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Interplay between information theory,
uncertainty quantification,
and improving reduced-order predictions
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“All models are wrong but

OUtIlne: some are useful” GEr Box

® Predictions from ‘coarse’ models tuned from data

® Why information theory !
@ Multi-model ensemble predictions & info theory

B Simple example

® Summary & outlook



B Accurate probabilistic predictions from coarse-grained models

“coarse’ finite-dim model
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“coarse”’ finite-dim model




B Optimisation of models & their predictions

* Tuning: Minimise the lack of information in the imperfect predictions by improving
the models in the “training phase” (when lots of data is available)
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B Optimisation of models & their predictions

Goals:

* “Best-fit” coarse-grained model to “fine-scale” dynamics/data

* UQ for multi-scale problems

+ Sensitivity analysis, robustness, parameter identifiability

Key notions:

* Metric d(u¢,v) or a pre-metric D(u:||v¢) on the space of probability
measures

* Accuracy/error for observables |E*¢[f] — E"*[f]]

# Sensitivity under perturbations ,uf — ,uf+59 or EM Sl E“’?Me[f]



B Optimisation of models & their predictions

Key tools:

* ¢ -entropies (or their rates in path-space). In particular, the relative
entropy (Kullback-Leibler divergence)

d
Dier(u||v) := /m((ﬁ) dy <A v

+ ‘Information’ inequalities for specific observables f, e.g.,

EX[f] — BV [f]] < |floov/ 2Dk (pe||ve) (Pinsker)

B[] - B[] < 2 (B[] + B (/) * VDrcr i)
* Sensitivity analysis (Fisher information, linear response to perturbations)

1
Dicr (W’ [|n”%) = 5007 F ()30 + O(56°)



B Measure of the lack of information in models

NG Y e X =

SN o W(U) marginal truth density Pos ™ '.‘tj

A . HA Y\
7 T (U) model density | = f’ -
- - P‘ -~ "

on U € {dxc (e.g,resolved Fourier modes)

Model error

Dalrlr)= [

Dy, > 1]

7 log T
7_‘_1\/[

The relative entropy D, (7 || ) quantifies the lack of information in 7T relative to 7T

(i) Dy, (7T
(i) Dy(m
(iii) d (

mw, T

™) >0, Dg(r||m™) =0 iff 7=7"

s ) is invariant under nonlinear changes of variables

) < Dy (|| 7)) < dpg(m, 7)) + 32 (7, 7

M



B Model error, internal prediction skill and sensitivity

Branicki, Nonlinearity, 2012

= Model error
E(t;to) = Dir(me|m}')

Lack of information in the imperfect model density compared to the perfect
statistical forecast

= Prediction skill = |nternal prediction skill

SK(t;to) — DKL(WtHWatt) SKM(t;to) — DKL(WlthWg[tt)

Information beyond the climate in the perfect/imperfect model forecast.

= Model sensitivity
SE(t;to) = DKL(W?HWatt) SE" (t;t0) = DKL(W%(S”W?ftt)

Lack of information in the perfect/imperfect unperturbed climate relative to the
statistical forecast of response to external or internal perturbations.




® Tuning imperfect models

7T : true marginal density

F time

M. class of imperfect models with marginal densities 7T

@ The best model M, & M minimises the lack of information

DKL(T" H WM*) — 1\?&1/\%1 DKL(T‘- H WM)

L , " .
% For T the max-entropy approximation of 7T based on L. moment constraints

Dy (|| ) < Dy (7 || 77) + Dyer (7 || 7)

optimised model

*
*
*
*
*
*
*
*
*
*
4

“information” barrier Dy (7" [| 7)) = min Dy (7 || 7)
MeM
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® Improving imperfect predictions via tuning attractor fidelity

Branicki, Enc. Appl. Math, 2015

Dy, (m° || 7°) < D (x° || w°) + Dy (™ || 1)
FACT: Improving attractor fidelity of model improves predictions

DI.Z-; (7TL’5

1/2 —5H1/2 -

7)< 0= 0| 2o | B[l 2 ) + O ((OE)7)

EE=E+6E E = / E(u)r° (u)du
Q
5

m° o exp (— 0°(E )-E(u))



B Improving probabilistic predictions by tuning attractor fidelity

Branicki, Enc. Appl. Math, 2015

Dy (n® | me™™%) < D (x| 7°) + D (w2 [ ™)
FACT: Improving attractor fidelity of MME improves predictions

DT (a0 | m50) < (|3 06— 6] 57 1B || oty + © ((OEB)?)

E' = E+6E /E

T ocexp( 0°(E’)-E(u))

12



B Multi-model Ensemble (MME) predictions

+ Use a single model or a mixture of models for best predictions ?

+ Useful properties: Convexity of the relative entropy in the second argument &
the ‘triangle’ inequality

DIfL(W I ZamM") < ZaiDKIL(WHWMi)’ a; >0, D.o=1.

z A

Dyt (|| 7) < Dy (|| ") + Dyu (" || 7)
13



B Multi-model Ensemble predictions

+ Why relative entropy?
Dy, (ﬂ- | Z aini) S ZaiDKL (77 | 7TM?;), DKL(T‘- H 7TMi) < DKL(TF H 7TL) + DKL(WL H i

Gives good bounds on predictive skill for attractor perturbations.
+ Use a mixture of models instead of a single model when (necessary cond.)
Z MME 7T M MME __ M;
DKL(WHT‘- )_DKL(T‘-HT‘- 0) <0 Ty —Zai Ty

87

<+ Sufficient condition for using MME given only the error of individual models

D (x| 7) > 3 B D (] =) vy
1F£0
+ Weaker criterion for prediction improvement using MME given error of individual
models.
DL (| n¥e) + A > Y 8 D a")  a=

1£0
14



B Improving imperfect predictions via the MME approach

15

General formulation  (see Branicki & Majda, ). Nenlin. Sci. 2015 )

Theorem. The sufficient condition improvement of imperfect predictions via the MME approach can
be expressed in terms of the least-biased densities as

oo (2, {2} ) + Ba({E)}) + €a (Et, {E]"}) >0,

MoL2 (u)] |

where

' ()

W?f ‘(u)

o = [ durl () Mw), Mw) = > 6
1£0
is non-zero only when some of the model densities are not in the least-biased form, i.e., m' "2 # " for
some ¢, and

Bo=> B [1og CMorl2 (B}°) — log CYirt2 (Ei"')}, b= B [(02%— 0;“) . Et},
1F£0 1F£0

log — log

my ° (u)

ML
where m,;' and ;"

= exp( ZH ) o = (C’};’I)_l exp (—ZH?(t)E,(u))

maximising the Shannon entropy

are the least biased densities

S =— fﬂ'L In7"  with /WL(U)Ei(U)d’U,: /w(u)Ei(u)du, i=1,...,L,



® Condition for improving forced response predictions via MME approach

FACT 7. The sufficient condition (13) for improvement of the imperfect predictions via the MME
approach can be expressed in terms of the least-biased approximations of the true density evolving from
the initial density characterized by Ey, 6q as

o (i A m}) + Ba (1B i Bo) + a (B}, Br) > 0, (20)

where &7, is defined in (14) and

éﬂ —_— Z ﬁi [P(ﬂ-al : ﬂ_iﬂoaLz) _ Jp(ﬂ.al : ,n_i\"[t'aLZ ):| ? (g—; — Z /3% [(B?O(E:{O) . ﬂiit(Eih)) ‘ gﬁt] 7
170 170
where the weights 3; are defined in (9) and the initial least-biased density of the truth is given by n5* (u) =
C;texp(—6q - E(u)).



B Improving imperfect predictions via the MME approach

Necessary condition:

MME better than M (e) when
D (m || mg™™) = Dig(m || ) < 0

87

“finite-dim” sketch

17



® Improving imperfect predictions via the MME approach

18

Use a single model or a mixture of
models for best predictions ?

use mixture g
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® Improving imperfect predictions via improving model fidelity




B Exactly solvable test models for turbulent tracer with realistic features

1
%—t +v(z,t)-VT = AT

Non-Gaussian passive tracer with
mean gradient T = ay + 1" (z,t)

p(T) tracer spectrum

@ Reduced-order model & stochastic parameterisation

oTM
ot

_ M M M o aidsaddieedi,
M VT = (k4 Reaay) ATM +orW 8,

® Model improvement

DKL(T‘- || 71'M*) = min DKL(T‘- ” 7TM)
MEM
20 Majda & Branicki, DCDS 2012



B Exactly solvable test models for turbulent tracer with realistic features

0T +v(x,t) VI = kAT

Majda & Gershgorin, Proc. Roy.Soc. 201 |

0 PhYSical space Majda & Branicki DCDS 2012
o1’ 0*T
5 =@ ( U(t)) —av(x,t) + s
oU :
a = —dUU + f(t) + O-UWU(t)a

g: =r ((%»U(t)) v folt) + b, 1) + 00 (@)W, (1),

o0 Fourier domain
Ti(t) = (—dr, + iwr, () TL(t) — avk(t),

Ut) =—dpU(t) + fu(t) + oo Wu(t),

0k(t) = (—dyy, — Yo, (1) + iy, (£)v(t) + by, (t) + fo, (£) + 00, W, (1),
S (1) = —do, Yo (£) + T, Wi, (8), k
by, (1) = (—dp,, +iwp, Yoy, (t) + b, Wbuk(ﬁk

= |dentification of mechanisms for intermittency

= Rigorous justification/critique of various turbulent closures

. = Non-local effects due to mean flow - fluctuation interactions



® Improving reduced-order models for turbulent tracer

Baby configuration: model improvement on attractor by simple noise inflation

hT+v-VT = kAT l Oy TV + M- VTN = RATY + o5 W

oT = 0 o optimal

Model error on attractor for models with optimised noise is greatly reduced



® Improving reduced-order models for turbulent tracer

of

Forced response for attractor-tuned model
with optimal noise
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B |nformation-theoretic improvement of predictive skill of GCMs

joint work with R. Leung, S. Hagos, G. Lin & A. Majda

90N . - - ~ - 0.08 (stalled for now ...)

> 8 . ’ .,.'. “aie o =ms R VRN 2, Vi st e AN VY e e s Ll 0.06
G6ONF, ,

" 0.04
30N

. - 10.02 \7/

OF" 1t 40 € Pacific Northwest

L7 A0 NATIONAL LABORATORY
sosf-y/ - 2K NS . —0.02 @

7 A ) -0.04 |

‘v 42 i .
608'\', s ‘ Y _0.06 NYU

1 3 VN

293 120w 1sow 2098

Dt (}|[m") = H (€)= H () s
| " ' 28 2
+5—= (/ (Ra(t —s) — RE(t — S))5f(s)ds>
20 0
« . %) 1 t ( 2
Climate change o ( / (R (t — ) = R (t — 5))d f(s)ds) + O(5%)
error 40 \Jo
FDT o t

(fluctuation-dissipation — 00U = / Rau (t o S)5f(t)d3 oR = RR (t o S)5f(t)d8

relationships) to to



® Summary:

¢ Natural synergy between the information theoretic framework and empirical data

¢ Systematic framework for dimensionality reduction and ‘information retainment’
depending on amount/quality of available data and computational cost

2 Information-theoretic framework is useful for UQ on reduced subspaces
of dynamical variables

= The framework naturally suited to deal with model error and partial observability
of the true dynamics

= |nformation-theoretic optimization of imperfect models requires simultaneous
tuning of statistical moments and can significantly improve prediction skill and
sensitivity of imperfect models

¢ If correctly implemented, the MME framework is useful for improving forced
response of the unknown truth dynamics based solely on the information from its
statistical equilibrium

¢ Sufficient condition for improving imperfect predictions via MME approach
obtained within the information-theoretic framework

¢ This formulation can be extended to MME prediction with filtering/data
assimilation algorithms

¢ Pathspace framework in development, including more detailed measures of
predictive fidelity
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B Extras:

=  Model error reduction, tuning and information barriers:
A simple example linear Gaussian example

=  Improving “climate change” predictions by tuning on attractor:
Linear response theory & fluctuation-dissipation constraints.



information barriers: A simple example

o Model error reduction, tuning and /f
linear Gaussian example

= Perfect model .
uw=au—+v+ F ‘resolved’ dynamics

vV=qu+ Av+ oW ‘unresolved’ dynamics

= Gaussian equilibrium if

a+A<0, aA—q>0.

= |mperfect model: Mean Stochastic Model

Uy = —YmUy + Iy O'MWM




® Tuning the marginal statistics on attractor

® The imperfect model

Uy = —Ymunm + For + oW

= Tuning the imperfect model equilibrium statistics

_ Py« AF
Un Y aA—gq
2
Var|uy| T

(FM*7 UM*) fixed

o2 M

2V 2(ad —q)(a+ A)

free

= |nfinite-time response to change in forcing

F /

F+oF

Perfect model

A
—00 __ Ia
0t aA—q5

Imperfect model

1
5u° = —F

84y




B Model error & information barriers

Model error on the perturbed attractor

2
A_ 1 2
P T n | OF
(Mo, M) o | ——+ ——|10F]|

u=au-+v+F
fz}:qu+Av+0W

Uy = —YmUn + P + UM*WM

» A > 0 : Intrinsic barrier to improving sensitivity
No minimum of P for finite Yu > 0

» A < 0: Perturbed attractor fidelity and
sensitivity captured for

v P — A" (aA - q)

aA—q>0
v > 0

More details in:

Majda & Branicki, Lessons in Uncertainty
Quantification for Turbulent Dynamical
Systems, DCDS 2012

Branicki & Majda, Quantifying uncertainty for
predictions with model errors in non-Gaussian
models with intermittency, Nonlinearity, 2012




B Model error & information barriers in MME prediction
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® MME prediction with no information barrier
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® MME prediction with information barrier A > 0
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= The MME prediction
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response can be
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Improving “climate change” predictions by tuning on attractor:
Linear response theory & fluctuation-dissipation constraints.
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B Essentials of FDT (e.g., Majda, Abramov, Grote 2005)

= Original system v = f(v,1) g(v)W(t) v e IRE
o |nvariant measure Lyp Peq (’U) =0
o Expected value of A Alu) = /A(u)peq (v)do uec RY c R®

= Perturbed system f—>f+4f o— 0+ 00
o Invariant measure Lo, pgq (v) =0
)

o Expected value of A A(u)

514(‘1&) — A(u) ’ — A(u) 7 Yes, if pgq (’U) differentiable at 0 = 0

Formal generalizations to dissipative systems (Hairer & Majda 2010) with time-periodic attractors
(Majda & Wang 2010, Gershgorin & Majda 2009)



B Essentials of FDT (e.g., Majda, Abramov, Grote 2005)

= Expected change of A(%) onasubset U € RN C RE

R(T) can be computed through a correlation function in the unperturbed attractor



B Approximate FDT algorithms

= Quasi-Gaussian FDT

= Blended response FDT Abramov & Majda, Nonlinearity 2007



B Practical algorithms for computing the linear response via FDT

= Kicked response FDT

Perturb the initial data for the perfect/imperfect models in the direction oz’

in a statistical fashion generating solutions of the unperturbed perfect and
imperfect models with perturbed initial conditions

Otp=Lrpp

= peg(v + 02°)
£FP Peq — 0

t=tg

p

¢

v’ = f(°) + 6z°6(t) + o (02 W ()

Derive the linear response by monitoring relaxation
from the “kick” of = ox" o(t)
t

RA(t) oV = RA(t — s)-&lzog(s)ds — A(’Ufs) — A(U)

to




® FDT & time-periodic attractors

OPa 1
2 Volpar f(0,8)] — 5V - VylooT pas] = 0.
0s 2
~ o~ 1 To 1 Ty
(A) = / AW, $)pan(v, s)dvds,  — / pass (v, s)dvds = 1
T[} 0 RP T[} 0 HP

M (u,s,t) = M (u,s)+ M (u,s,t),

w(w,S,t) = patt(w,s) + om(u,s,t).

Ea

5 1AY (t) = j Ra(t — 8)51(s)ds,

o

R(t) = (A(w(t + s),t + s) ® B(v(s),s)).



B Essence of fluctuation-dissipation theorem
for forced dissipative systems

0
5¢ p: = Les Pt pt(V)|t=0 = Po(V) dv = F(v)dt + {'I(‘V)dW(f)

Lep = =V:[F(v) -] +5V-V[Q(v) ] Q=0®07

Marginal density: m;(u) = [p:(u,v)dv

Perturbation: 5 ) F’ — F° 4 6F
OF(v,t) = 0F(v)f(t)
Changes in the statistical moments .
E —-E,+8, E-FE +a§“ E,~E. —0.

SE, = E™ [E(u)] / E(u




B Essence of fluctuation-dissipation theorem
for forced dissipative systems

0, = E™ [ B(w)| — B [B(w)| = / E(u); (u)du

Changes in the statistical moments can be computed via
appropriate correlation functions in the unperturbed equilibrium

5, — / at £ /du /dﬂ E(w)et )5 L5 poo (v) = / 4 Rt — £)1(¢)

0 0

Re(t) = EPes [E(u(t + T))B(v(‘r))} B(v) = E;peé;)



B Poor sensitivity for Non-Gaussian tracer via qG-FDT

B Quasi-Gaussian FDT

: , . non-Gaussian tracer
Expected response of a functional A to forcing perturbation

= Good skill from qG-FDT for the mean

Faids & Gershgorin, FNAS 2011 = No skill from qG-FDT for the variance

42
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B High prediction skill for the tracer statistics via kicked FDT

@ Kicked-response FDT

non-Gaussian tracer

/ REF(t — 5)6f(s)ds

R4 estimated from monitoring the system relaxation to equilibrium after a kick

_ e = High predictive skill from
= ! s kicked-FDT for the mean &
E -0.98 — — — FDT response variance
—-0.59
0) 1 2 3 4
—~ 1!
&
S 0.9
N .
0) 1 2 3 4
100° 0 e A== =====
-10 signal
10 - - = dispersion
0 1 2 3 4 Majda & Gershgorin, PNAS 201 |




