validation Work Rate

Effective learning

\ | | | 1

40 60
L (training word length)

95

30

x l
100



Training Vs Validation

Memory offers a universal benefit in training, but often leads to divergent dissipation in validation.

X . . max o .
€5<Wr,§,na (yo:r.))/L Training Work Rate 6ﬁ(VV@n (’90=L>>oo Validation Work Rate
20 I 2.0 -
15 n=3
n=1 ‘
1o e |
0.5 0.5 n =2
! l ! ! ! l ! x x l x x x l x x x l OO ] \ \ \ \ \ \ \ | 1 l 1 1 1 l ! x l
20 40 60 30 100 0 20 40 60 30 100
L (training word length) L (training word length)

Benefit of memory can only be found for large training sets.
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Training Vs Validation

Memory offers a universal benefit in training, but often leads to divergent dissipation in validation.

X . . max . .

€5<Wr,§,na (yo:r))/L  Training Work Rate 6ﬁ(VV@n (vo:1)y Validation Work Rate
2.0 2.0 -

1.5;

n =1

1.0 fmema N
0.5 0.5 n 4 9
00 -« ... . ool n=3

0 20 40 60 30 100 0 20 40 60 80 100
L (training word length) L (training word length)

Benefit of memory can only be found for large training sets.
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Period 2 Input

Correlation Powered Information Engines

Alexander B. Boyd, Dibyendu Mandal, and James P. Crutchfield
Phys. Rev. E 95, 012152 (2017)

Candldate Ratchet
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Period 2 Input

Correlation Powered Information Engines

Alexander B. Boyd, Dibyendu Mandal, and James P. Crutchfield
Phys. Rev. E 95, 012152 (2017)

Candidate Ratchet Ratchet Work Production

: input 0 transition
: Input 1 transition

<W>counterclockwise — _kBT <W>clockwise — kBT/e
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Period 2 Input

Correlation Powered Information Engines

Alexander B. Boyd, Dibyendu Mandal, and James P. Crutchfield
Phys. Rev. E 95, 012152 (2017)

Candidate Ratchet Ratchet Work Production

1 . input O transition
T : input 1 transition
Aol 1/ o Bo1 . Inpu
e

<W>counterclockwise — _kBT <W>clockwise — kBT/e
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Correlation Powered Information Engines

Alexander B. Boyd, Dibyendu Mandal, and James P. Crutchfield

Phys. Rev. E 95, 012152 (2017)

Candidate Ratchet

1
Y
AR1 > BX®1
1/e

Period 2 Input

Must include synchronization mechanism

1—9 Y
Y Yy
Al |J———> Bl |J— (Cx1 11—
(1—-9)/e 0
1—(1-9)

—(1—9)/e

1—(1-9)/e
e R
1—4
V/

~

Ratchet Work Production

: input 0 transition
: Input 1 transition

<W>counterclockwise — _kBT

&~ =

4;5 2 \\0 |

\ 5

= & ~

A Q) ) B®O0
~ =0

<W>clockwise — kBT/e
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Correlation Powered Information Engines

Alexander B. Boyd, Dibyendu Mandal, and James P. Crutchfield
Phys. Rev. E 95, 012152 (2017)

Period 2 Input Candidatel Ratchet Synchronization Costs VWork
1 <~
\ 04,
- 0.2
o)) S SO VPR P N SN

Must include synchronization mechanism

A/_\
o B®1 cel :) ~0.5/

(1—20)/e

stnc/kBT
-

(1— (5/6

Rsync

0.8

-
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Regularization

In machine learning: input: &
output: W

target: 1y
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Regularization

In machine learning: input: & unregularized: W™ = argming, ||[W & — 7|
output: W = (2' &)~ '2" ¢ by linear regression
target: v
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Regularization

In machine learning: input: & unregularized: W™ = argming, ||[W & — 7|
output: W = (2' &)~ '2" ¢ by linear regression
target: v

adding a cost to weight matrix regularizes: W™ = argmin (\ Wz — ]2 4+ \|W] \2)
2%
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Regularization

In machine learning: input: & unregularized: W™ = argming, ||[W & — 7|
output: W = (2' &)~ '2" ¢ by linear regression
target: v

adding a cost to weight matrix regularizes: W™ = argmin (\ Wz — ]2 4+ \|W] \2)
2%

In thermodynamic learning:

Add a cost for synchronizing? 6™ (y..) = argmax (WO (yo.) + Wime)?
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Regularization

In machine learning: input: & unregularized: W™ = argming, ||[W & — 7|
output: W = (2' &)~ '2" ¢ by linear regression
target: v

adding a cost to weight matrix regularizes: W™ = argmin (\ Wz — ]2 4+ \|W] \2)
2%

In thermodynamic learning:

Add a cost for synchronizing? 6™ (y..) = argmax (WO (yo.) + Wime)?

Similar strategy: initialize in uniform memory distribution, such that cost of
synchronization is incurred in operation

o0

BW(yo..)) = L1In|Y| + InPr(Yy, = yo..|So = s¥)
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Regularization

In machine learning: input: & unregularized: W™ = argming, ||[W& — 7|2

output: W = (2' &)~ '2" ¢ by linear regression

target: y

adding a cost to weight matrix regularizes: W™ = argmin (\ Wz — ]2 4+ \|W] \2>
2%

In thermodynamic learning:

Add a cost for synchronizing? 0™ (yo.1,) = argr@nax (W (yo.L.) + nync)

Similar strategy: initialize in uniform memory distribution, such that cost of
synchronization is incurred in operation

1 40=0

BW (yo:1.)) D/ |+ ' = Yo:|S0 = s7) BOW (yo:L)) = LIn Y] + Z E In Pr(Yy:;, = yo:[So = s)
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Regularization Through Synchronization

Without synchronization, maximum work agents badly overfit.

X . . max . .

€5<Wﬁna (yo:r))/L  Training Work Rate 6ﬁ(VV@n (vo:1)y Validation Work Rate
2.0 2.0 -

1.5;

n =1

1.0 fmema N
0.5 0.5 n 4 9
00 -« ... . ool n=3

0 20 40 60 30 100 0 20 40 60 80 100
L (training word length) L (training word length)
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Regularization Through Synchronization

Without synchronization, maximum work agents badly overfit.

BW " (yo:r)) /L Training Work Rate

2.0
”
//::/’ ’——— ____________
- - - ——— \ === e
/ ” - = UL
1.5* Iﬁ/ \,/ f,/ - - N— ___.
kl \/ /\/\/“
1.0 s acaaaaaccccccccccccccccccccccccccscssssssssssssssssssssssaaaanan:
0.5+
0.0% | | | | | |
0 20 40 60 80 100

L (training word length)

66 (WOn™" Wo:L)y Validation Work Rate

2.0 -
1.5
- n = _-_-___ —————— e e ——
%|\\
AN . S
LO? “t\\,[
\\:,
0.5 -
% n=3
00 ‘ ‘ ‘ | ‘ ‘ ‘ | ‘ ‘ | ‘ | ‘ |
0 20 40 60 80 100

L (training word length)

Synchronization mechanisms reduce training work rate, and seriously limits divergent dissipation.
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Conclusion
Maximizing work production leads to learning complex models of patterns.

Overfitting to small data leads to divergent dissipation, which is more common for more
complex information engines.

There is both a thermodynamic benefit and thermodynamic cost to complexity.

agent2 input agentl
: CM CM CM

100 . 1.0/
0.8 0.8
0.6 ,-'. : 0.6
0.4 -‘_> - 0.4
0.2 . 0.2 ,

T — i | i e L i TR LAy MO s S S Oy [ ST S SO S S IS GO SR

Learning can be partially regularized by requiring that engines autonomously synchronize.

A. B. Boyd, J. P. Crutchfield, and M. Gu. Thermodynamic
Overfitting: Limits on Complexity in Thermodynamic Learning.

(Forthcoming)
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