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Complexity	  and	  Emergence	  
Which	  number	  will	  you	  bet	  on?	  	  

Which	  number	  will	  you	  bet	  on	  now?	  	  

Incomplete	  ques(on	  unless	  we	  define	  	  
what	  interac(on	  we	  are	  looking	  for?	  
X1+X2,	   	   	  Min(X1,X2),	  	   	  others…	  

X1	  

X2	  

H (X1) = H (X2) = log2 6 = 2.58 bits
H (Y ) = H (X1+ X2) = 3.274 bits < 2*2.58Randomness	  

Order	  

Emergence	   Spontaneous	  reduc.on	  in	  uncertainty	  due	  to	  	  
(synergis.c)	  Interac.ons	  of	  elementary	  	  
behavior	  in	  an	  open	  system	  
	  

	  Whole	  is	  greater	  than	  the	  sum	  of	  the	  parts	  



Par(al	  Informa(on	  Decomposi(on	  
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Synergy	  

I(Y ;X1,X2) =U(Y ;X1)+U(Y ;X2)+ R(Y ;X1,X2)+ S(Y ;X1,X2)

redundant	  
informa=on	  

unique	  informa=on	  from	  
each	  source	  individually	  

synergis=c	  informa=on	  
provided	  by	  sources	  together	  

Ques=on:	  Is	  synergis(c	  informa(on	  associated	  with	  emergent	  behavior?	  

How	  can	  we	  es=mate	  S-‐U-‐R	  components?	  

(Williams	  and	  Beer,	  2011)	  



Link	  to	  La\ce	  Theory	  

(Williams	  and	  Beer,	  2011)	  



Par(al	  Informa(on	  Decomposi(on	  
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Synergy	  

I(Y ;X1,X2) =U(Y ;X1)+U(Y ;X2)+ R(Y ;X1,X2)+ S(Y ;X1,X2)

redundant	  
informa=on	  

unique	  informa=on	  from	  
each	  source	  individually	  

synergis=c	  informa=on	  
provided	  by	  sources	  together	  

Ques=on:	  Is	  synergis(c	  informa(on	  associated	  with	  emergent	  behavior?	  

How	  can	  we	  es=mate	  S-‐U-‐R	  components?	  

(Williams	  and	  Beer,	  2011)	  

Transfer	  	  
entropy	  



es(ma(ng	  redundant	  informa(on	  
I(Y ;X1,X2) =U(Y ;X2)+U(Y ;X2)+ R(Y ;X1,X2)+ S(Y ;X1,X2)

normalized	  source	  
dependency	  

R = Rmin +
I(X1;X2)

min[H (X1),H (X2)]
Rmax − Rmin( )

max[0, I(X1;Y )+ I(X2;Y )− I(X1,X2;Y )]≤ R ≤min[I(X1;Y ), I(X2;Y )]

Rmin	   Rmax	  

min[I(X1;Y ), I(X2;Y )]

One	  of	  the	  proposed	  es-mates	  of	  R	  

if	  sources	  are	  totally	  dependent	  
(redundant)	  à	  link	  is	  maximally	  

redundant.	  	  If	  sources	  are	  independent	  of	  
each	  other,	  the	  link	  is	  minimally	  redundant	  

S(Y ;X1,X2) = I(X1,X2;Y )−[I(X1;Y )+ I(X2;Y )− R]
-‐(U1+R)	  (U1+U2+S+R)	   -‐(U2+R)	   +R	  S	  



Simple	  examples:	  uniform	  and	  
Gaussian	  distribu(on	  

For	  Sum	  of	  Two	  Die	  Rolls:	  

For	  sum	  of	  two	  Gaussian	  variables:	  

Rmin =max 0,
1
2
ln (σ x1

2 +σ x2
2 + ρσ x1σ x2 )

2πeσ x1
2σ x2

2 (1− ρ2 )2
"

#
$

%

&
'

(

)
*

+

,
- Rmax =

1
2
ln (σ x1

2 +σ x2
2 + ρσ x1σ x2 )

(1− ρ2 )max(σ x1
2 ,σ x2

2 )
"

#
$

%

&
'

R = Rmin −

1
2
ln(1− ρ2 )

ln(2πemin(σ x1
2 ,σ x2

2 ))
Rmax − Rmin( )

S = 1
2
ln 2πeσ x1

2σ x2
2

(1− ρ2 )2 (σ x1
2 +σ x2

2 + ρσ x1σ x2 )
⎛

⎝
⎜

⎞

⎠
⎟+ R

ρ
-1 -0.5 0 0.5 1

σ
X

0

0.5

1

0 0.2 0.4 0.6 0.8 1

ρ
-1 -0.5 0 0.5 1

S
y
n

H

0

0.2

0.4

0.6

ρ
-1 -0.5 0 0.5 1

R
ed H

0

0.5

1

Synergy	  

H (X1) = H (X2) = log2 6 = 2.58 bits
H (Y ) = H (X1+ X2) = 3.274 bits
I(X1;Y ) = 0.689 bits =U1=U2

S = 3.27− (0.689+ 0.689− 0) =1.896 bits



studying	  an	  ecohydrologic	  network	  
with	  the	  S-‐R-‐U	  approach	  

ecosystems	  as	  
networks	  

different	  types	  of	  
informa=on?	  

shiWing	  links	  and	  informa=on	  

Illinois	  weather	  sta=on	  case	  
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a	  network	  context	  
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Root-‐soil	  
processes	  

Plant	  
Processes	  

Atmospheric	  
forcing	  (weather)	  



perturba(ons	  alter	  interac(ons	  and	  
can	  lead	  to	  shi^s	  in	  behavior	  

healthy	  
ecosystem	  

drought	  damaged	  
ecosystem	  

Root-‐soil	  
processes	  

Plant	  
Processes	  

Atmospheric	  
forcing	  (weather)	  

Root-‐soil	  
processes	  

Plant	  
Processes	  

Atmospheric	  
forcing	  (weather)	  

(me	  dependency	  between	  variables	  (or	  informa(on	  transfer)	  

Ques-ons:	  How	  can	  we	  iden(fy	  these	  
interac(ons	  and	  shi^s,	  and	  are	  there	  
signatures	  in	  S-‐R-‐U	  informa(on?	  
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Strength	  
How	  dominant	  is	  the	  

link?	  

Time	  Scale	  
Does	  link	  occur	  at	  

fast	  or	  slow	  
(mescale?	  

Synergy	  
Does	  the	  link	  provide	  

addi(onal	  
informa(on	  with	  
another	  link?	  

Redundancy	  
Is	  the	  link	  unique,	  or	  
redundant	  due	  to	  

feedback?	  



network	  of	  (me	  dependencies	  is	  
established	  using	  informa(on	  theory	  

mutual	  informa(on	  is	  a	  reduc(on	  in	  uncertainty	  

H (Xtar ) = − p(xtar )∑ log2 p(xtar )

I(Xs1;Xtar ) = H (Xtar )−H (Xtar | Xs1)

entropy	  is	  uncertainty	  

transfer	  entropy	  is	  a	  further	  reduc(on	  in	  uncertainty	  

I(Xtar;Xs1 | Xtar,τ ) = H (Xtar | Xtar,τ )−H (Xtar | Xs1,Xtar,τ )

Xtar	  

Xs1	   τs1	  

H (Xtar )

H (Xs1)I(Xtar;Xs1,Xtar,τ ) = I(Xtar;Xs1 | Xtar,τ )+ I(Xtar;Xtar,τ )
total	  informa(on	  from	  two	  sources	  to	  target	  

Xtar,	  τ	  

H (Xtar,τ )

node	  view	  

entropy	  view	  



network	  links	  have	  synergis(c,	  
redundant,	  and	  unique	  components	  

Xtar	  

Xs1	  
τs1	  

Xs3	  

τs3	  

Xs4	  

τs4	  

Xs2	   τs2	   τtar	  

Xtar,	  τ	  

I(Xtar;Xs1,Xtar,τ ) =U(Xtar;Xtar,τ )+U(Xtar;Xs1)+ R(Xtar;Xs1,Xtar,τ )+ S(Xtar;Xs1,Xtar,τ )

redundant	  
informa=on	  

unique	  informa=on	  from	  
each	  source	  individually	  

synergis=c	  informa=on	  
provided	  by	  sources	  together	  

for	  any	  sourceà	  target	  link:	  
maximum	  R	  (redundancy	  with	  another	  source)	  	  
maximum	  S	  (synergy	  with	  another	  source)	  

=	  

=	  

(Williams	  and	  Beer,	  2011)	  

*pairwise	  comparison	  of	  links:	  
for	  example,	  Xs3	  link	  might	  be	  most	  
redundant	  with	  Xs1	  link,	  but	  Xs4	  link	  may	  
be	  most	  synergis(c	  with	  Xs1	  



S-‐R-‐U	  can	  reveal	  different	  types	  of	  
feedbacks/links	  in	  network	  

Xi (t) =
ε
ki

wj,i f (Xj (t −τ j,i ))"# $%
j=1

N

∑ + (1−ε)z

f (X) = 4X(1− X) chao(c	  logis(c	  equa(on	  

coupled	  chao(c	  logis(c	  +	  noise	  
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….full	  connec(vity	  à	  
synchronized	  nodes	  

randomly	  add	  one	  link	  
at	  a	  (me…	  
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informa(on	  along	  the	  
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decrease	  in	  detected	  strength	  at	  
round	  3	  due	  to	  other	  source	  

few	  changes	  in	  
transfer	  entropy	  

look	  at	  detected	  measures	  of	  lagged	  MI	  and	  TE	  for	  this	  original	  4à7	  link	  
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informa(on	  along	  the	  path	  to	  
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look	  at	  detected	  measures	  of	  lagged	  MI	  and	  TE	  for	  this	  original	  4à7	  link	  

round	  3:	  
addi(ve,	  
independent	  
source	  2	  

round	  6:	  
1à4	  link	  causes	  
sources	  2	  and	  4	  to	  
be	  redundant	  (1	  is	  
driving	  both	  2	  and	  4)	  

round	  8:	  
increase	  in	  S	  due	  to	  
new	  independent	  
source	  node	  6	  
	  



for	  test	  cases,	  changes	  in	  S-‐R-‐U	  shi^	  as	  
links	  are	  added	  
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uniqueness	  
all	  sources	  are	  
independent	  or	  

par(ally	  dependent	  

synergy	  
mul(ple	  sources	  
provide	  more	  

informa(on	  together	  

redundancy	  
due	  to	  feedbacks,	  

nodes	  synchronize	  in	  
some	  way	  



RH

WS
WD

Ta

Rg

PPT
LWet

we	  use	  weather	  sta(on	  data	  to	  
explore	  these	  interac(ons	  

Sangamon	  Forest	  
Preserve	  	  
Intensively	  Managed	  
Landscapes	  (IML)	  CZO	  

knowing	  our	  nodes:	  
air	  temperature	  	   	  Ta	  
wind	  direc(on 	   	  WD	  
wind	  speed	   	   	  WS	  
rela(ve	  humidity	   	  RH	  
leaf	  wetness	   	   	  Lwet	  
rainfall	   	   	   	  PPT	  
radia(on	   	   	   	  Rg	  



with	  high	  temporal	  resolu(on	  data,	  we	  
iden(fy	  interac(ons	  on	  sub-‐daily	  scale	  
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S,R,U	  measures	  indicate	  different	  
types	  of	  interac(ons	  and	  feedbacks	  
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WS	  =	  synergis=c	  target	  
of	  RH	  and	  Rg	  

WS	  =	  redundant	  target	  
of	  RH,	  Rg,	  WS	  

WS	  =	  unique	  target	  
of	  Rg	  
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nodes	  are	  both	  sources	  and	  targets	  of	  S-‐
R-‐U,	  but	  interac(on	  strengths	  vary	  
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conclusion:	  an	  informa(on	  approach	  
can	  reveal	  ecosystem	  responses	  

informa(on	  measures	  used	  to	  detect	  (me	  
dependent	  interac(ons	  in	  terms	  of	  :	  

Strength	   Time	  Scale	  

Synergy	  Redundancy	  

measures	  applied	  to	  weather	  sta(on	  data	  
show	  shi^ing	  links	  with	  condi(ons	  
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this	  approach	  can	  reveal	  feedback,	  self-‐feedback,	  
synchroniza(on,	  and	  mul(ple	  unique	  or	  
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